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Abstract: The parameterized dual-continuum model plays a significant theoretical and practical role in various

subsurface geological modeling applications. This model effectively captures the highly heterogeneous, high-
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contrast, and multiscale structural features of geological formations, while also exhibiting considerable uncer-
tainty. To address the numerical challenges posed by such complex models, adopting appropriate model reduc-
tion techniques has become a key approach to improving computational efficiency while maintaining solution ac-
curacy. Herein an iterative solution strategy was proposed based on the uncoupled generalized multiscale finite
element method ( GMSFEM ) for the parameterized dual-continuum model. The original parameter-dependent
model was reformulated as a new one consisting of multiscale diffusion coefficients and transfer functions ( both
parameter-independent) , along with a parameter-dependent source term. The proposed iterative method was
divided into offline and online stages. In the offline stage, multiscale basis functions were constructed in each
coarse grid block based on deterministic multiscale parameters to generate a reduced-order space. In the online
stage, the model was solved efficiently within the reduced space with an iterative scheme. A major advantage of
this method lies in the fact that, once the multiscale basis space is constructed offline, each online iteration can
leverage efficient direct solvers and reuse matrix inverses, thus significantly reducing computational costs. Fur-
thermore, the convergence of the proposed iterative method was analyzed. Finally, numerical experiments on
the parameterized dual-continuum model were conducted to demonstrate the effectiveness and efficiency of the
multiscale-based iterative approach, and validate the theoretical convergence results.

Key words: dual continuum model; generalized multiscale finite element method; iterative method; uncertain-

ty quantification
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Fig. 2 High-contrast coefficients k(%) (left) and x3(x) (right)
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Fig. 3 Mean profiles obtained with different numerical simulation methods
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Table 1 The relative L? errors with different coarse mesh sizes H for u(x;&)

relative error H=1/2 H=1/4 H=1/6 H=1/8 H=1/10 H=1/12 H=1/24
ef™ 6.996 8E-1 4.820 2E-1 3.099 6E-1 1.124 4E-1 2.844 9E-4 1.913 1E-4 1.208 5SE-5
Cmelter 2.873 3E-1 2.243 0E-1 1.983 5E-1 1.615 3E-1 5.824 6E-3 6.213 6E-3 1.245 7E-3

F2 AR RNT A5 u(x;€) ERERTTECT A XTHRZE

Table 2 The relative energy errors with different coarse mesh sizes H for u(x;&)

relative error H=1/2 H=1/4 H=1/6 H=1/8 H = 1/10 H=1/12 H = 1/24
egms 2.492 OE-1 1.662 1E-1 1.415 8E-1 1.278 9E-1 6.701 OE-4 7.189 8E—4 4.979 2E-4
elms-ler 2.873 9E-1 2.244 5E-1 1.985 4E-1 1.617 6E-1 6.247 9E-3 6.636 7E-3 1.675 9E-3
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Fig. 4 The relative errors of variable u(x ;&) based on 200 random samples
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Table 3 Convergences with 5 local basis functions

’S? (x) ’Sg (x) e;l,(;n\s»ller eg,(‘,ms-ller agms-her
1 1 1.747 OE101 3.970 0E105 1.644E107
3 3 3.670 3E52 9.801 2E57 4.323E59
10 10 2.409 0E-1 8.186 6E5 3.872 2E7
15 15 4.105 7E-3 1.338 5E-2 1.032E-2

20 20 2.822 0E-3 8.364 3E-3 8.832E-3
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B LNF .
Kk (x,€) = kV(x) + (1 +sin(€] +E) +E) (1 +a7) (1 +a3),
Kk5(x,€) = k5(x) + (1 +cos(é; +E1)) (2 +a7 +3),
o(x)=1+xx,,
1(x,€) = (exp(€)) + &) (x +27) (3, —x3) + (1 +EE) (%) —a7) + (x, +13)),
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Table 4 Convergences based on the L?- norm

H es™ order egmeter order
172 6.079 4E-1 - 6.789 1 -
1/4 4.991 3E-1 0.284 5 5.5358 0.294 4
1/8 2.991 3E-2 21725 2.577 4E-2 4.020 6
1/16 2.366 1E-5 4.883 0 4.999 8E-3 3.469 0

1/32 4.960 3E-6 4.225 8 5.509 3E-3 2.566 8
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Fig. 7 The reference solutions and numerical solutions of the dual-continuum problem
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Table 5 Convergences based on the energy norm

H es™ order eGms-tter order
172 6.648 8E-1 - 6.650 4E-1 -
174 5.821 OE-1 0.191 8 5.823 0E-1 0.191 7
1/8 5.419 5E-2 1.743 9 5.465 2E-2 3.478 4
1716 3.546 3E-3 2.516 9 4.017 8E-3 2.4570

1/32 1.680 7E-3 2.1570 2.152 8E-3 2.067 8
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