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Abstract: Physics-informed neural network ( PINN) are widely applied for solving both forward and inverse
problems of differential equations. However, traditional PINNs exhibit limitations when solving differential e-
quations over large domains, including insufficient accuracy, susceptibility to local optima, and a lack of theo-
retical guarantees of convergence. To address these issues, a residual-based Fourier neural network ( Res-FNN)
was proposed. This network integrates residual Fourier layers into the traditional PINN framework, leveraging
the periodicity property of trigonometric functions to enhance the model’ s accuracy in solving large-domain
problems effectively. In particular, a theoretical convergence analysis was established for the Res-FNN applied
to linear elliptic differential equations. Numerical experiments demonstrate that, the Res-FNN outperforms the

traditional PINN in solving both forward and inverse problems, achieving higher accuracy and faster conver-
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gence speed.
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Fig. 1 The PINN training error variation with interval length b
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Fig. 2 Comparison of PINN training results with analytical solutions in the interval [0, 6]

EOON TR REUE B T LS AR SR HL N AR T
MIEL 2 ATLAFE 5] PINN Y ZR45 505 A i B9 R 25 AR K, OF ELEEE DX ] A9 728 R, YN ZRah 2R 5 I8 (A B ik



557 W PSR, 45 FETHRIENY Fourier M 22 00 26 SR AT i 154 B 130730 e LA B S SR E A 915

AN AEIXTE[4,6] 1 IIZREE RILT#IE T— 45 ELk, UL PINN B T 45 AR
0T D PINN 74 DI E SRR 003 75 R I 1 SRS BEAR A A1, T I 45 13 2R Rl R Y
22 R 2 L0 —— L T AR 22 1 Fourier #2225,

2 FETFHRER) Fourier f14E M 2%

T —NET RN Fourier #1242 M 4% ( residual-based Fourier neural network, Res-FNN) , B 4c@E X £
JCSAA PRELY Fourier J2
Fourier |22/~ N— AR m B R n B9 PR ESUZ P22 I 25 | Ui )2 A2 1E 5% PRBURIAY 5% PR B ZH 1Y)
Fourier % PR 7R  Fourier JZ A9 33400
h'(x) = i i (wﬁfjlcos( Wix) + Uf;.lsin( Vix)) +b"', (5)

Hoif, Woe R7V e RPOHIWE € R™™ Ve R AMPIRES LEAGE 1+ 1 JZIORERIFE, ol A o)
SRR WEURL VLI (L)) R AR L2 I BB OO 2m, W] UV PR ZE R 45,

XFE Fourier JZ2 A% HH 52T Fourier 28 IE 2. AT LIFE IR A PINN BYJEAE I, 38 5340 Fourier JZ 44
J Fourier A1 28 0 £ e S 44t oK ffe Jo J91 300 i 1 o D A, 3 EL AT DA §sd 205 R 1) o S0

(ELIE: , S0 o B0 Y LE % sl A 5% pR BT A x 72 (2k + 1) Ab A IE 5% BREIORR HE Ry 0, 5 5 H B R %
B0 R T B L3 P 0K % A=, £E PINN 34011 Fourier J2 A [] Bkt (i B 17 58 22 0 4% | 1A ol 228 0 265 1) i 11

2N

h ' (x)= z z (wﬁfj'cos(Wlx) +vﬁj}lsin(le)) +b" +x. (6)

i=1 j=1

R INgR 22 M4 AR 28 R v in 1 20 1 N 48 RE A TG b 2 o] HE A It AT AR 2 B
THARAUTE DL, IR GR e 28 254 LA S5k 22 1) Fourier JRZ5HANIE 3 7.
P R R I AR =50 R G R G WD BSR40 2% LA G B e R T 7 LA 2 I 2 H
PR pRECT IR I T L IE W53
E:AdEd+/\fEf+/\hEb+)‘lz ‘0,-" (7)

J

Forb A A A A SRS B B R T I AR, R BERS R B IH — AR BOFE T, | 0,1 BRI R L2 j I

SHOEER) L 105
@ / residual Fourier layer \

‘ output

\\\‘ Wi

€09
%
@ L

\\\ X ’
Y
3 Res-FNN 45HR &
Fig. 3 The Res-FNN structure diagram

»f«/‘
W\

N T BRI 255 BRI R BRTEATS SR IE £ ik RE (4) , i Res-FNN 473K i, 36 H
4 PR 28 R 5 9 B RN PINN AR T] , DI B T Adam A6 7591125 10 000 WK, A5 2011 L, B 22 BE X (8] B AR

hidden layer

inry




916

=
&

Bo% M f 2026 4F 5 47 4

e £ izl 4 fros.

MIE 4 0] LLE Y, BOR BEE X TR R A3 AT, Res-FNN Il 2545 21 A 25 T 5 FRAT Ak ) L, 3R 22 A 4738k 25
RIS ARG A 0 BEAR N OF HL L IR ZEAGAARFFAE107 B — A LU S AT R N 5 P L 7 1)
ZREEA ISR EE R, BESE I BT ML 7G 25k 25 Fourier P22 0 25 Kb 3G ) BT HAT 1) L34,

0.001 2/ — Res-FNN 0.4 |— PINN
Res-FNN

000081 B

S S

2 - 0.2

£ g

5 0.000 4 5

0 0] e—o—a P : ;
1 2 3 4 5 6 1 2 3 4 5 6
b b
B 4 Res-FNN XL b YIZRiREAL B 5 WAREMZME LI ZRER2ERE X R b (A% 1L
Fig. 4 The Res-FNN training error variation Fig. 5 Comparison of L, training errors with interval
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Au =sin(mx)sin(wy) ,
u(=2,y)=u(2,y) =0, (13)
u(x, —2)=u(x,2)=0.
W T7 R A B fi

1
u(x,y) = Py sin(mx)sin(mwy) .

BEH Adam FIEHIURS: 21N 0.001, L-BFGS RIE P 4R5E > R 0.8, 1 ol Adam fE4L4% I 25k 500
K, Eb#E PINN \FNN F1 Res-FNN = FiE AR fi# Poisson 77 F2 A9 45 2% pRECT Fm i,

M 6 ] DLUR BN ZR D FNN 35 2% s BB A/, BEAE DI ZR BRI S T, Res-FNN 1l 53
JERT FNN F1 PINN A 58052 | DT 7EAH 5] 1 25 00 B8 45 2 R B0(EL 3k 30) = Ao 2 v i) die /ML, D6 T 78
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Fig. 6 The decline curves of loss function values for 3 methods
¥ 7 /R T PINN FNN Fl Res-FNN = Ffift 25 [ 45 5K i L34 Poisson J7 B 15 21 A9 A AR 22 00 4R L B i 7E
[ =2, 2] MIE I XS A R 1 600 4> 5.
1 BT AEARIR] 25 R B AN B B LA RAR TR R B LR, Res-FNN 7E L JuE0R L3680 R iR 25
A DA B 5 A RS B2 FNN FT Res-FNN 7E L, {030 T B3R 22 0T DIIKE] 107 25, i PINN HGE#] 107 951,
FNN 7£ L, 1550 iR 22 /T PINN, ULEH Fourier 41 25 X 25 7 3K fift Ji A 1 B3k o 5 & 155 PINN AH Eb BA
B, I H Res-FNN I Z5AE BE 225 F FNN .
F R R LB A0 L, 2R Ly 152 KRR 25 U8
Table 1 The training result errors of L., and L, for different neural network models,

as well as the corresponding numbers of training times

model error of L error of L, number of training times ( Adam+L-BFGS)
Res-FNN 5.757x1073 1.091x107° 5 000+1 500

FNN 6.184x1073 1.950x1073 5 000+1 500

PINN 1.627x107* 3.475%107° 5 000+1 500

Helmholiz J5#2 .
Au + 2u — f(x,y) =0,
u(=2,y) =u(2,y) =0, (14)
u(x, —2)=u(x,2)=0,
Horp PRI f(w,y) N
f(x,y) == w’sin(7wx)sin(2mwy) — 4w sin(mwx)sin(2my) + 2sin(wa)sin(2my) ,
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PRI
u(x,y) =sin(mwx)sin(2my) .
BEHL Adam BG4 5T 3K 0.001, L-BFGS Bk 1142 2% 0 0.5, 1 468 Adam AL 28145 2 000
K, LB PINN (FNN Al Res-FNN = FiERUR i Helmholtz 75 7% AR pRAR T [ .

Res-FNN error FNN error PINN error
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Fig. 7 The results of solving Poisson equation with the Res-FNN, the FNN and the PINN
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Fig. 8 The decline curves of loss function values for 3 methods
[§1 9 J£7R T PINN FNN Res-FNN = #2845 5K fif Helmholtz J7 F245 2 (1) i i 12 25 . = Fh i 28 X 45 11 1)
LREER S IR — 0, WA B S AE] -2,2 ] AU IE T IX B A HE R R 1 600 /> .
322 SR T [RIREAEAH [R) 9 28 TR A 08 3 LA SRR ZR OB 1 00 T, Res-FNN 7E L, JEE0RT L, 3550 F 11
RZE/N, B 4.110x107°F1 1.140x107° 4R J5 FNN (iR 22 [AlBEd /T PINN (93222, 5B Res-FNN R f#
S0P AV 52 M B 53y RS EL AT SR A 88 s ) P34,
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Res-FNN solution FNN solution solution
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Fig. 9 The results of solving the Helmholtz equation with Res-FNN, FNN and PINN
K2 AEFEMAEERYINZEIR L, BRIEER L, 522 KX NI 2R 8k
Table 2 The training result errors of L, and L, for different neural network models,

as well as the corresponding numbers of training times

model error of L, error of L, number of training times ( Adam+L-BFGS)
Res-FNN 4.110x1073 1.140x1073 10 000+25 000

FNN 5.234x1073 1.204x1073 10 000+25 000

PINN 5.434x1073 1.221x1073 10 000+25 000

4.2 WHARREE

fdiFH Res-FNN i G 7 R S 1) RS, 76 8> DX PN A R B 1 B 1 000 A s A Ry b 22 I 2 B I 25 i, 2R
JE R Adam Fl L-BFGS b a5 E47Y1125. 18 10 FTE] 11 JB/R T Poisson /7 F2Hl Helmholtz 77 FE Y11 25 1 A 3 B
DL RN i 2558 | & i R s R BEER P I 25k s I8 S5 e B L AT 7 )2, 192 120 4> BB T 1Y Res-
FNN YIZRET XN ZRE 5340 19% PN | ke S o 28 X 285 I 2 25 SR 1 A 3 vk
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Fig. 10 The results of solving the inverse problem of the

Poisson equation with the Res-FNN

solution

-1.0

& 11
Fig. 11

Res-FNN 3K fi# Helmholtz J7 B S [] B (1) 45
The results of solving the inverse problem of the

Helmholtz equation with the Res-FNN
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7% 3 W fd ] Res-FNN Y14k Poisson J 2 S Al 8T, 76 oM A B 0 T, 288 A YIZk)E B9 45 53R 1.000 05
I 1% B MRS LS 2545 558 1.000 54,18 F Res-FNN 3R fi# Helmholtz J5 T 52 [ RS I S50 S i O 45 58 760
MRS ARG 0L S0 A 7R 2 2855 B0 45 5y 2.003 34 76 IR BA BRI I 19 M 75 B 00 T, A FER 25
KNG ISR 2.009 93,28 T MR Y A8 1 | S AN [] 56 B35 1 e 75 8 O I 25850 , 3195 Res-FNN 1)l
SR In) S A AR R R 22

MFE 4 PR LA Y RIS R 5 B I I 2 10% , Res-FNN Y11 Z5:45 2 Y Poisson J5 T8 5z [ 131 it 2 55000 X 152
250 0.664% ; Res-FNN K it Helmholtz Jy 72 5 [ U, JoM A 3L A X IR 2535 8 0.167% , (H 53K f# Pois-
son J7 TS [A] LA L, B 2 M P 53k B I 3 155 , Helmholtz J7 % Sz 1] RSUAF X 152 25 (1 345 4 38 B {2 P F Poisson J5°
T YA O B IR B 10% B AHRT R 22 /2 4.216% , THSRALTE—A- G BATE I Y, Ui Res-FNN HA7 R 4796
B, AT DL R HEA T 040 T R B T A ) PR s i 5

£ 3 Res-FNN 3Kfi# Poisson J7FE A Helmholtz J5 FE7E T80t A1 19 W 75 Bs N I In] 4 51

Table 3 Res-FNN solutions to the inverse problems of the Poisson equation and

the Helmholtz equation on clean data and 1% noisy datas

correct PDE identified PDE ( clean data) identified PDE (1% noise )
Au = sin(mx)sin(wy) Au = 1.000 05sin(mx)sin(wy) Au = 1.000 54sin(mwx)sin(wy)
Au + du - f(x,y) Au + 2.003 34u - f(x,y) Au +2.009 93u — f(x,y)

F 4 Res-FNN 3Kff# Poisson 752 M1 Helmholtz 77 2 7E AN [R] W 75 50 2 T A Sz DALY 2R
Table 4 The inverse problem results of solving the Poisson equation and the Helmholtz equation

with the Res-FNN under different noise intensities

noise/ % relative error of the Poisson equation/% relative error of the Helmholtz equation/%
0 0.005 0.167
1 0.054 0.497
5 0.105 2.976
10 0.664 4.216
5 45 18

ARSCHEH T Res-FNN HIFffHe PINN 78 ) 35k [nl 8501 SR ks B I DI S5t B4 1 [ 8L, L X286 Ao 2] 754
PR sy 7 FEEAT T YRS/ AT BB 5256 22 W Res-FNN 3R fife 26 P40 5] 280 0 £ 23 )7 B2 1F 9] ST 55 PINN A1 FNN
XoF EbEL A WSS P, SRS JE R P 3 Res- NN SR S )t LA R 40 ()8 2 BB 0 D R ) DR 0T 2
SR S [ R TR FRKS B2 SR T, Res-FNN 0 ELAT JR PR « Res-FNN 38 FH T 8 10152 B A0 053 A, ZE AL B AL J 19
M3 T R s AR B A1 s L TR FH A2 R BT ) Fourier 84, & S8 @M (5 8 &R 76 T — 0 5%
RIS s B R B AR A 5 R G 53 Dy A, S e 0 S 0 SR A A A [P B A 4

Mt X A

EE1 A 4 n = (n,n,,,n,) & Fourier ML 25, Fourier 122 M 45 14— )2 0940 HH AT LA R A
Wo(h'(x)) +b™', 0<I<L-1,
B! _ o om Al
) DY (wlilcos(Wh'(x)) + ol sin(VR'(x))) + b +h'(x), 1=L-1, (AD
i=1 j=1
Hr h%(x) =x, %0, = (Wb V") o) .ot B—NBEA RIS Fourier #ZM45 IEH 0, 2806 709, T LIFEAE
WELFHEE N 0, WSIE] 0 @) KT RIHIHZ LA Ny, 0 XTRLIZ TN N, .
BN TG 1 = 0,1, ,L = 1, D'R" ' (x;00) 7 C°(U) EWSE DA (x50 ) ,Vs,0< |s|<k.HTHIL -1
JERZHLY PINN, 76 3CHk [ 6] B & FHECA T 90537 T VRN M UE B, LA SO RTRZHEA 7638 L 2——F% 25 Fourier 2
F: DR (x;60) 1E CO(U) EWEE DR (x50, ), V5,0 < |s|< k, BITT,

BE b S LRI B RS E AL T DT (wljeos(WR(x)) + ol sin(VR'(x))) + B+ B'(x) TR Oy
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Woeos(W- TR (x)) + VEeos(VE'RY(x)) + 0" + h'(x) AR
n

D', (x:0 Fl ZWI ZQI l(0}"/-13 ‘3‘yx)a'(l)(hiil(x§0w—1))7 (A2)
A I BITESS L2 M3R 2% Fourier TEF JEES

ny_y ny

| s |
DhiCxi0,,) = F W B We B0 (B sy cos (7 (x36,,)) +

t=0

ZV’ ! ZV’ ZQ 0,1, lsl,x)sin (A (30, ) + DR (30, ,.,) . (A3)

y
=

Qf,_tl(akl 15 7x) -

ah,f"(x;(;’ )
szl(orln —l,x)%, L =s,
CER
9 oh" (x50, )
EQ (0|<115 lx)+0111(0l119 _1’x)TFJ15 1<t<S,
d -
ﬁoi,ll(aﬁl—l’s - 1,x), t =1,
0, t =0,

W LA, AT B T — AR R )Z 2 18] i3 3 A 3K, B X 4~ SO TE B e ik,
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|5 |
DR (x50, ,) = D WY WE Y 05 (0, |s],x) cos™ (BTN (x50,,,)) .
j=1 i=1

2RI = A,
‘DS k(n,(xior‘/) D'hy

k,cos

(x30;",L) ‘S

-1 "y |'s |

S D IWEWEQR (O, s |x) — WETWIEQE (0% s ],x) | eos (R (x30,,)) |+
j=1 i=1 (=0

-1 "L | s |

2 2 S IWEWEQE (0, s ,x) | eos™ (' (x30,,)) = cos (b (x307,.)) |,

j=1 i=1 (=0
(W WO (0 s L) = WO (0 | s | x) \ H AR AT LIERICSE, | cos' (hy ' (x30,,.,)) | 1, X
W [ wetwetor ‘(0r,],\s\x)\<M7ﬁﬁ~ JFH cos & PR, BT LA
lim  cos (b ' (x30y, ,)) = cos (hy” l()C;0F =) =0
Op 1170 11 ’ '
At
lim | hk (X305 ) - D hi con(X30% ) = 0.
O, 1-170F -1 ' '
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