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Solving Equations With Discontinuous Solutions
Based on the AGA-PINNs Method

Liu Boyu, Jiang Linfeng, Yang Fenglian
(School of Mathematics, Hohai University, Nanjing 210000, P.R. China)

Abstract: The physical information neural networks (PINNs) are an important tool for solving partial differen-
tial equations. In the numerical solution of partial differential equations, equations with discontinuous solutions
are currently a research challenge. The PINNs and their existing improved algorithms often cannot capture the
characteristics of discontinuities. However, many discontinuous problems need to be considered in the field of
fluid mechanics. In response to the shortcomings of the PINNs in handling equations with discontinuous solu-
tions, an adaptive gradient-annihilated PINNs ( AGA-PINNs) method was proposed to solve the Burgers equa-
tions and the Allen-Cahn equations with discontinuous solutions. The gradient related weight functions were uti-
lized to optimize the loss function, and the training points were dynamically adjusted based on the current re-
sidual distribution during the training process to gradually enhance the model’ s learning ability in discontinuous
regions. The experimental results show that, the AGA-PINNs method significantly improves the accuracy of pre-
dicted physical quantities compared to the traditional PINNs, the gradient-enhanced physics-informed neural
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networks ( gPINNs), the gradient-annihilated physics-informed neural networks ( GA-PINNs) method, and the
high-order deep Galerkin (DG)method. In solving the Burgers equation and the Allen-Cahn equation, the mean
square errors decrease by approximately 1 order of magnitude, accurately reproducing the characteristics of

shock waves in the Burgers equation and the phase separation phenomena in the Allen-Cahn equation.

Key words: AGA-PINNs; Burgers equation; Allen-Cahn equation; adaptive method
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Fig. 2 Visualization results of 256 training points generated with different sampling methods
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Fig. 4 The exact solution of the Burgers equation Fig. 5 PDE residuals after initial training in

solving the Burgers equation

E N TRE T B 3E T LS ARSI BT TR 5 .
F1 AFIEKRSE Burgers Jr BRI I 8 yqp

Table 1 Losses and 8y in solving the Burgers equation with different methods

method loss 8 MSE
GA-PINNs 1.06x10°° 6.23x107°
PINNs 1.49x107° 8.10x107*
gPINNs 7.48x107° 6.01x1073
GAN 4.82x107° 9.17x1073
PINNsFormer 9.58x107° 2.62x107*
high-order DG - 7.99x1073
— O Mstu,
107! 107
10°
-2
10
107
8 @
£10 $
b+ “ 10*4
107 .
107°
107 1076
0 200 000 400 000 600 000 0 200 000 400 000
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Fig. 6 8 in solving the Burgers equation using AGA PINNs with different m values
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Fig. 7 Predicting results of AGA-PINNs with m = 30 for solving Burgers equation
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Table 2 Losses and 8 g in solving the Burgers equation with the AGA-PINNSs for different m values

number of adaptive points loss Oysk
10 1.08x107® 7.13x107°
20 6.06x1077 3.19x10°¢
30 3.71x1077 1.31x107¢
40 8.98x1077 8.02x10°°
50 1.03x107® 5.55x107°

SHGIE Sobol SREEMIA R FER BRI m = 30 Y AGA-PINNs J7%5 , 23 A FH 45 51 SR AL F1 B HLR £E
A AR TRVEL H 2RS35 171125, 15 Sobol SRAFE 775 I S U0 285 FEuE A7 06F He. (8 3450 RAE ) AGA-PINNs J7
I EE AN 8 (a) B, BEBUAE 2.1x 10° 4 Ji W38 B8, #4072 255 9.01x 107 ; fdf A BEHL R A 1)
AGA-PINNs J5EE SN A 45 R A& 8 (b) Frs , BERITE 2.3x 10° ANl ik B8, ¥ 051 220 2.17x 107 f ]
Sobol SRAE 71k AR FIIN A5 3] 1) i 55 B0 AR 22 1] 09 25 S A0 A~ 25 ()R () 3l 2 A A5 58 3447, 0 B e A
B AR BRI A A5 8, Il R 50 R A S RMLR A | SR A (] U8 Ah F A 25 | oK R M 38 30 5 2 P i
3.3 Allen-Cahn 7%

ZJEUNTF Allen-Cahn 7.

Ju 2

9
L0000 28 +5(u-u'), xel[-1,1],1e[0,1], (28)
ot ox
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T FERIRI bR S A L SR A
u(x,0) =x*cos(mx) (29)
u(=1,0)=u(l,t), u(-1,8)=u(1,t). (30)
Allen-Cahn 77 538 5 FH 0 R AH S 5 8 v 5 i AL, 4 an g iR 21 AR AR S | AR A A JLRE U AE

AF 7 AL v S AR SRS [] %), A A AL T Ak AR AT [T A7 LA SC 5 B 1Y) Allen-Cahin ﬁ%xéﬁﬁﬁﬁﬁ’%ﬁﬂl’é‘l 9
Fr7s.
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(a) The uniform sampling with the AGA-PINNs method
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(b) The random sampling with the AGA-PINNs method
8 RIFIRFEF % AGA-PINNs >Rff# Burgers 75 F2 Tl 4%
Fig. 8 Predicted results of the Burgers equation using the AGA-PINNs with different sampling methods
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Fig. 9 The exact solution of the Allen-Cahn equation Fig. 10 PDE residuals after initial training in solving
the Allen-Cahn equation
F 3 AFJ KM Allen-Cahn Jr RIS K 6 yqp
Table 3 Losses and g in solving the Allen-Cahn equation with different methods
method loss Ok
GA-PINNs 9.18x107° 7.88x107*
PINNs 8.23x107° 2.37x1073
gPINNs 1.75%107° 8.05x107
GAN 1.92x107° 9.39x107*
PINNsFormer 6.46x107 1.69x107?
high-order DG - 3.22x107*
3.4 Burgers 7712 Riemann [a]&#
F e R B Burgers J7 ™
ou ou
—+u—=0, xe[-1,2],te[0,1], (31)
ot 0x
CEA IR 7B BUn I 46 250
u, x =<0,
u(x,0) = (32)
Ug, x>0,

For Ml w g S22 AT PN R BT AIR S AR BIEIE w, > uy BITEOL, How, =2, 0, = LAEZIEOL T, B4
WM E S T, BV TP A E— DA S GH E - Rankine-Hugoniot Z51F45 1,

1
5=3(ult+uR)=1.5, (33)
T3 R BN B il R
ey [2 ES L )
’ 1, x > 1.5t

SR f# Burgers J A2 Riemann [A]BUE | # 22 [ 25 (8 FH 4 )2 [GUZ , B2 20 Mg, #06 R 2 A
tanh PREL, IR SR M 4%, I A Adam PLfbads , e 2= 2 %0k 107,
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Fig. 11 &g in solving the Allen-Cahn equation using the AGA-PINNs with different m values
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Fig. 12 Predicted results with the AGA-PINNs form = 30 in solving the Allen-Cahn equation

#F 4 Al m{H AGA-PINNs 3K Allen-Cahn IR B 6y
Table 4 Losses and 8 g in solving the Allen-Cahn equation with the AGA-PINNs for different m values

& 12

number of adaptive points loss Oyisk
10 1.88x107° 3.19x10™*
20 8.96x1077 2.57%x107
30 2.02x1077 3.52x107°
40 6.47x1077 1.01x107*
50 9.25x1077 2.41x107*
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Fig. 13 Prediction results of the Burgers equation for the Riemann problem solved with different methods
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Fig. 14  Predicting results of AGA-PINNs form = 30 in solving the Burgers equation of the Riemann problem
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Table 5 Losses and 8y, in solving the Burgers equation of the Riemann problem

with the AGA-PINNs for different m values

number of adaptive points loss Syise
10 7.49x107° 8.12x107*
20 1.18x1076 6.44x107*
30 4.26x1077 7.19%107°
40 6.58x1077 9.83x107°
50 9.32x1077 3.57x107*

4 4t W iE

AR —Fft AGA-PINNs J5 AR Ak AT 8] W i ) Burgers J7 F2H1 Allen-Cahn J5 2, 3% 07 ¥ AN TE 0
2 R IR TINS5 B A O AN ER R KA SRGE AR R, T LR A D7 R 2 AR ) X B 3 9] R SR A Y
FEBAR TR A 72 AL BB S 25 26 BH , AGA-PINNs J7 78 5K f# 0] 7 Burgers 77 #2 1 Allen-Cahn J5 R B}
B W4T PINNs (GA-PINNs gPINNs = [ DG 257715, SC8L 1 el 7 1828 42 2 1 18] BT A ry kiR,
WZ T A AL B EAT RS B0 R IR A R A 28 I 28 D RESR K , AT DL IR 8 3 52 2 i T LAT T R s e 4
ARl T3 o 5 e, 2K T3k 4 ] el Xfe LA i o) 28 B ) B5C(E 31 58 D7 ik HE AT ASEALL, AOR W] LIKE AGA-PINNs J5 25 3 H T
Qb3 v 2 T R R A S T 2 ) T A1) 8 A 2 ) A% R R AR L
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e R e PR Rl s 2E HE P R SR 24 R O (nlog n) , AT A5 BY AT 00— 2 I ok 107 %o e 343 fa 4H
AT 5| ARG B ER 22 A5 ey &8 A ST SR w5042 Sy TUAR TR e A ve 2 (] rho BE A5 S i S e, B
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