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Abstract: The noise generation mechanisms associated with instability waves in the heated
subsonic transitional jet are studied, which are compared with its cold counterpart. The spatial
evolution of instability waves is obtained by solving linear parabolized stability equations
(LPSE) based on the time-averaged flow field of the large eddy simulation (LES). Then, the
linear and nonlinear models for jet noise are built based on the LPSE solutions, coupled with
the acoustic analogy. The LPSE results show that heating increases the spatial growth rate and
leads to earlier saturation. For high-frequency components, the sound pressure levels ( SPL)
are raised by heating as shown in the linear model. In general, compared with that for the cold
jet, the gap of SPL between the linear model and the LES is reduced for the heated jet, which
indicates that the linear mechanism plays a more important role in the hot jet. For a cold sub-
sonic jet, previous studies have shown that the nonlinear model is able to raise acoustic effi-
ciency. Here, it is found that the gap of SPL between the nonlinear model and the LES could be

further decreased in the hot jet, and the thermodynamic sound source terms play a bigger role.
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Introduction

The noise generated by turbulent jets has been regarded as a significant problem in
aeroacoustics over decades. However, based on the acoustic analogy theory, the under-
standing of sound sources defined in acoustic analogy equations is limited'". Usually, jet
noise is believed to be produced by 2 components, one is the large-scale coherent structure
and the other is the fine-scale turbulence, based on the experiment results of Tam et al.
(2008)"*'. They considered fine-scale turbulence associated with the sound field in sideline
directions. And the large-scale coherent structures, which were first proposed by Bishop et

al. (1971)" and Tam (1971)'*, are believed to be the major source for the sound radia-
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tion at small polar angles. It is generally recognized that the hydrodynamic properties of
large-scale structures, such as convection speeds, are closely related to the evolution of
instability waves, as shown in the experiment evidence of Suzuki & Colonius (2006)"’. Re-
cently, a great deal of efforts have been made to investigate the near-field “wave-packet”
and far-field sound (Jordan & Colonius (2013), Cavalieri et al. (2011, 2013, 2014),
Rodriguez et al. (2015))'“"". However till now, to predict far-field sound based on simple
models or reasonable wave-packets in subsonic turbulent jets is still a tough task.
According to the linear stability theory (LST), in subsonic jets, the phase speed is u-
sually subsonic and the instability modes cannot radiate far-field sound directly. The paral-
lel flow assumption of the LST neglects any streamwise changes in the mean flow ( Cheung
(2007))""*. In view of the non-parallel effect, the parabolized stability equations ( PSE)
have been developed since the late 1980’ s ( Bertolotti et al. (1991, 1992)) "' Recently,
the far-field sound can be well-predicted with the PSE in supersonic jets ( Rodriguez et al.
(2012), Sinha et al. (2014) )"/, However, in subsonic jets, results calculated with the
PSE method still can’t agree with the experimental or DNS results. Some missing aspects,

such as the nonlinear mechanism''"*’

, intermittency and coherency decay etc., might play
important roles in sound radiation.

In this work, we focus on examining the linear and nonlinear flow responses and noise
generation in the heated jet with the same Mach number, compared to the cold jet in our
previous work'". The large-eddy simulation is carried out to obtain the flow field, and
based on the LES database, the far-field sound is calculated with Kirchhoff’ s method. Con-
sidering the non-parallel effect, the parabolized stability equations are solved for character-
izing instability wave evolution. The linear and nonlinear interaction models tested in ref.
[ 1] are also constructed based on the PSE solutions. This paper extends both sound source
models to the heated jet, and also analyzes sound generation mechanisms associated with
heating.

The rest of this paper is organized as follows. In section 1, the primary numerical ap-
proaches and jet parameters used in this work are introduced briefly. Subsection 2.1 gives a
detailed description of the LES database of 2 jets including flow field and far-field sound. In
subsection 2.2, we compare the role of instability waves between the cold and heated jets,
from both PSE and LES results. In subsections 2.3 and 2.4, the linear and nonlinear models
are extended to the heated jet, and quantitative comparison of far-field sound pressure lev-
els between the simplified models and LES data is also carried out. Importantly, the effect
of heating is considered across whole section 2, and some discussions are also made. In

section 3, the major conclusions are summarized.

1  Numerical method and flow parameters

1.1 Large eddy simulation database
An LES database of 2 subsonic turbulent round jets with different temperature ratios is
used in the present work. The flow parameters are listed in table 1. The case M0O8TO086 re-
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fers to the cold jet, and the case MO8T176 represents the heated one. Note that these 2 jets
have the same Mach number 0.83 and the same Reynolds number 10°. In the inflow buffer-
zone of both jets, multiple eigenmodes with different frequencies and azimuthal wavenum-
bers are summed as the inflow forcing. More details of the numerical methods can be found

in our previous work( Wan et al. (2016, 2013) )" .

Table 1 Parameters of the cold and heated jets in computation

case U/-/(lw T/./TDc U/-/{l/- Re = p/-UjD/,LLj
MO8TO086 0.83 0.86 0.895 10°
MO8T176 0.83 1.76 0.626 10°

1.2 Linear parabolized stability equations

The linear parabolized stability equations are applied in modeling instability waves of
turbulent jets. The nonparallel effect and the streamwise evolution of instability waves,
which would not be included in the linear stability theory, can both be considered in the
PSE. In the cylindrical coordinates (r, 6, z) , the flow field of jets is described as ¢ = (p ,u.,
u,,u,,T)", which represent the density, the axial, radial and azimuthal velocities and the
temperature. The flow variables can be decomposed to mean and disturbance components,
and the disturbance component can be written as the product of the amplitude function and

the exponential function as follows .
¢ =qCGexp [i ([ a(&)de +mo -t ) ], (1)
20

where, « is the complex streamwise wavenumber, m is the azimuthal wavenumber, and o
is the angular frequency. Introduce eq.(1) into the compressible Navier-Stokes equations,
with the PSE assumption, one can obtain the following disturbance equation .
[Md—wK+L}}(z,r):FN, (2)
dz A
where, matrices M, L, K which are associated with mean flow variable g are all linear op-
erators. The detailed formulation of these operators can be seen in Cheung(2007)"'?. In the
linear parabolized stability equations, nonlinear item F on the right-hand side is set to 0.
In order to solve eq.(2), an additional constraint must be introduced, with the initial
condition from the eigenmodes of LST equations. Following Cheung(2007)"'* | a normal-

ized condition is proposed to limit the rapid change in the eigenfunctions:

Ruax 0D,
f v’ rdr = 0. (3)

o 0z
A downstream marching algorithm is developed to solve the LPSE, with the initial con-
dition of eigenvalues and eigenfunctions from linear stability results at z = 0. The LST results
show that the heated jet has higher growth rate and lower corresponding frequencies. Pre-

vious studies, such as Herbert(1997)'*"

, have shown that the minimum mesh step size in
the streamwise direction is limited to a certain value, below which it would cause strong
numerical instabilities. Following Andersson et al. (1998)"*"! | a modified formulation of the

LPSE is applied:
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M’ d K+L\|§(zr) Fy (4)
a4 _, _N
dz q z9r A b

where, M' =M + s( - wK + L) , and s is the parameter to control the minimum mesh step
size in the streamwise direction.
1.3 Lilley-Goldstein’s acoustic analogy

According to Lilley (1974) ' and Goldstein (2001)'*', the Navier-Stokes ( Euler) e-
quations are rearranged, and a 3rd-order wave equation with a simple source term is ob-
tained, which consists of a velocity quadrupole plus a fluctuating temperature dipole. By
introducing the new pressure-based variable 7 = (p/p,)"* - 1, the final form of Lilley-Gol-
dstein’ s equation could be written as

LﬂT =DU i - Z&G—ﬁ,
Dt ox, dx; 0x,

where, the right-hand side acts as the noise source term, x,(: = 1, 2, 3) represents the 3

(5)

directions in the Cartesian coordinate system, where x, is the streamwise direction, in is
the Pridemore-Brown operator, D, /Dt is the convective derivative based on the mean flow
velocity and f; is the externally applied force with respect to the perturbation of velocity
and sound speed. The detailed expressions of these operators can be found in Goldstein
(2001)"*! and Wan et al. (2016)"".

In the present work, a Green’s function-based method with the Fourier transform of
eq.(5) in time domain is applied to solve the Lilley-Goldstein’ s equation. The detailed in-
formation of this method can be seen in Ray et al. (2007) 2 The eigenmodes of the LPSE
solutions are applied to construct the sound source in the right-hand side of eq.(5).

2 Results and discussions

2.1 Description of LES database

We start with the detailed description of the mean flow field and far-field sound pres-
sure level of the 2 jets calculated through large-eddy simulation. Time-averaged axial veloc-
ity fields for both cold and heated jets are shown in fig. 1. The computation results show
that the potential core length becomes shorter as the temperature increases. These 2 time-
averaged mean flow fields are used to calculate the LPSE solutions. The far-field sounds of
both jets for R = 60r, at the jet outlets, where r, is the jet radius, are calculated with Kirch-
hoff’ s method'?’. Fig. 2(a) gives a comparison of the overall sound pressure levels ( OAS-

[26-28]
b

PL) with respect to polar angle 6 to the jet axis with the existent experiment data and

in fig. 2(b) and (c), the sound spectra for R = 60r, compared with previous experiment da-
ta'?* are displayed. Our computation results are basically in agreement with the experi-
mental data. The sound spectra show broadband peaks at low frequencies in both jets, and
the heated jet has a 5 dB higher SPL and a lower peak frequency than the cold jet. At high
frequencies Sr > 1, where Sr is the Strouhal number (Sr = wD;/(2wU;) ), the SPL in the

heated jet becomes lower than in the cold jet, as is found in Suponitsky et al. (2011) """,
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Uea/ Uy = 0.95

z/r,

Fig. 1 Axial velocity contours of the mean flow fields
in the cold and heated jets
In fig. 2(a), it is found that the OASPL of each jet reaches a peak at a polar angle
near # = 30°, and the heated jet has a bit higher maximum polar angle. In addition, heating
increases the noise intensity at polar angles § < 70°, but reduces the noise intensity at an-
gles & > 70°. We suppose that the lower noise intensities at high polar angles in the heated
jet might be attributed to the reduction of fluctuation intensities in the turbulent mixing re-
gion, and the 1~3 dB increase of the OASPL at low polar angles might be associated with
different roles of instability waves in the heated jet. As a result, for modelling the evolution
of instability waves, the linear parabolized equations are applied to the flow fields of both
jets, which would be discussed in the next section.
2.2 Instability waves
In order to clarify the detailed roles of instability waves, the linear parabolized stability
equations, based on the time-averaged mean flow field of the LES database, are solved
with different m and Sr values. In addition, the discrete Fourier transformation ( DFT) is
performed for the LES data. Here, the first 2 azimuthal modes, m =0 and m = 1, which have
the highest energy among all modes, are examined, and the streamwise evolutions of the
disturbance kinetic energy ( DKE) for specific (Sr, m) from both linear PSE and LES re-

sults are shown in fig. 3.
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Fig. 2 Comparison of far-field sounds for R = 60r, between the LES and

the experiments( the results of cold jet come from ref. [1])

It is found from fig. 3 that the growth of the disturbance kinetic energy of both jets
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predicted by the linear PSE is in agreement with the LES results at the linear stage for rela-
tive higher frequencies. But there are still some differences at the nonlinear stage. In other
words, the linear PSE could not predict the coherent decay downstream at the end of the
potential core. In addition, the linear PSE under-predicts the disturbance energy of low-fre-
quency components greatly, e.g. Sr = 0.2 in fig. 3(a) and (b), which suggests that nonlin-

ear interactions might cause the existence of this gap.
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Fig. 3 The discrete kinetic energy( DKE) along the flow direction

for different frequencies and azimuthal numbers (Sr, m)

in the cold and heated jets
2.3 Linear model for far-field sound

As mentioned above, it is found that the linear PSE could capture the growth of insta-

bility waves at the linear stage. In order to investigate the effect of linear mechanism on the
sound radiation, we here mainly concentrate on the beam pattern and sound pressure lev-
els of far field sound generated by a single PSE mode in both cold and heated jets. Kirch-
hoff’ s method is also applied to the calculation of the far-field sound. Note that the LPSE

solution decays exponentially in the radial direction, thus the pressure disturbance at Kirch-
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hoff’ s surface r = R, varies with the radial coordinate. The SPL decreases by about 2 dB as
R, increases by r,, and this error is negligible for the gap between the linear model and the
LES results. Here, according to Cavalieri et al. (2012)'” and Wan et al. (2016)"" | R, =

6r, is chosen for the LPSE linear model.

Fig. 4 Contours of sound pressure for different (Sr, m) values in the heated jet

((a)~(d), the LES data; (e) ~(h), the linear model results)

Since the linear PSE modes have free amplitudes, here, in order to describe the near-
field LPSE wave packets quantitatively, we refer to the previous work of velocity wave
packets by Cavalieri et al.(2013)"*. For axisymmetric mode m = 0, the amplitudes of the
linear modes are adjusted with LES axial velocity u_ at z = 4r, on the jet centerline directly.
And for m = 1, the inner product between LPSE and LES results is defined to determine the
free constant for scaling the PSE solutions in both the linear model and the nonlinear model
in the next section, to match the LES results. The detailed expression could be seen in
Cavalieri et al. (2013) "%,

The contours of acoustic pressure fields of different Sr values for mode m = 0 in the lin-
ear model comparing to the LES results are shown in fig. 4. The beam patterns of the heat-
ed jet show the characteristics of super-directivity, the same as those of the cold jet. It is
evident that the dominant sound radiation directions are located at low angles from the jet
axis in the linear model. According to the comparison of the beam pattern at the same fre-
quency between the LES and the linear model, the directivity and the maximum radiation
angle predicted by the linear model differ greatly from those by the LES. The LES results
show multiple acoustic waves radiating downstream, such as the beam pattern in fig. 4(b)
~(d), however, in the linear model, only one major direction radiating to low polar an-
gles downstream exists for all frequencies. Compared to the cold jet results in fig. 8 in Wan
et al. (2016)'", the prediction of sound radiation direction becomes even worse in the

heated jet. And also, the source locations in the heated jet move upstream, which is con-
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sistent with the results in ref. [ 1]. This indicates that the nonlinear effect in the heated jet
might be higher on sound radiation than that in the cold jet, which would be discussed in
the next section. Nevertheless, some qualitative laws could be found in the linear model,

that the major radiation angles in the hot jet are a bit higher than those in the cold jet for

the same Sr , which agrees with the LES results in fig. 2.
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Fig. 5 Comparison of sound pressure level vs. polar angle § at R = 60r, for different

Furthermore, the quantitative comparison between the linear PSE model and the LES
data is also carried out. The sound pressure levels (SPL) at R = 60r, for different m and Sr
values in both cold and heated jets are shown in fig. 5. Compared to that in the cold jet,
the great gap between the LPSE and LES results is reduced to a certain extent for most ca-
ses in the heated jet. Note that although the discrepancy appears, the SPL of the heated jet
in the linear model is higher than that of the cold jet at high frequencies such as Sr
0.7, which is consistent with the higher growth rate of the heated jet predicted by the LST

and LPSE, where the linear mechanism plays a more important role in sound generation.

(Sr, m) values between the linear model and the LES results
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2.4 Nonlinear interaction model for far-field sound

As mentioned above, there is a great gap of far-field sound pressure levels between
the linear PSE model and the LES results in present cold and heated jets. Several other
mechanisms are involved in sound generation. In Wan et al.(2016) ", an improved nonlin-
ear model proposed by Sandham et al. (2008 ) """ considering weakly nonlinear interaction
of instability waves, coupled with Lilley-Goldstein’ s acoustic analogy, was applied to pre-
dict the far-field noise of the cold jet. Here, we extend this model to the heated jet, and

concentrate on the effects of heating on the sound sources.

Fig. 6 Contours of sound pressure of the heated jet in the nonlinear model vs. the LES

results( (a) ~(c), the LES data; (d) ~ (f), the nonlinear model)

In the nonlinear model, the sound source strength can be investigated by means of the
amplitude of the mode interactions. We consider the interaction of 2 LPSE modes with azi-
muthal wavenumbers (m,, m,) and real frequencies (w;, w,). Lilley-Goldstein’ s equations
are introduced here to calculate the far-field sound from instability waves, the source term
of which could be constructed with the LPSE modes mentioned above. For instance, the

axial quadrupole term can be written as

azuj/u/m ~ A s .
P zujluknAjklneXp<l[(ml +m,)0 - (a)]- tw)t]) +
z
l;’/;k iiknAj;nl/leXp(iI: (ml - mn>0 - ((1)/ - wk)t:l) +c.c ’ (6>

where, c.c. denotes the complex conjugate, A* and A~ are the sum and difference mode am-

plitudes. The expression of A~ is given by
Aj;cln = [‘Tﬂ oy, t i(ajl -a,) ]zexp (ﬁo',-z to, t i<ajl - a,) ]dz ) s (7)

where, « and - o are the real and imaginary parts of the complex wavenumber.
It was found by Sandham et al. (2006)'"’ that the difference wavenumber nonlinear

interaction mechanism dominated the sound radiation from subsonic instability modes,



ZHANG Xing-chen YANG Hai-hua WAN Zhen-hua SUN De-jun 1317

which was further clarified in their later work'*’. We consider the difference mode interac-
tions of dominant mode pairs of (0,0), (0,1) and (1,1) in the heated jet. The contours of
A~ with respect to Sr of the 2 LPSE modes from 0.1 to 1 are calculated, with the axial posi-
tions z = 10r, in the cold jet and z = 6r, in the heated jet, both of which are in the vicinity of
the end of the potential core.

In the cold jet''', the peak values of A~ are located at Sr combination (0.75,0.45) in
mode pair (0,0), and (0.7,0.4) in mode pairs (0,1) and (1,1), corresponding difference
Sr is 0.3 for all modes. However, in the present heated jet, these peaks are shifted to (0.8,
0.4), (0.55, 0.25) and (0.75, 0.3), and the difference mode frequencies are shifted to
higher Sr values. We can find that the corresponding peak frequencies increase slightly in
the heated jet for mode Am = 0, in contradiction to the LES sound spectra results, which

will be discussed later.
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Fig. 7 Sound pressure level vs. polar angle § at R = 60r, for different mode combinations

((a)~(c), M0O8T086!") ; (d)~(f), MOST176)

The far-field acoustic pressure arising from the difference mode interactions corre-
sponding to the maximum amplitude is calculated by Lilley-Goldstein’ s acoustic analogy.
The beam patterns of the heated jet for modes (0, 0), (0, 1) and (1, 1) compared to the
corresponding LES patterns are shown in fig. 6. Compared with the beam pattern given by
the linear model in fig. 4, the source locations in the near field in the major radiation direc-
tion for mode m = 0 predicted by the nonlinear model are in better agreement with the LES
results. However, it is also worth mentioning that the beam pattern given by the nonlinear

model for mode pair (0, 1) is less satisfactory.
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In addition, the SPL vs. polar angles given by the present nonlinear model are quanti-
tatively compared with the LES results and the linear model displayed in fig. 7. The far-field
sound pressure levels are raised in the nonlinear model at small polar angles compared with
those in the linear model in the cold jet'''. And the enhancement of acoustic efficiency is
also found in the present heated jet. More importantly, it is found that the gap of SPL be-
tween the LES and the nonlinear model is even reduced. As shown in fig. 7, the SPL for
mode pair (1,1) increase even more than those for mode pair (0, 0) in both jets, indica-
ting that mode pair (1,1) has higher acoustic efficiency than (0,0). In short, in the hot
jet, the nonlinear interaction of 2 instability waves can increase the acoustic efficiency. For
mode m =0, the SPL in the heated jet are slightly increased compared to those in the cold
jet. For mode (0, 0) and (1, 1), this enhancement is about 2~3 dB, consistent with the
LES results in fig. 2. So this nonlinear model can reflect some features about the effects of
heating on sound generation. Large gaps between the nonlinear model and the LES results
found in ref. [ 1] still exist in the present heated jet, but it is reduced to a certain extent.
For mode pair (1,0), both the beam pattern and the SPL suggest that this nonlinear model

fails to predict the sound for higher difference azimuthal wavenumber Am.
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Fig. 8 The sound pressure levels contributed by different sound sources vs. polar
angle 9 at R = 60r, ((a)~(c), MO8T086; (d)~(f), MOST176)
As aforementioned, some contradictory results from the LES exist in the present non-
linear model. For instance, the lower peak frequency found in the LES sound spectra at po-
lar angle # = 30° in the heated jet mismatches the frequency predicted by the nonlinear mod-

el. The neglected nonlinear terms in the LPSE, multiple difference frequency combinations
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and some other sound generation mechanisms( e.g. sounds from incoherent structures'*’) ,
might cause the mismatching. In a word, the nonlinear model could reproduce some non-
linearities and effects of heating on sound generation by means of instability waves to a
certain extent in the heated jet, but it is still unable to predict the far-field SPL accurately
due to missing factors in the model.

To further clarify the effects of heating in present subsonic transitional jets, the source
terms in the right-hand side of eq.(5) in Lilley-Goldstein’ s equations are decomposed into
two parts, one is the momentum source and the other is the thermodynamic source. The
detailed expression of these two sub-sources can be found in ref. [ 1]. Here, we mainly an-
alyze the contributions to the far-field sound by these two sub-sources respectively and e-
valuate the effect of heating on sound sources. The SPL contributed by different source
components at R = 60r, of both cold and heated jets are plotted in fig. 8. The sound radiated
from the thermodynamic source has higher radiation angles than that from the total source,
reaching nearly 6 = 40° for mode pair (0, 0). It is obvious that in the cold jet, the momen-
tum source component plays a dominant role while the thermodynamic component has lit-
tle contribution to the total source. Especially, for higher azimuthal mode pair (1,0), the
total source and the momentum source give almost the same contribution, and the SPL
contributed by the thermodynamic source is nearly 13 dB lower than that by the total
source. However, in the heated jet, on the contrary, the thermodynamic source term is the
most significant part according to fig. 8(d) and (f). For mode pair (1, 0), the contribu-
tions from these two sub-source terms are nearly the same. Furthermore, it seems that the
contribution by the thermodynamic source is weakened with the increase of m . In other

words, the effects of heating are mainly reflected in axisymmetric mode m = 0.

————————

5 10
z/r, z/rg

Fig. 9 Contours of real parts of sound sources in the near-field region for mode (0,0)
((a),(c),(e), MO8T086; (b),(d),(f), MO8T176. The contour levels are
[-0.000 1, 0.000 1] in MO8T086 and [ -0.000 5, 0.000 5] in MO8T176)

The different sound sources for mode (0, 0) are displayed in fig. 9. It is found that the



1320 Application of Sound Source Models to the Heated Subsonic Jet

sources are mainly located atr =r, and z < 20r,. The sound sources decay rapidly along the
radial direction, this trend is further enhanced by heating and the peak regions of source
terms move closer to the jet outlet. In the cold jet, the momentum source in the potential
core dominates the total source, as shown in fig. 9(a) and (e), while the thermodynamic
source contributes more in the downstream region. However in the heated jet, not only the
whole amplitudes increases, but also the thermodynamic source exceeds the momentum
source, especially atz < 6r,, r =r,, that dominates in the total source. In general, the in-
crease of sound pressure levels in the nonlinear model results mainly from the increased

contribution by the thermodynamic source.

3 Conclusion

Sound generation in a heated subsonic transitional jet is investigated with the linear pa-
rabolized stability equations and Lilley-Goldstein’ s equations based on the LES database.
The linear and nonlinear models addressed in ref. [ 1] are applied to the present heated jet,
and quantitative comparison with the LES results is also carried out to examine to what ex-
tent these simplified models could predict the far-field sound in the heated jet, and the
effect of heating is particularly investigated.

In the linear model, the maximum-radiation polar angle of the heated jet is higher than
that of the cold jet at same frequencies, and the SPL at high frequencies are relatively high-
er, consistent with the LES and LST results. Compared with that in the cold jet, the gap of
SPL between the linear model and the LES is reduced in the heated jet. Similarly, the non-
linear model could predict more accurate maximum radiation angles than the linear model
and raise the strength of sound radiation in all cases. For mode m =0, the SPL of the heated
jet are 2~3 dB higher than those of the cold jet, and the gap between the nonlinear model
and the LES results is also smaller, which accurately reflects the effects of heating on the
SPL. In addition, from the perspective of sound sources, the increase of the contribution
by the thermodynamic source terms is the main cause for the enhancement of SPL in the
heated jet, especially for mode m = 0. The thermodynamic source plays a more important
role than the momentum source in the heated jet, in contrary in the cold jet.

As a matter of fact, the present transitional jets are different from experimental condi-
tions, and the sound generation mechanisms in fully turbulent jets are even more compli-
cated, so that the incoherent structures neglected in this work might also have great effects

on the sound radiation. This is a subject for research in progress.
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