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Fig. 1 The plane lattice structure with rectangular unit cells( without thermal expansion )
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Table 1  Geometrical and physical parameters of links

link number length of link  cross-sectional area  elastic modulus tensile stiffness  linear thermal expansion coefficient
1 L 4 E, ky @
2 I, A, E, k, o,
3 Ly 45 E, ks a3
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Fig. 2 The cantilever beam model
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Table 2 Geometrical and physical parameters of links in the lattice cantilever beam

link number length of link  cross-sectional area  elastic modulus tensile stiffness  linear thermal expansion coefficient
1 Iy = 4s A, = 0.75t-s E, = 100 GPa k, =E -A; a, =0.0001C™!
2 l, = 3s A, = 0.5+ E, = 100 GPa k, = E,-A, a, = 0.0002°C™"
3 Iy = 5s Ay = tes E; = 100 GPa ky = Ey-A, a; = 0.0005C™!
y
z Z
S S

(a) 7 15x4 PHEICHI IR S5

(a) The lattice beam with 15x4 unit cells

(b) 7 30x8 AL TT Y A 2 44
(b) The lattice beam with 30x8 unit cells

() # 60x16 HITTIY #4254
(¢) The lattice beam with 60X 16 unit cells
B 3 HAAAR USSP RERY 3 il 4% 45 44
Fig. 3 Three lattice structures with the same thermo-elastic PM
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o AT =+ 50 C.H3U(17) ~ (20) J1, MR #E S 402 3 .
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Table 3 Physical parameters of the pseudo-membrane cell in fig. 3

No. AT /C E,/GPa E, /GPa vy, G,, /GPa a, /C7! a, /C
1 0 73.836 31.418 0.228 19.200 1.000E-4 2.000E-4
2 -20 74.539 31.561 0.227 19.307 2.880E-4 4.106E-4
3 +50 72.125 31.077 0.230 18.887 2.733E-4 3.971E-4
32 HWEER

3.2.1 AT =0°C(R¥GR)wag s
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Fig. 4 The y- displacement curves of neutral layers of the beams
£4 AT = 0 CHERFPEE R - IR
Table 4 The y- displacements of nodes on neutral layers of the beams for AT = 0 C
theoretical PM relative relative relative relative
60x16 30x8 15%4
x/m solution beam error error error error
Upgp /m Uz /m U5 /m
Uy, /m Upy /m E. /% E./% E./% E. /%
0.2 -1.25E-4 -2.28E-4 82.4 -9.95E-5 -20.4 -9.74E-5 -22.1 -9.13E-5 -27.0
0.4 -3.64E-4 -4.67E-4 28.3 -3.37E-4 -7.4 -3.34E-4 -8.2 -3.21E-4 -11.8
1.0 -1.61E-3 -1.72E-3 6.8 -1.59E-3 -1.2 -1.59E-3 -1.2 -1.56E-3 -3.1
1.4 -2.74E-3 -2.85E-3 4.0 -2.74E-3 0 -2.75E-3 0.4 -2.70E-3 -1.4
2.0 -4.68E-3 -4.80E-3 2.6 -4.72E-3 0.8 -4.74E-3 1.3 -4.68E-3 0
2.4 -6.04E-3 -6.16E-3 2.0 -6.11E-3 1.2 -6.15E-3 1.8 -6.07E-3 0.5
3.0 -8.09E-3 -8.22E-3 1.6 -8.21E-3 1.5 -8.27E-3 2.2 -8.19E-3 1.2
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—0.009 F——lattice beam 30x8 —0.006 {—=—lattice beam 60x16
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span x/m

-0.012

(b) BhEEHE
(b) The neutral-layer displacements of the beams

B5 AT =-

——lattice beam 30x8

—lattice beam 15x4

- 0009 ! ! ! L
0 1 2 3

span x/m

(o) BENHMHEE

(¢) The lower-surface displacements of the beams

20 CHFRTIZ IR FIR)ZE y- % ih £k

Fig. 5 The y- displacement curves of top, neutral and bottom layers of the beams for AT = — 20 C

®E5 AT = - 20 CHRAMEZE PR y- MALEEf#
Table 5 The y- displacements of nodes on neutral layers of the beams for AT = - 20 C

theoretical PM relative relative relative relative
60x16 30x8 15%x4
x/m solution beam error error error error
Uigo /m Uiz /m Uy s /m
Uy, /m Upy /m E./% E. /% E./% E. /%
0.2 -1.24E-4 -1.42E-4 14.5 -1.35E-4 8.9 -1.94E-4 56.4 -1.66E-4 33.9
0.4 -3.61E-4 -4.64E-4 28.5 -4.66E-4 29.1 -4.39E-4 21.6 -4.07E-4 12.7
1.0 -1.59E-3 -1.70E-3 6.9 -1.74E-3 9.4 -1.72E-3 8.2 -1.68E-3 5.7
1.4 -2.72E-3 -2.83E-3 4.0 -2.91E-3 7.0 -2.90E-3 6.6 -2.84E-3 4.4
2.0 -4.64E-3 -4.75E-3 2.4 -491E-3 5.8 -4.92E-3 6.0 -4.85E-3 4.5
2.4 -5.99E-3 -6.11E-3 2.0 -6.31E-3 5.3 -6.34E-3 5.8 -6.27E-3 4.7
3.0 -8.01E-3 -8.14E-3 1.6 -8.43E-3 5.2 -8.48E-3 5.9 -8.42E-3 5.1
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-0.010615 -0.007 745  -0.004874 -0.002004  0.000 866
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(a) PUBZE
(a) The PM beam
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(b) e 5
(b) The lattice beam with 60x16 unit cells
6 AT =- 20 CHEHER - MUBLRE
Fig. 6 The y- displacement distributions of neutral layers of the beams for AT = - 20 C
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-0.004
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(a) The upper-surface displacements of the beams

0 oS ~0.006¢
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T -0.006 | —PM beam i
S —&lattice beam 60%16 <) ——PM beam
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—o— theoretical solution —«lattice beam 15x%4
=0.010 : - : - -0.018 : ‘ ‘ ‘ ‘
0 2 3 0 1 2 3
span x/m span x/m
(b) B Rpess (¢) BEFRmEEE
(b) The neutral-layer displacements of the beams (c¢) The lower-surface displacements of the beams

B 7 AT =+ 50 CIRTUZ  FHEZERURE y- 158 M2

Fig. 7 The y- displacement curves of top, neutral and bottom layers of the beams for AT = + 50 °C
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3.2.3 AT =+ 50 C (F+iR) B ey g &
B 7(a) Fl(e) 25 i 1732 (A EE L AN [R] RS 54 5% ) 17 3% 1 1) 478 B 486 2R b s 400 2
PRZERE T T AR T 5 S 540 i T AR TR W) AR 16 7 (b) 25 1 T R rh e 2 B B I BUEL A 5
K (22) MRS LA, & B LR (4DLRED ) 2540 5 D IO A 5 1) 1 rh PRS2 B8 BE AR B W) 5
M EAT SIS 22 R (W3R 6) Ll BomER 2y R 1 m Ab A HUUIR SR BUE A 5 B Al i
2R 6% 16 A M A X IR ZELH 1.6%.

Bl 8 45 i T HAEEE 5 60x16 WA G5 TR AT L y- LS = B R WP & i B 3 AR i
B A AE HAh X A X iR 22 AR T 5%.

F6 AT =+ 50 R HER A A1 y- [ BRSAE
Table 6 The y- displacements of nodes on neutral layers of the beam for AT = + 50 °C

theoretical PM relative relative relative relative
60%x16 30x8 15%x4
x/m solution beam error error error error
Uygo /m Uz /m Upys /m
Uy, /m Upy /m E./% E./% E./% E./%
0.2 -1.28E-4 -2.32E-4 81.2 -2.22E-4 73.4 -1.94E-4 51.6 -1.66E-4 29.7
0.4 -3.72E-4 -4.76E-4 28.0 -4.66E-4 25.3 -4.39E-4 18.0 -4.07E-4 9.4
1.0 -1.64E-3 -1.75E-3 6.7 -1.74E-3 6.1 -1.72E-3 4.9 -1.68E-3 2.4
1.4 -2.80E-3 -2.92E-3 4.3 -2.91E-3 3.9 -2.90E-3 3.6 -2.84E-3 1.4
2.0 -4.79E-3 -4.91E-3 2.5 -491E-3 2.5 -4.92E-3 2.7 -4.85E-3 1.2
2.4 -6.18E-3 -6.31E-3 2.1 -6.31E-3 2.1 -6.34E-3 2.6 -6.27E-3 1.5
3.0 -8.28E-3 -8.41E-3 1.6 -8.43E-3 1.8 -8.48E-3 2.4 -8.42E-3 1.7

-0.014365 -0.009888 —0.005411 ~0.000935 0.003 542
L ==
Uy-0/m=0.012126 =0.007650 —-0.003173 0.001304  0.005780

b
Or—X

(a) PUBZE
(a) The PM beam

-0.014531 -0.009994 —0.005457 —0.000920
Uy-o/m -0.012262

0.003618
007725 -0.003188 0.001349 0.005886

: ..qz_u—a;;:imim}sw?

(b) MIEZR
(b) The lattice beam with 60x16 unit cells
8 AT =+ 50 CIEE R y- MK =K
Fig. 8 The y- displacement distributions of neutral layers of the beams for AT = + 50 C
FLEER 5.3 6 153K 4 HEIRfiR SAUIBERARL AR S B, XoF IO 4 AL O 2 0 TR 22 B AR — B IX
KGRI CHREAZT | BIE -5 U R REL R 1 e % DR 22 AR th A K Al X R A 25
PR RGRPES R (R 3) AR L.
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Equivalent Thermo-Elasticity Analysis of 2D Lattice
Structures With Periodic Unit Cells

ZHANG Zhaohui'?, LI Baohui', SHI Jiao'
(1. College of Water Resources and Architectural Engineering, Northwest A & F University,
Yangling , Shaanxi 712100, P.R.China;
2. College of Transportation and Surveying, Yangling Vocational and

Technical College, Yangling, Shaanxt 712100, P.R.China)

Abstract: The thermo-elasticity of 2D lattice structures with periodic unit cells was studied.
The lattice structure was homogenized as a pseudo-membrane (PM) structure and the equiva-
lent thermal expansion coefficients (TECs) of the PM were derived. The TECs were expressed
as explicit functions of the geometrical and physical parameters of the links in unit cells. Simul-
taneously, the elastic properties were re-defined based on the new geometry of the unit cell un-
der thermal load. Numerical results were given to show the difference between the deformations
of the structure under different thermo-mechanical loads, and a uniform pressure was applied
on the top surface of the cantilever beam with or without thermal loads (the temperature incre-
ment was positive, negative or null, respectively). In simulation, the deformations of the lattice
structure beams (with different sizes of unit cells) and the corresponding PM beams were cal-
culated numerically. The theoretical solution of the beam deformation was also given with the e-
lasticity of the PM beam. Differences between the solutions verify the correctness of the derived
equivalent parameters. Results show the validity of the PM method for equivalent thermo-me-
chanical analysis of 2D lattice structures with periodic unit cells.

Key words: homogenization; lattice structure; pseudo-membrane method; thermo-elasticity;

unit cell
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