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Fig. 1 The motion model for the crane system
TEPE 1B R BN M, BTN 1, YR N m, 0 e AT 5 % B 5 1A
e R PRI TP A E AR AR 2R T SCAR R (2 F1 0) R/ BLO AL B FE WAL, 1HE &R
SN REMPEE , FIFH Lagrange J7iE . RE SN T12- T FE .

M(e)p + Cle,0)¢ +G(¢) =B(e)f, (1)
o £ AR N E KRR T, @ = [Z} FIT X AFR,

M(o) = m+ M mlcos @ c( ) = 0 - milsin6-6°
L O e M L S I 0

0= pgan o] 2= )
©) = mgsin 0 |’ ©)= 0]

F () I EENLR G SN 152 0T e
{(m + M)x + mlcos 0+6 — mlsin 6 -6° =f, (2)

ml*0 + mlcos 6+% + mglsin § = 0.,
2 SRR
M U0 249 SRR T8 0o R P — A B 1] 5 30 R BSOS AL B 29 TR B A O A S R BT R GEHY A
Wiz g AR IR Sl R Ge i i L B B R T LU ST OB RR Y L RO R R RO

AICARG B S AT R n i R G AL RRAGI , 25 7] T /N7 SRS FF Z [0 1 29
KA T LRI REAN 53R | DR IRy M D052 2 24 S LS Y ) K DL 24 SRR 5y



304 HT HE AU 58 B 2 R S K Sl LA o D vk

x +asinf =D, (3)
K a b HAEFE(3) TR ARG TR B « 16 BICR.ATUEH, YEY
FEE TR, v = b 5808 b A AR R RS R G AT D i B A 20 (3) FRA R X
Hetr @ LA

b - asin @
¢=5(0,c)=[ ; } (4)
AR, 2 (2) Hom, ML oA 1 WEC(2) AT RifE N
2% + cos 00 — sin 0-0* =f,
{._ om0 (5)
0 +cosf-x +gsinh =0,

RBAFAE— B SRY RCBHER 1, nl AB IR (3) FoR B LT A2 B AL R U2 ROR —
W FEACA RN S 127 R (2) T s TS 205 R G0 7 i .
(1 - acos’0)6 + asin O-cos 0+-0* + gsin 6 = 0. (6)
3 Rl as it
MR R Ge 7 i SR A e S 3 228 a2t — U dme I 42 ] o 0 22 72 e
T 0, R 2E7E B RARE RGN JE I g T H 9, PRI 2R 258 0 BB | R 48k 23 A2 7 Tl
WA .
3.1 #oyRIG&MEL
T RS B LA AR AR 2 IR S S A50H IR 2 1 2R e A8 5 RS O A K i 1 5 R 4
AR TR TR GE SR, i TR BKE R GE A B RS A ECH N T R N RESE
Se 4 RUBENEAL , PRI IR oy B i et Ak,
H1 T KE A2 TR 12K U e 426 14 [ L 58 4 45 DRy SR AW D R Jod S0 e 14 I 2T, K] 0k S 60
O (R T 1 R/ N A O T B8 ¢ PR NG T HEE AR o TE(E BN U, FETE O Ok
SRS EBIE , ¢ AR PE AT LIS 5 SCHR[ 9 ] R S 0 B 0., BUBEAW N T, 1775
fdifs
0.(e)=0,(t+T). (7)
958 MEM AR RRR 0, J5 , FFIR SIS — DR R 258 1 O e 2R LOR
AANE YR d R BT REE A , PHAT DCRRARZS D7 R A 20 M 5e i by p 15 2 728 5 4 1 Y [m] £ b
THEYTEARBBNTEE RSN, « SRR (3) 24 021, FIH X —F 5, E L g =

e
M s
n=¢-6(0,c), (8)
Hrpx 22t l & RFR SRIBDVAR S & NI SRR @ 1Y— B2 45.
¢:{é‘—ac‘050-9}’ (9)
0
¢=|:8—acos6'-2+asm6'-0:|. (10)

R SR AL ™ KA f AL T & RMELIE R oo, B X & = u, H u i
A (10)HFH &



®oR X B & 305

¢={u—acos€-%+asin0'0} (11)
KRG J12E 0T R (1) BT A 45

=M "(¢)[Blo)f-Cle,p)¢p -G(p)]. (12)
A= (5) AT AR

M( _|: 2 0050} B( _|:1}

¢)= cos 6 1 ’ )= 0|’
.. _ |10 —sin 66 _ 0
C(¢,¢)——{O 0 }, G<¢)"[gmna}'

¥ B AR (1) ARAZIR (12) G, AR e I T u, 0 16 05, i T 0 A
0 A — 2B (EAT AT LATIAS: , DI S T4 f Ak T w iRk
1 + sin’6 [u _ sin 6(6* - gcos 0) + acos 6(2gsin Ocos 6-6)

1 + sin’6

— asin 0-92:| .

1 — acos’@
(13)
HTRGEHFE(6) R ERG 2 PE Lz s RE (BRI R0 & RS FHUE L
PRI (6) A M BB TT A Ry 0. R4S R RS Tr B M S EUEME M (@) ,C(e,¢) ,G(e@)
B(¢) UL (1) MRAK(12) , A R E AU AR SR e IR ST R G 2
a(0)6 +B(0)6° +y(0)=-cosb-u, (14)
A a(0)=1-acos’d, B(0) =asinB-cos O, y(0) = gsin 6.
32 ERHERETE
REAGIRIEN 6(0) =06,,0(0) =0,, RiHREDR k& XLEKE o

o =6 (15)
(15 PIhxt 0 sk 0] do 5 0 AL AR .
.. 1 do
G‘EEE' (16)
KBRS M) MRABIRG R (12)H, UL o Bl 6 F1 6 Al 15
d
a(h) %£+IB(0)0’ +y(0)=0. (17)
KO TN o KTAE 0 — B 55 ) o ke, Had e 8
o= B(0,,0)0, - (0,,0) [ D(x,0,) RACPN (18)
9 a(x)
Ko, Ko HIwIHh{E,
02 01:8(9’) j
=0:, &(0,,0,) =exp| —2 d
gy 0> ( 05 1) p( Lo“()”) Y|

PR ZEA R k8 LN
k=0"-o0. (19)
PR A S AMER 24 0,,0, AEFREGE it o 5 0 EARMSH, 19222 M8 « (8
A 0. TR k % ¢ B9 SH, N « 2—56T 6 A0 (1eR%, A
d

—K=0_—-Kk+60— 20
i P agK’ (20)



306 HT HE AU 58 B 2 R S K Sl LA o D vk

‘ o .0 20 _28(0), .
Favat] %K_ZO’BGK_a(H) O[(‘9)(K 0°).
K (20) I 5Ny

d . 2 28(0)
a” =9(a(0) ") ")'

LT AR 0t T 2R A A 02 3 L 50 B MRS i £ 502
BRI ¢ < R PTG LW

(21)

l=[k,e,e]", (22)
A ke ,6 iR AR ik T 1R 2578 B SR R 2, TT LAAS 3R FE 30 At T e 1 RS
{=A(1) +B(t)u, (23)

X A() e RR,B(1) e R®, HAE N
a](t) az(t) a3<t>
A(t) =

0 0 |, (24)
0 0 0
B'(1) =[b(1),0,1], (25)

A TR L, a,(0) B b(0) HRRLLT SIS REL, M 0,(0) = a (¢ + T) i = 1,2,3;
b(1) =b(1+ 1) KT ERN
1 — acos’6

, ay(8) =0, as(¢) =0, b(¢) =
3.3 RiRIEHIEE&IT
R TER G (23) 76 [0,T] WEER AL E—NEET = 1 F1— 3 By i) 2R 58 14
G=G" >0, FHE—A3NHHFFRECR(1)=R(¢ +T) JFH R(1) =R"(1) , f74 Riccati 2.

1 - acos’d

R(t) +A"()R(t) +R(1)A(t) +G =R(t)B"(t)B(t)R(¢) . (26)
TE[0,T] WAFTE A(t) MU B (), v LU RO il % w 36k,
u=-B"(t)R(1)L. (27)

— RN, AR LM R G T 3 i B A Tl g B AR OE  (E AT LA S Am A i A A i 4g
M B ESOMR I HES: R — A s S R A BVAEAE T 2, REE Rk
AT ARA XTI SRR w AT AR R
w(t)=—B"(0,0,,6)R(1)L, (28)
A R(t) A Riccati HEEIFER, B'(0,0,6,6) R EIRETPRE T BERFE(25).

4 fj 5 45

552 WRIEE 3 W PRANHLUR R T A BEAU A AR Y AE Bl R e A 4 St B, 1 R OR A
SESRLIUE T R LR A RE NS S B LR SRR e A IR AS |t R BE B S IR B R S
Fa s R sh e S g b i TR BV R A — AN e i 8 iRy E E T~ Ao
B, BB 2N B R 6 UE U R R A e B 8 0 = 0.2,60 55 6 4018 0.1,0.2,0.3,0.4
VERWIEGRE , EFE AL RSN 2 FiR, ki 0 = 0.4,0 = 0.4 R HWHESHIE.

T UEBA R G AR e M BE R R AR AL B s Ok AR Hi R 2 R G deE M H e, 2 A TE] ¢
BETIEISIE 16 6 5 6 Frka sl it — 46 b fh FRIR AT 23 8] B A — AN P B s, R4 1)
SERRE R, WA 3 FrR B 3 i S A B A R RN R G 58 A R I AR A (8], B A R ) 2k



® R X B & 307
e EL RS E 7R - 0 b
0.5 2.0
0.3
1ot
o1
> . of
>
0
-0.1
_1'0,
-0.3
-0.5 s A ‘ ‘ —2.0 ' ' : : ‘
2 4 6 8 10 =06 -04 -02 0 02 04 06
t/s 6

B2 #HmzsE

Fig. 2 The expected periodic motion diagram
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A Control Method for Underactuated Cranes
Based on Virtual Holonomic Constraints
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Abstract: The control of underactuated systems was an important field of nonlinear control.
The underactuated system refers to a nonlinear system with an input control variable number
less than the degree of freedom number. At present, the main methods of dynamics and control
research of underactuated nonlinear systems include the linear quadratic-form optimal control
method and the partial feedback linearization method, and how to make the system stabilize in
the equilibrium position is always a difficult point. For the virtual constraint method, the peri-
odic motion of the system is designed with a selected cyclic independent variable. Based on the
typical underactuated model crane, the virtual constraint method was adopted to make the sys-
tem stabilize or oscillate in equilibrium position. First, through establishment of the virtual con-
straints, the system’s degrees of freedom were reduced. Then, the system state equations were
derived according to the partial feedback linearization theory. Finally, the feedback controller
was designed with the linear quadratic-form regulator. The simulation results show that, the
weight can reach a stable state near the vertical position under the feedback control, which re-

flects the effectiveness of the virtual constraint method for underactuated systems.

Key words: underactuated; virtual constraint; partial feedback linearization
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