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Table 1 The relative errors of the Hamiltonian function for different parameters (7 = 0.1)

t/s 5 10 50 100
HPD (N = 10) 1.168 SE+2 1.578 9E+4 1.452 8E+21 2.3279E+42
HPD (N = 20) 0.004 7 0.009 5 0.048 7 0.099 9
HPD (N = 40) 4.45E-9 9.00E-9 4.537E-8 9.082E-8
HPD-symplectic (N = 10) 8E-4 3.5E-3 3.5E-3 2.1E-3
HPD-symplectic (N = 20) 8.39E-7 3.408E-6 3.549E-6 2.407E-6
HPD-symplectic (N = 40) 8.35E-13 3.179E-12 3.027E-12 3.007E-12

®2 ZHFEEEAFLKT Hamilton BREAARXT 1R 2E

Table 2 The relative errors of the Hamiltonian function for different steps by SPRK3

t/s 5 10 50 100
SPRK3 (7 = 0.1) inf - - -
SPRK3 (7 = 0.01) 7.5E-3 2.41E-2 9.9E-3 2.19E-2
SPRK3 (7 = 0.001) 1.928F-5 2.678E-5 4.07E-6 1.135E-5
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M 3 TR LUE Y BEE K A0 240 N BB, TR ] B3 n IR D mibE S =Bk
AN THSR ) AR AR 220X U BDRS A0 SROR AR BEACR R I AR R AT T, RERIR
JE4 i BB 2.
£ 3 BFMEIEIT 100 s FrfF Ry CPU ]
Table 3 The CPU time for computing

method t/s
HPD-symplectic (N = 20) 0.228
HPD-symplectic (N = 40) 0.264

SPRK3 (7 = 0.01) 1.897
SPRK3 (7 = 0.001) 146.924

B3 LR RGN Hamilton RSE, T 1 DL Kepler 4% ] 851 A 7] [ A K 240 % 5
A ARZ M Hamilton RGERIRLHEE .
dg, dp, q,

T Ty

dq, dp, q;
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Py, ARUEE N 11 A1 4 32 5 ol DU ) RD R A 30 L/ VBRI =B e 5k
i 3~5 AKGEE, A AR AR AL S = e AT R AR A ZE AR,
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Table 4 The relative errors of p, for different parameters

t/s 50 100 500 1 000
SPRK3 (7 = 0.01) 3.293E-8 1.330E-7 5.479E-7 3.169E-6
HPD (N = 40,7 = 0.1) 9.650E-11 8.069E-10 1.799E-8 2.004E-7
HPD-symplectic (N = 20,7 = 0.1) 1.232E-8 2.784E-8 2.510E-8 6.971E-8
HPD-symplectic (N = 40,7 = 0.1) 2.474E-14 2.024E-13 5.302E-13 3.151E-11

K5 BMEERT ¢, MAXTRZE

Table 5 The relative errors of ¢, for different parameters

t/s 50 100 500 1 000
SPRK3 (7 = 0.01) 3.986E-7 3.697E-7 1.930E-6 1.467E-6
HPD (N = 40,7 = 0.1) 1.253E-9 2.332E-9 6.431E-8 9.258E-8
HPD-symplectic (N = 20,7 = 0.1) 3.419E-7 1.619E-7 1.797E-7 6.468E-8
HPD-symplectic (N = 40,7 = 0.1) 4.591E-13 6.569E-13 1.822E-12 1.453E-11

3) KSR
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Fig. 12 The changes of numerical precision with parameters and time steps
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A Highly Precise Symplectic Direct Integration Method
Based on Phase Errors for Hamiltonian Systems

LIU Xiaomei', ZHOU Gang’, ZHU Shuai’
(1. School of Science, College of Arts and Sciences, Shanghai Polytechnic University,
Shanghai 201209, P.R.China;
2. School of Mathematical Sciences, Shanghai Jiao Tong University,
Shanghai 200240, P.R.China;
3. School of Mechanical Engeering, Shanghai Jiao Tong University,
Shanghai 200240, P.R.China)

Abstract: Symplectic methods, including the generating function method, the symplectic
Runge-Kutta ( RK) method, the symplectic partitioned Runge-Kutta method, the multi-step
method and so on, are applicable to Hamiltonian systems. They can preserve the symplectic
structure in the phase space and the laws of the Hamiltonian system. But in the time domain,
due to phase lags in the computing course, the RK methods and the symplectic methods have
the same algebraic precision under the same algebraic order of schemes. After longtime compu-
ting, the numerical precision goes worse and worse in the time domain. To improve the preci-
sion, a new method combining the highly precise direct integration method with the symplectic
difference scheme, called the HPD-symplectic method, was proposed. This method, proved to
be symplectic, can preserve the symplectic structure. Moreover, the HPD-symplectic method
can largely decrease the phase error in the time domain, and accordingly, improve the numeri-
cal precision even up to an error level of 107", For systems with mixed frequencies or rigid sys-
tems, the traditional symplectic methods can hardly work well, while the HPD-symplectic
method can simulate the signals at both high and low frequencies well with large time steps but
no additional computation cost. The results of numerical examples demonstrate the reliability

and effectiveness of the proposed method.

Key words: symplectic algorithm; phase error; structure preservation; Hamiltonian system;
highly precise direct integration method
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