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ASCK Uzawa HUFA TS TESE— D HET B S0 0 1 p 32 5 0], JF X5 S H0 e #5405
BAKTIAT I 18 Je T 22 43 LA SR B AT 1 Pl 300 000 2 B A FR A 2 1 b ) R s 3 5 |
A—D R R PR B 4 B AR i FIBE T Lagrange 36 -5 28 7 1) 5 05, [R) 8, F5 FH Uzawa BRAL 5t
SR AR, T4 B — A a7 B B A5 AR T %07 TR I B — UGB AR 2 e SR A — A T B 28
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IR LI SRR 0 R L R BRI — B

-Ilv(x) - f(x) =0, x e (),
vix) = (x), x e (), ()
v(x)(Lv(x) +f(x))=0, x e (),
v(x)=g(x), xel,

Hrp Q2 Fm R P AE RIS, Hih R T'=00Q,x = (x,,x,) L =09/ + 9°/9x>, f(x) ,g(x)
il (x) T HRREC, A AR 0 A S5 B, 3 0] 45 5103 ) Ui B A7 A o — 42
K TR 22 o3R8 O TR (1) rh it 357 B ik .

-Lu(x) -f(x) =0, x e {2,
u(x) = (x), x e {2, (2)
u(x)(Lu(x) +f(x))=0, x el
u(x)=g(x), xel,

Horb ) PR e (x) SRR AR PR v (x) TE WA S 8 b B 3 DUEL R 0 X 0 Y R AL
Sf(x) BERFeREL o (x) LA T ERRRE g (x) ARAT(2) 0 F 3R ) AT 205 S bn e 19 NV 4
SRR AN [T

u=0,Au+q=0,{uAu+q) =0, (3)
Hrr A —A N By FRIEE R [, N 4551 [0 5t g FIOCR MM T CHRE S (x) . (x) S g(x) .

FE AR AT AR

R'={ueR"|u -y, =0} (i=1,2,--,N).
H AN 3) ST ) A S AN AR

(u-u",Au* +q) =0, Yu e RY,
SR MELT B4R N 4E5 ) 5w 5 2

min(; u'Au + unj , st.u=y.
F T M/ IME IR A ME— i ™, I T AR (3 ) AP EME—fift ™ .
2 B4 Lagrange &1

Ry TR S IR BRAEN L 3) IBUEM, 5IA XS 2 RS p e RY, (it u=p. &
S X Lagrange PR%L
L(v,qu)=E(v) - (u,v - q) (4)
FAHR B3 ) Lagrange PREL
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L(v.gu)=Ew) ~(mv-q)+lv-ql?, (5)

1 N N N
Hr E(v) =?vTAv +q'v, 518 r=0,YveR ' ,qeR ,uecR".

B (4) 5 (5) %R0 R B A
Lupp) <L(u,p,A) <L(v,q,A), Vi{v.gu} e R xR' xR",
L(u,pp) <L(u,p,A) <L(v,q,A), Viv,gu} € R* xR" xR",

WA 255
EI1 WUR (w,p,A) JELTER xR X RY 10— A8 WAHER 7 0, (u,p, A}
& L, 18 2 ST i L w e R (3) (i, Hop = u.

R () BN {u,p, A} LR xRY x RY LM—A8uki, L(v,q,4) R, 1l

Lupp) <Lupd) SLvgA),  Vivgm) e R xR xR, (6)
H2(6) AT —# 5 L (4) AT

(A-p,u-p)<0, VueR',
Hi e B PE T35

o) (7)

2 (6) 15— A Rt (7) ] 455
E(u)=L(u,p,A) < L(v,q,A), V{v.q} e R" xR",

% q =v A1 E]

E(u)=L(v,v,A)=E(v), Vv e R". (8)
HKAp=u, Irll
L(u,pp)=L(u,pp)=E(u), Vu e R". (9)
H1=(6) F1(9) A%
E(u)=L(u,ppu)=L(u,p,A)=L(u,p,A) <L(v,q,A),
Vi{iv,gm} € R" xR" xR". (10)

HA L (v.q) = L(vaqe) + v =g I* Hobir =0, fi(10) AT

L(u,ppu) <L(u,p,A) <L(v,q,A), Viv,gm} € R xR" xR".
VILIER T {u,p,A} W02 L %N,
X AR E B — AN NG i (6) AT {u,p } 2 T .

L(u,p,A) < L(v,q,A). (11)
A1) 1% g =p 15
E(v) —E(u) -{A,y—u) =0, V{v,gq} € R"xR", (12)
X)) Py =utd
(A,g-p) =0, Vg eR". (13)
(i) Y r=08f, {u,p,A} 2L H—EE N
L(uppu) <L(u,p,A) <L(v,q,A), Vi{v,gm} € R" xR"xR"., (14)

AT, FEEN 15 u = p, H w WIRRE(3) (1.
M (14) FTH0 {u,p ) & T
L(u,p,A) <L(v,q,A), Vi{v,gu} € R" xR" xR", (15)
EX(15)F L q=p 7
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E(v) = E(u) = (Ay-u)+ - (lv=p|*= Ju-p]*) =0, (16)

Wl VYueR I VveR , Hu+i(v-u) e RN BIViw+(1-)ue R, HP:te (0,1].%
& r2)Cllv=pl? = llu-p ), 2v=u+i1(v-u), fRAHPR (r1/2) |[v-u|?®+plu
-pyv-u, M0t gE5K(16)1
E(v) —E(u) -{A,yv-u)+r{u-p,y—u) =0. (17)
EX(15)F 4Ly =utd

-
<A,q—P>+?(Ilu—qllz—llu—Pllz)BO, (18)

HHA VpeR', Xk Vge R\, HEp+it(qg-p) e R",Bltg+ (1 —t)p e R", H'frt € (0,17,
ZIE(r/2)(lu-qll’-u-p|*),2q=p+i(qg-p), RAHFE (r/2) | g-p|I* +p{p
~u,q-p),%1—0n, 455K (18)71%
(A,q-p) +r{p-u,q-p) =0 (19)
HAu=p, Irha(17) X (19) aJ /480X (12) & (13) , 88 {u,p, A} B (11) B
H=C(9) ATAL, {u,p, A} WIEK(6) BIfE.L5 1, b FASIE.

3 Uzawa HAhsh &k

MR 1, SORMEIRINEE(3) Wil R KNS Lagrange PRAL L, MEER {u,p,A},
fiifs
L(upp) <L(u,p,A) <L(v,q,A), Vi{v,gu} € R xR" xR",
P X AN )R S AT 53] [l 3) ) Uzawa BRFASBIA 1L B RN .
B GERE, (p° A"} e RYxRY)p >0, En=1
W2A RS Vu' e RY, fi15%f Vv e RV B

L ™ A S L(vp A (20)
W3 KiEp e RY, 5%} Vg e RV 5

L(u",p",A") <L (u",q,A"). (21)
%4 WHr Lagrange 3 1.

A=A —p(u -p"). (22)

W5 X AN E SR A R W S BB wt B, B =0+ 1,
R EES 2 20,
FET RVEANHE T 005 (20) F1(21) 1y BARSR i 7 v,
[ (20) S5 TR AR LR 7
iL,(u” L2 AN =0, Vv e R,
%

R

Au" +ru" =—q + A" + "', (23)
N

:
F(g) =L, A") = E') + (N'u' = q) + " —q %,

W (21) ,5E#k 3 p e R" 15
F(p") < F(q), Vg e R, (24)
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HEQ LA

p'-¢ =0 (25)
PR (24) F(25) 2 29 AR/ IME TR R, 30T L B o B 00 o Y X SR A 32 ) AL [R) R (21 ) 45
MFUTFAT:

iF(p") -y =0, Vg e R", (26)

dq

(y".p" —¢) =0, (27)
':F"y (251 Lagrange T+, Hvy" > 0. = (26) AJ 153

pe oy A ). (28)

B (28) AR (27) 153
1

< 7’",7(1’" -A+u) - >= 0.
NHHKy" >0, FrLh

Loy —a ) —w =0,

,
I

Y =A"-r(u -).
%133 Lagrange ¥ .

Yy = (A" —ru" + )t (29)
$r(29) 1R A (28) 753
pl=u" - i[A" — (A" =" )]
r
LEA UL BT, 23N Uzawa BRFAGIE B,
&£ 1 (UBR)
1 BEWRE, (p° A" e R" xR ' r=0,%n=1
24 RKftu e R, [H5XF Vv e RV A5
Au" +ru" =—q+ A" +p"!
B34 AR,
p=u —i[)ﬂ — (A" - ).
r

%54 TEH Lagrange e 1.
A=A —p(ut - p) .
Hs5 4 X]‘ %Eﬁlﬁﬁﬁﬁs > 0, £l 2

ML, AR [ 2 4,
4 BRI A

T IEM SRS FE I e g th LU 51
SIE1 AR >R E—D iﬁﬁﬂﬁ%iﬂﬂﬁﬂﬂ%% {p"} =0 2 R HE—AFS,
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XFAEER n, fE7Ep € R", (15
lim (Ap" - Ap.p" -p) =0,
" —
S =P
AT, AT A5 Uzawa HeA s i (s St g 31>
T2 4

1+.5

0<p < r (r>0),

HE LA RPA] {u” p" A"} ST L AR R A8 {u,p A},
WEB A ou' =u —u,5p" =p" —p,OA" =A" —AHAY {up A} L 7ER FHSL,
PNIIES]

(E'(u),v-u) —(Ayv-u) +r{lu-p,yv-u) =0, Vv € RY, (30)

(A, q-p) +r{p-u,q-p) =0, Vg eR", (31)

A=A-p(u-p). (32)
PREA(20) ~ (22) 4350E L {u" p" A ) A

(E'"(u"),v—u")y —{(A"yv—-u") +r{u" -p" " ,v-u") =0, Vv e R, (33)

(A", q-p") +r(p" -u",q-p") =0, VgqgeR", (34)

A=A —p(u" - p") . (35)

SER (30) FI(33) sy =u" Flv = u, NS

(E'"(u") —E'(u),du") +r(3u" -dp" " ,du") - (3A",du") < 0. (36)
SrtEsR(31) FI(34) 4 g = p" Fl g = p, AN

r{dp" — du",dp") + (dA",¥p") < (. (37)

K2 (36) A1 (37) A mAS
(E'(u") —E'(u),du") — (3A",du" - dp") +
r(dp" —dp" ', du") +r| du" - dp" || > <O. (38)
2E4550(32) Fil(35) AR
A" =8A" —p(du" - dp"),

[BA™ [ = [ BA™" || * = 2p(BA",du" = dp") —p* | du" —dp" || °. (39)
g545(38) FI(39) 1%
[BA" |2 = [[8A™" || > = 2p(E"(u") ~ E'(u) ,du") +
20r(du" ,dp" = dp"') +p(2r —p) | du" - dp" | °. (40)
Mg du" = (du" - du"™") + (du"™"' = 8p"") +8p"", NJF5%|
(du",dp" - dp"") =(du" - du"",dp" - dp"") +
(du"" = dp" ', 8p" - dp ') + (dp ', 8p" - 8p" ). (41)
KN

- n n— 1 n n— n n—
(d3p"',8p" - dp '>=5( [8p" I > = [8p" " 12 = |1 dp" = dp" ' || %),

A (41) AR
20r(du",dp" - dp"”") =
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20r(du" - du""" ,dp" - dp"') + 2pr(du"" - dp" ', dp" - dp"') +

prC1dp" 1% = [18p" " | * = [I8p" = 8p" " [|*) . (42)
FEX (34) T n - 1A n 1543
<An—]’q _pn—l> +r<pn—l _un—]’q _pn—l> BO. (43)

IrTES(34) F1(43) 4 g =p"' Fl g =p", FHINTS
r || apn _ Spn—l || 2 _ r<8un _ Sun—l ’8p11 _ 6pn—l> +

(SA" = 3A" ", 5p" - dp" ") <. (44)
MR (35) 15
A=A —p(u -pt. (45)
g4 (32) F(45) Al 15
SA" —BdA" =—p(du" - 8p ). (46)

AR (44) F(46) AT fR
r(du" - du""' dp" - dp"') =
rldp" =8p " |2~ p(du"" ~8p" dp" - dp""), (47)
MRYEL (42) F(47) AT 15
2pr{du" ,dp" = dp"") =pr( | 8p" =dp" |2+ [dp |7 - [I8p " ||7) +
20(r —p)(du"" = 3dp"" 3p" - dp" ). (48)
gh 4R (40) F(48) 15
A" || = [ 8A™" || 2 = 2p(E'(u") ~ E'(u) ,3u") +
pr( [18p" =3dp" " |7+ [[8p" | = [8p" " ||*) +
20(r =p){du"" = 3dp" ' dp" - dp"") +
p(2r—p) || du" - dp" |,

CIBA I +p* [ B3p" " [I%) = CIB8A™ |2 +p* | 8p" || *) =
20(E"(u") - E'(u),du") +2p(r —p){(du""' -dp" ", dp" - dp""') +
p(2r=p) | du" =3p" || * +pr|dp" -3p""|°
Horp (E'"(u") —E'(u),du") ={Au" —Au,u" - u) .
Mp=rif, BIRA
lim (Au" - Au,u" —u) =0,

BRI 3 1 AT

limu" =u, limp" =p.

W e SRS AT 1
AC A TERY B AR e (33) R (34) R BGRR I BLAH E 1Y RS
PERT £

’

E(v) - (A" v-u) +plu-pyv-u) =
lim inf E(u") = E(u) =0, Vv e R', u e R, (49)
(A" ,q-p) +pp-uq-p) =0, VYqgeR" peR". (50)
0(49) . (50) N T LA 7
L(u,p,A") <L(v,q,A"), Vi{v,g} e R"xR", {u,p} € R* xR".
HHMp=u, ik
L(u,pp)=L(u,pp)=E(u), Y e R, (51)
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Lr(”apyll’):l‘r(u’p’/\*)’ VM € RN' <52>

WA (51) F(52) , 7T H {u,p, A"} B L 8N,
5 Bt Uzawa BRALN G0

TER ] Uzawa B st 325K i S b Il SRS 38 % B 2 280 p = F0100 8K, AS 6] 511 2 5000t
TS5 BE R i A e R I, AS SCHR M 3B W Uzawa S stk | Rl [ 3 I 200, 45 2 7258 250 4]
{p,} IREEEESE p " AR AUUR I SH, BB S A ik p =r =p,,
W 35002 2 AR RS 4 (u” ,p" A" TR LA AN AR

(A=A +p2lp ™ =p*) =A™ =A 2 +pl|p" -p|?) =

28p, lu" —u|?+p, |u" —u-(p"-p)|°,

Hrh g > 0, ATLI5 3

A=A 2 +p2lp" =plI°< A" =A > +pillp"" -pI°
AR FH L A = A2 +p2 lp" —p || 7} BB E A A TN S B, T A

A" =A™ =p, llp"-p"" | .
KR T — kP p |, ARG TN RENEFE r, WEp |p"-p ' | > (1 +
) AT = AT TR N UGERTE N p, s W p, Ip" - p T < (1/(1 4 7)) AT -
AU EREE R —RaE I e, Ao, = A=A [ /(p, lp" —p" ), ATRGEE LR
KiEBESE P

(L+7)p,, w,>1+7,
1 1

Pas1 = ﬁpn5 w, < 1 +T,
D, otherwise .

g5 b A B0 A IE N Uzawa HAS AL,
&% 2 (MUBR)
1 HENIGE, (p° A"} e RY xRY, Z¥8p > 0,7 >0,%p, =p,n=1
$20 Kiku' e RY, 13X} Vv' e RV fH
Au" +pu" =-q+ A" +pp"".
$30 MRS,
P = LI (N - p )]

n

%42 M Lagrange 1.
An+1 =/\u _pn(un _pn) .

- X Ao i .
54 iR w, =%, AL CHE 2§
p.Ip" —p" |l
<1+T>pn,? wn> 1+T’
1 < 1
=<{— w
pn+1 1+’Tpn’ n 1+’T’
D, otherwise .
BoL XAHEMIRER e > 0, A
|| un _ un—l ” 2

’

lu" ] °
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WA I 5 o = n + 1, SR 2 4.
6 & 4 My

T B UESE WAT SR FHAR SCHRE BRSBTS S A B 25 S T Uzawa AR
ik (BYE ) BUEESE p = r R EIL AR LRI e = 1070,

1 ZEEEFVXIK Q= (- 1.5,1.5) x (- 1.5,1.5) "l E dimEmes s r
=— 2, =0, Dirichlet 1 521 1T i i br it

2

r 1
— -1 - > 1
o(x) =12 n(r) ,r > L

0, r<1
WE, r= /ot + 5, IR S 0T b A A5 20Ok FH H 38 Y Uzawa BFAS05E HK A, B 1
A b= 1740 Fl 7 = 1 BEEZE S, K 2 BT H i A EHE R S as Xt 1, &
(IERLY/EESIN

1.5 ‘ :
numerical solution
— exact solution
] .0 ,//7%7;/:\4(%7‘ oy
0.5 / \
/ \
z f X
(i 0 | |
Jii y \ J
-0.5¢ \\ /
\\\ //
-1.0 T agl
-1.5 ‘ : :
-2 2 -1.5 -1.0 -05 0 05 1.0 15
X
B K B2 AW S R
Fig. 1  The numerical solution Fig. 2 Numerical and exact solutions of the free boundary

XFFARIBAIR SIS p FMAFERIAER b, 1 XPRH 1 B Uzawa Bt 5532 A1 B 15 6
Uzawa HFA M 5310 I ity B9 SR AQRUCEGHEAT 17 b A, b =7 R AR BORE I 500 Y. 2551 36 W]
FIE Y Uzawa BEARsSREAMORS e, i HAR AR E.

R PIFFER AT O (5 1)

Table 1  The number of iterations for each method ( example 1)

algorithm 1 (UBR) algorithm 2 ( MUBR)

P h=1/10 h=1/20 h=1/40 h=1/80 h=1/10 h=1/20 h=1/40 h = 1/80
1072 - - - - 32 31 29 31
107! 282 211 201 201 28 26 27 28

1 89 90 78 76 23 21 24 25
10 27 34 28 27 22 24 23 23
10 70 69 68 68 23 24 24 26
10° - - - - 27 27 27 28

104 - - - - 31 29 32 32
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2 ZEHEEHFEXIBO=(-2,2) x (-2,2) P E R Ee e Hi
/=0,
w:{ 1-x" -y, x2+y2.S1,
-1, otherwise,
BT A A

«/l—xz—yz, r<r’,

1T - rln[R\J r=r"
Hrpr=0+y" ,R=2,r" =0.697 965 142 8--- ,r* WL 51 r*(1 = In(r*/R)) = LR A
G N Uzawa HAASWEPDCOR G FIFEEC R = 1740 Fl 7 = 1, K 3 AEUEMEE R K4 450 T All
FHVBUE G S RGO R A BT LG BRI G 0.
XA 2,38 2 F12 T PR AR AN R BRI A6 ST S8 p FIARTFIR2B K b T i AR
T AR AR R B A N Uzawa BR800 2 A 800 . i B RN 530 491 ) B0 (EL 45
A, AIE LY Uzawa JURA i SE L AU SGH B T LT A Z WG SE p K b 15200,

numerical solution
— exact solution
AN
BRI
KBTI
O
5

X

B4 AR B S R

Fig. 4 Numerical and exact solutions of the free boundary

3 MfEf

Fig. 3 The numerical solution

K2 PIFPFIEREAUET O (5 2)

Table 2 The number of iterations for each method ( example 2)

algorithm 1 (UBR) algorithm 2 (MUBR)

P h=1/10 h=1/20 h=1/40 h=1/80 h=1/10 h=1/20 h=1/40 h = 1/80
1072 - - - - 35 29 30 33
107! 160 214 160 180 32 26 28 30
1 67 60 55 50 32 25 28 30
10 37 43 49 55 33 29 30 34
10 291 313 361 413 36 30 33 38
10° - - - - 39 34 37 39
104 - - - - 43 39 40 43
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7 4 1w

ASCHE TSR A BN B F p 2 R )R Uzawa SRAR 5t 76 B HEA 7 50k Uzawa. SRAL 5
0 FE AR R EACTT R B R, Uzawa HRAA SR v i i A RUCHS BEAR I ST 2%k p
N T PR RIPERE AN SCHR T FE N R Y FIE Y, Uzawa BRARSHIE 1205 IE AR 1A
T [ BRI S8 p , BUETEAI W] A 3E R Uzawa HUR ot 3530 HAT DR A e S50k s R s k.
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A Self-Adaptive Uzawa Block Relaxation Algorithm
for Free Boundary Problems

GUO Nanxin, ZHANG Shougui
(School of Mathematical Sciences, Chongqing Normal University,
Chongqing 401331, P.R.China,)

Abstract: A self-adaptive Uzawa block relaxation algorithm, based on the augmented Lagrang-
ian multiplier method and the self-adaptive rule, was designed and analyzed for free boundary
problems with unilateral obstacle. The problem was discretized as a finite-dimensional linear
complementary problem which is equivalent to a saddle-point one with an augmented Lagrang-
ian function and an auxiliary unknown. With the Uzawa block relaxation method for the prob-
lem, a 2-step iterative method was got with a linear problem as a main subproblem while the
auxiliary unknown was computed explicitly. The convergence speed of the method highly de-
pends on the penalty parameter, and it is difficult to choose a proper parameter for an individu-
al problem. To improve the performance of the method, a self-adaptive rule was proposed to
adjust the parameter automatically per iteration. Numerical results confirm the theoretical analy-

sis of the proposed method.

Key words: free boundary; linear complementarity; Uzawa block relaxation algorithm; aug-
mented Lagrangian function; self-adaptive rule
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