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B T HUE FaE TR AR,

SCHR[ 14-17 1 EEST T A5 40-Runge-Kutta 35 FE SR AR 9% ORS 41 AR 43-FFT J7 3 45 oot Jr
¥ SCHR [ 18-19 ] 43 SIWFFE 1 9 it 20 1 1) R385 4] S8 o RO RS AN AR 0 5. 45 B RS AR 0 O
SCHR[ 20-22 ] 7ESR A AR Lk (R 43 50 5L TR A AR i ARk | [RME 5 8l R A O THRS AR
SIVERY 2N T 27 SCRR( 23425 .

X FRA o I RE R AN 7 A BRI N SE B TR RIS 1) 12 iR AR 78 .
UEAEAR WP EN - B R o B T e i I T 5% (EL 3 B SRR 0 ) S A oK A A 7
FEBER PR | T LA R J 43 B0 SRR 43 ) 80 B0 — A 300 1 7 B g R 7 ) L, 5 6 B 7 )
FEABR 22000k A BRICEE | Lagrange e 11k (PR3 5 FEEA SR H K 675 VRO AN 08 BRARL Y PR 410 A7
OITETP UG o T RESR AR BN FH 1A T2 20 B, NSk [ 27-28 1383 BB oy 3h g 7 i il
VAL A BB o3 7 R 5 WE5E. 5 SCRR L 27 | T 89 D7 AN ], AR SCEL R LT 0 B o o3 O
PR AT AR 25t — P B0 B« 0 B 303 T R RS A0 AR 3 2 BB S A 45 SR U B 1 BT 2
T3 1 WA R FORS L.

U 3B ooy T e SR i i

BN S F o R — B R
D@x(1)=Ax(t), O<a <1, (1)
Hri, x() = [x,(1) ,0,(2) o2, (1) 1", x(1) € R",A € R™", WIMHEA ] x(0) = [x,(0),
2,(0) e+ ,x,(0) ] ASSCE RS A 2 SO RIS T FRAE TR b i ).
B =10, 1) BRI E T RE x (1) = Ax(¢) HIFHEB SE07) Laplace 28t J
AR AT AR x () TR
x(t)=E, (A")x(0), (2)
Krp E,4(2) RS it Mittag-Leffler sREL (R IRIFR A ML pREL) , HAKX LT .

% k

£l = & Fak v gy Y
TS LR 53 7 FERORE AR 33 (2) iR B E, 5 (2) BEATRE AT,

FELA AP D B IO A B
2 AR AR

2.1 ML BEEEHBAEITE
PAR i i RiE e ML sRELE, | (2) RS 4IH5.

ML BRECE X () B, (0 = B 5y gy
ﬂD:EAm=§@JMJ, (4)
o
1
ak=m, k=0,1,2,---. (5)

SRR BT RTANR BRI SR B exp(An) = [exp(An/m) 1" i ML
BN AL F(X) =1+ @y, M1 Q= 3 7 a, X' S F(2X) FF(X) MR,
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TE 2 LA B R B0 56 R IR IS & IEIH R(X) LB

FOX)=f*(X) +R(X)=(I+Q,)* +R(X). (6)
R fF(2X) =1+ Q,, Wi
0. = Y (21" (1)
H=(6) F5 T ik
0, =20, + 0} +R(X), (8)
Hot SR 13RI A 2N
R(X)= ika", (9)

FHb, TH a,(k=2,3,-,0) FR, BRI 2.2 /M.

SEBREE AT, pRER R 1928 OE IO A BRI S Q, 1 Q, M2 Wi X7 il 8
BUm, ,m, WL, 45 pR L R 1 250X KECH max(m, ,2m,) CHEEERGEE, — B m, = m,.

WK ¢ =n BFEmE R, 75K F(An®) BMELZE UL AR B RG 20 AR 70 %t A i HIN IR 3BT

%.EB](A ’27] ,f(A ;ZZJ f(A ’;j  f(An™) HIfi.

iem=2" ¥ N=200F, m=1048 576. 1 T n ARARKJEN KA XEL, W 7 =n*/m &5
JNB BRI X BT 7 KB,

f(AT) =1 +Q,, (10)
B AT (AT)? (AT)*? (A1)’
= rxa) "T+20) "TU+30) T 7 (1 +5a)° (D

Forp s R0 R MRS AR 73 s = [4/a], [ - ] 371 Gauss BREL, Q, J2— A/ N .
PR, 30 (8) A2 T AT AT WA (E A R 4] .

n
X=A5, (12)
For (i=1,i++,i<=N) Do[Q=20+0-0 +R(X),X =2X]. (13)
MAEIR LS R A
E,(X)=1,+0. (14)

SRR AR 2S00, LA B T i A AR 22 [ AL

Xof i R B BRE A ARy B T (12) ~ (14) BTHEE N ML eREUEFF RS 4158

F R (2) A1) A1, BT E] A (I 20) A 2,20, 272, 271y, ooy, Fo 4y = /2% 3
O <a<l,a=1Ffa>1HERER: a > 1K, X862 R 504 H o H0RS 20 R 23 B FH
B2 BB 0 < o < 1 B X SR 20 (9 537 LU RIURS 20 AR 53 T FH ) el 220 B 77 .
2.2 BETMRZER

WMETX Q, = X " a, X F(T) BBOTEST B R m, = m, = 4, 32T R(X) REL
b(k=2,3,---.8) BZERILE 1.

R1 my =m, = 40 R(X) £IXXPZHXRE b, (k = 2,3,--,8)
Table 1  Coefficients b, of R(X) form, = m, = 4(k = 2,3,---,8)

k 2 3 4 5 6 7 8

b, 2a, —- a? 6a; — 2a,a, - u% - 2a,a; + l4a, -~ 2a,a; — 2a,a, - a% - 2aya, - 2a5a, - uﬁ
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L1, f2X) M X)) B 2T BRI R F(2X) FF(X) 120X
BURIIUAS ], 4053 B 2m ,m IR W TERE B LT BB IR S W m, = 4,m, = 8,
B RE b, (k=2,3,-+-,8) MEERILE 2.0 T ILE, FHH m, =4,m, = 16 B} B Z2WA R
Bob,(k=2,3,,16) MIZERILFE 3.

F2 m, = 4,my = SHR(X) FERDHZIRRE b, (k = 2,3,--,8)
Table 2 Coefficients b, of R(X) form, = 4,m, = 8(k = 2,3,--,8)

k 2 3 4 5

by 2a, - a? - aya, + 6a; - a3 - 2a,a; + l4a, - 2a,a; = 2a,a, + 32as
k 6 7 8

b, - a3 - 2aya, + 6dag - 2asa, + 128a, 256ag — a3

#£3 m =4,m, = 168 R(X) XXX PWEHA R b, (k = 2,3,---,16)
Table 3 Coefficients b, of R(X) form, = 4,m, = 16(k = 2,3,---,16)

k 2 3 4 5
b, 2a, - a} - a,a, + 6a; - a3 - 2a,a; + l4a, - 2a,a; = 2a,a, + 30as
k 6 7 8 =9
- a% - 2aya, - - 2a3a, — 2a,a5 — 256ag — 2a,aq —
g 2a a5 + 62a, 2a a4 + 128a, a} - 2ajas

Xt 1~3 AT LA IR, & T 8K b, 3B AH IR 38 A BT IX B (k=2,3,-+,8) , H5 55
W o A KBRS TN, m, ,m, PBUETARESE o W1 A AR 2] 0 JeE .
a = 1 B, ML pREC BRI USRI H m, = 105 250 < a < 1B, m,,m, BYHL
I o = 1 FRZRK.
23 itEE
T R S ek / MR 22 OUTE 5 i B e S AR v TR MR R TRk R T
BR(X) B, FIRX BRI TR,
R(X)=bd +X(bI, +X(b, +X(bd, +--))). (15)
W R(X) WZWAXWREON p, WATTHRE—R R(X) T8 p - 1 DRI ZM p
EB . (13) BT E—k Q-Q Xt Az 7.2 (13) ik RIG R R ECh N, i
RRERE p WHIFETRILIZ R, Horh n BRI IZ RN o, USSR I Npn'.
U, BT 0 A BORS ARR o3 R i R AR B BRS AR A Y p A5.
24 iRE
S IURE AR IR 2 A A P4, B ML R BRI A e 3k 2 6T 17 108 22 A vh gk
(A A AR 2200 50 bs iR FaA (13) BuE , 52K m, ,m, Tl a 56, HiR A
76 R ERIFK R(X) = 3,77 b, X" Sl ik AU BT s 1 Fr 58 ML eR U 4 )
JrEX R ZE AR
_ ‘ R( m, ’mz) ‘
““Tr+ lim o

my,my—®

HAPERE R(my ,m,) IR (9) 5, | - [ FURIEFEIEEL

T 07 vk RS BE E RO B IR R (X) BORSEEME IEZ WA R (X) (TR p HZ I
AUEL, 2.1 /N1 p = max(m,,2m, ) ) AIAGSH ¢ B9 23020, HOCT ¢ BRECH pa  HI, B
AP m, ,m, BIAT R R0 6 R .

(16)
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3 AESFIROT R AT R
[l BN AEF IR T RE D W x (1) =Ax (1) +u(e) , X HEZETHNBEh u () VEA, ANBE%
Jili s RS B A ml e an T RS 2
x(ﬂzzEuJ@4ﬁ)x(0)'Fj%t"T)W4EQA(A(t"T)a)u(T)dT. (17)
W w (o) BIfERTRAT A, v (17) iy ML SRR e ORI, PR S8 55 s
R Z IR SR 5 AT 2230 = R BCR AR . A AR AR A% SR
Mou(r) MR ARAN 0T, ~ 1, ZEHLERHREMT .
u(r) =p, tpT,
/E\:EPPO’ D, Al u,, u, RN,
K O17) A sE — IO TR AR, AT 45 2 1 i v AL A i R I B L ML PR
HFR AT, FEALBRES D 7840 F AR RE ML pRECE X8RI

x,(1) =f;<t — ) E, (A )u(r)dr. (19)

(18)

x Xt

e s ey RS AR (19) LB

FEEME, (X) =),

B ; *® Ak(t_T)kaJrafl ~
n@)—fﬂ%—r(“ka) (py +p,7)dT =

iAk ) tkcu—a + P, tktx+a+] —
o UI(l +a+ka) I'2+a+ka)

tot i Aktka + Ah tkuH—] _
=0 F(1+a+ka)p0 F(2+o¢+koz)p1 -

a l+a

h (A:*) F(lt7+a)p° + h,(Ar") mm, (20)
Hrp
o=y Tre) ey
(A = B o hay A"
aN _ - 2 +a) ok
hz(At )— ];] m(At ) . (21)
KRG AR T
B (1 +a)X" B s I'(l +a)X
MO 2 F e rda T R T e ke -
- re+a)x" > I'(2+a)X
)= Y o v k) T A T2 ra k)

Ko =n BMENL, TR b, (An®) F1h,(An®) MEL ISR RTAIA ML X An® 73 HI N

BT R hi(A ZJ ,hi[A 2’Z_J ,hi(A "ZJ Jh (An®) (i=1,2) AT n AkEA

FAIFE] X B, ) 7 = n*/m BN B R X B F r KBE A
h(Ar) =1 +Q,, i=1,2, (23)
Hrp Q.(i = 1,2) h/ha  af iR Xt (22) #RIERTA 1.
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A 2 i rp ML pREAsK B, AT AR BIEEST B, (2X) (i = 1,2) 5 h(X) BIER KRR, I
SRR B IET R(X) AR RS .

4 B il
41 EHIA
n‘axl_loxl\ xl_l
JEH D u-(o J [xj,wa U_(Oj
X B RSB o = 1, HAFHTAEs x, (1) =E, (1) ,x,(1) = O E Pt N = 15
FHE SRS W0 1B ) Ml 22 LU LA A AR X A

R4 x (1) RORTHRAR- SRS AR B

Table 4 The solutions of the precise integration method compared with the exact results

t

my,my
1 4 9 13 17

10,12 2.718 28 148.418 8 107.83 442 896 2.418 7x107
14,14 2.718 28 148.413 8 103.08 442 413 2.415 5x107
15,15 2.718 28 148.413 8 103.08 442 413 2.415 5x107
10,20 2.718 28 148.431 8 108.02 489 510 2.995 76x10”
12,24 2.718 28 148.414 8 115.08 455 662 2.415 5x107
15,30 2.718 28 148.413 8 103.41 443 432 2.478 46x107
15,19 2.718 28 148.413 8 103.18 442 497 2.416 76x107

analytical 2.718 28 148.413 8 103.08 442 413 2.415 5x107

M A TTUFEL, m, =10,m, =20 flm, = 12,m, = 24 W45 RA —E 1R (49
2.99% ,10.6% 1 24.02% ) , {H A ZH #1452 25 B8N (FE 1% L) X BEEH 5 BREEHL m, T m,
FERE A AR 22 R /DN, I RS B i DA T B0 JIT 12 43 B s A AR 0 T v I 3.

42 Ef2
S Uil Ga I DAK ik 3 Ul N
D’x(t) + a,Dx (1) + a,Dx(t) + a,D"?x(1) + ayx(t) =0,

(24)
x(0) =x,, x'(0) =x,,
Hp D K Caputo M ECFHE T, a; =0.5,a, =0,a, =0,a, = 1,2(0)=0,x'(0) = 1.
i ] DI IR T FIE A
D"x(t) =Ax(t), (25)
Hrp
0 10 0
0 01 0 )
A= 0 0 0 yx(0) = [x,(1) x(8) x(8) ()]0,
-1 0 0 -0.5

PiEHR x(0)=[0 0 1 0]".
P AT (2) T AUBRUEL n 435I 55 F 131, A 7 i 26 WL 1 o BUNEAF
SRS N I 22BN, ML pR SR T X S 1, i 132 T,
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Fig. 1 Curves of the analytical solution for different numbers of items
& AT B R MRS I BRI S 9 = 0.5, SBARUCKLN = 15, m, 0 m, S35
T34 1) m, =20.m, = 60; 2) m, =30,m, =90; 3) m, =40,m, = 130, FIEHEL R
ek th 2B Xk L DL 2 AT 3.
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analytical (n=55)
0.5 AN analytical (n=132)
X0 b

0 5 10} 715 20
0s \ L\ PIM (m =30, m>=90)

“1o PIM (m,=20, m,=60)

B2 ORISR X L

Fig. 2 Comparison of the curves of the PIM with those of the analytical solution

/ analytical (n=132)

/\\ PIM (m =40, m,= 130)
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Fig. 3 The curve of the PIM (m; = 40, m, = 130) coinciding with that of the analytical solution
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Koy =05, BTG MZ oI,
43 EHHI3
Bagley-Trovik Zfj 72407 fdn R 200,
Ay"(1) + BD%y (1) + Cy(1) = f(1),
y(0)=0,y'(0) =0,
Horp ) D7 & Caputo M 8UFHEE T,

(26)

8 O0si:=1,
a=15,A=1,B=05,C=0.5, f(1) =
0, t>1,
DRl AL PR RIE . D2y (1) = Ay (1) +u(e), Horp
0 1 0 0
a=| 00! Cx(D=[y() D) DUy DEy(n)]T,
0 0 0 1
-05 0 0 -0.5
WHERx(0)=[0 0 0 0] . AEFFRIT u(r) AHEEI, Bp,=[0 0 0 8]",0<:<1,Tfi

> LR DR R SR O R

XT0 <t <1, KABIMEHRR I (20) F1(22) TR OO0 B ; 157 =X
(2) M) FHFFFRITEE (1 > LI RRRE BN ] B3R ¢ = 1 I RS A i
TRERESE BN BT 5 = 0.5, IARKELN = 15, BEm, ,m, 53 HIHL 40 Fl 130.

a=1.5,PIM (m,=40, m,=130)
———— a=1.0, Runge-Kutta method

-
// \\\
/ N
e 20
.10 15 777
l//
/!

B4 SRR 7 R AL A5 R B BEL R IR 0 e g 7 £
Fig. 4 The displacement curve of the fractional differential equation and

that of the equation with integral-order damping

4 FE S /T o = 15 W EOALRS i A B £k 9 S REEU B E (B o = 1) BYTEIE
XHEG, B 4 R 5 gy A R B2 7% il 26 Ak B th 26 (8 FH T Runge-Kutta J7779%) ST &8,
I3 A T BELTE IS A SRS | 3 RE it 2R AR 2 i R X A R R G BELJE IR 2, RV IHCES 57 8% R B2 ) A2 1
T R

Kl 4 s M2 (o = 1.5 BF) 53CHER[ 30 ] b iy it 4 A2 Ak G 521, (H AR ST g {5 A %
R 3500 F R FH I 230 B 5 508 SOAS () i 380 SCHR [ 30 ] w8 T4 115319 RL &
S, A SCR B Caputo 43450 S %50 F T 7207 .
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6 .
! — a=1.5,PIM (m =40, m,=130)
" ———— a=1.0, Runge-Kutta method

v(?)

0 L < S—— . D
0o\ 5 10 o
) \ // ) \\ e

\ / e—

2 \\\ //

e \ /

5 AEFFR O E G0y TR R S5 AU BELE IR A i et 1z 1 &

Fig. 5 The velocity curve of the fractional differential equation and

that of the equation with integral-order damping

5 45 ®

AR SCHR B 00 T R RS AR AR B R 4546

1) EFXF B0 5 300 05 R A A At v ) ML BRSO Tl A 0 32 L (7 R %) 3 5 o B
) X4 FEEAR I R I A IS

2) ST BT A /INSHE BN TR AR, 51 X = At AR R 2 I A pR B 1 R
R 21 K PR EL, PUITTE T FH 7518 LE 00 A A 4 AR 47

3) 5E AR RG A AR SR b, I 43 B RG240 AR 43 TSR AN [ B 22 £ g iz B 5 AR i
RGN AL IVAQH IR ERE A= RSN BT v

4) W T B H O BT P ML RO T i SR B kA5 U A e B 1
T 35 R A0 B ) A0 P A 200 B0 1k 1) 3 B 2 3 4 5 A A Rk 1Y p
fis , Ho p B2 R(X) ML
5) ST oy R S A B 5 ORI S5 Uk (L AR 55 IR Ik 43 BEH BT
OISR B R, SR F(X) FF(2X) XY R B0, BEAS US40 I (T 45
AR A G L REIA B ET i AORS BE R O SRS E RS A) A5 R AN BRI 34
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An Improved Precise Integration Method for
Fractional Ordinary Differential Equations
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Abstract: Based on the definition of the Mittag-Leffler function, the precise iteration computa-

tion scheme for the Mittag-Leffler matrix function was constructed. Compared with the normal

iteration scheme for exponential functions, the constructed scheme has additional correction i-

tems. The expression of the correction item is related to the order of the fractional derivative.

For dynamic fractional ordinary differential equation D‘“v» = Hp with the Caputo fractional defi-

nition, the solution function value at the endpoint of the time phase can be obtained with the

precise iteration method. The numerical examples demonstrated effectiveness and efficiency of

the presented method.

Key words: Mittag-Leffler function; precise iteration scheme; correction item; ordinary frac-

tional differential equation; Caputo derivative
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