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AB*) F1O(7* +h* + ABY) , X HL 7 h FIl AB 43| & R Bsf ] | 25 ] RN A3 A3 By =47 1) i 25K Sk
(14182 T SRy A AR et TR I %) 2 R0 = 2B 18] 3 A5 Bivin 20 5 8 1 25 2046 X, JF % A it A 7
T AL FE AL Simpson 223X HIEZ AL 5 Gauss-Legendre A2, #& T SR fift— 2 B 1] 43
AR BT R A A R B 22 430 AN [R) T AFE SCHR h 4 o B B ] — B el B =X, AR SC e
(A% A S ] 7 ) P Sk 38 = RS B T ELAE 23 A I AR 2 o) ) 5 5L AT W B A B AR SCAE RS 3 1
HgI R AR S R R T, T o i o A R AR Sy, O HoaE i 5 Sk [ 13 ] A SCk
[ 1L ] H R X EE 45 Hh H B Sy v sk

1 & T
1.1 HERS
S WA A B EE R A3 B AL Simpson A FXUHIEZ AL A Gauss-Legendre A 3015 J
JEIEREL
AB=1/], B, =1AB,  1=0,1,J;
Bl+|/2 = (B] +B/+l)/2 B(l> _Bl+1/2 AB/Q’/\/?? BI(Z) :Bl+|/2 + Aﬁ/zﬁ’
[=0,1,-,J-1
513 1( &AL Simpson A3X) B h(B) € C*([0,1]), A

[ne8ra8= L3, 0 + 4h(B0) + 180T -

5138 2' ) (AL P Gauss-Legendre AR) & h(B) € C*([0,1]), A
[nemras =25 1) +ngm) 1+ B, e o).

x 135
1.2 EEER
FETT SR 2 s T S 8004 1 B IS T8 43 A B 4 BT R B I 8] 75002 Caputo RS040 540,
TSR 3 A AR ] D7 1) 3k B = kS BE , AN SCR ] — R B S Riemann-Liouville 3 3B 5
BEI AL -FEF% Griinwald-Letnikov 232" B Bt 1a] S:4%.
T AGAZE Riemann-Liouville 738X B 401 & L LA K BN Caputo 7388 A1 C R B
e (n-1,n), X}FteR, IZIS;%( u(t) #9 B B/ Riemann-Liouville F40%E Sk

E G-

K (m), me(0,1).

BBy (r) =
- D) = T(n-B) B)d

Rl , 0 e (0,T], A

UDPu(e) =

— -1y,
i KU IS
# B e (0,1), Caputo 735U 5 EUFIZE Riemann-Liouville SR SECE TR,

u(0)¢™®
rer-g)°

W f(w)=[ e f(e)di & f(1) B Fourier e, it

MDPu(t) = ¢DPu(e) +

7R =l e PR, [T+ 0 ) fw) o <+ .
Wfe 23(R), MF 1 e R, A =Wt U H I -F# Grinwald-Letnikov 23zt
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MAR G f(8) + AAR () + AT L, f(0) = DA + 0(77),

Hrp
24+ 178 +36° —JW+%ZA—$+%2

b 24 P 2 7 24

B0 =r P g - (k=p)7).  p e,
EXi

(B I'(k -B)

B) — ( _ 1\k — -

=) r gy ke
HAWM TSR,

1
géﬁ>=1,g£ﬁ)=(1—'gz Jgﬂ’ k=172,

HB=0, MEgP =1, =0k=1).
Fife C([0,T]), A%k XAE R FIIRE £ (1) T,

0, t <0,
~ (1), O0s:=<T,
f(t) =
g(t), T <t < 2T,
0, t = 2T,

S g (1) RRIGH R, B RARAE ¢ (T) = /(7). (27) = 0.k = 0,1, 4 1B5E [ e
7UHR), M TAERIY e [0,7], 4

DY) =D (1) =
)‘IAE,()f(t) + /\zAlj,—lf(t> + )\3A[:,—2J;(t) +0(7°) =

TP [/\] e ft—kr) +Aa, 08P f(1-(k+1)r) +
E=0 k=0

A3§§gﬁﬁf(t—(k-+2)7)] +0(7%) =

/7] t/7]-1

T [Al[Z'g,imf(t k) A, S g - G D)

[t/T]_2k=0 i k=0
Ao Y g - (k+2)7) | + 0 =

e [t/7] [t/7]-1
r PN T e k) A, Y g S (k)T

[t/T]72k=0 k=0
X e s ) [ o). (1)

1.3 ZEBEH
B M AN EE L = LM RZS R, Q= (x| 6, = ih,0 < i < M} 225 MK A
w={u | 0<i<M} FnREXTEQ, FIHIRKEEESGES

1
) 1 oy + 10w, +uy,,), lsisM-1,
o,u, :hiz(uhl - 2u; + ui—l) , Hu; = 12

u,, 1=0o0r M.
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KT 20 - RO AT LR 458
WA u(x) € C°([x,_,,x,,, 1) 4, =5, +h,x, , =x, —h, H{(s)=(1-5)[5-3(1 -
$)*], ek
uw(x;,,) + 100" (x;) +u"(x,_,) w(x,,) —2u(x;) +u(x,_,) .\

12 h?

A
360,

2 mEbrE R
IR B0 R B P A& T

[u'® (x, = sh) +u'®(x;, +sh)]L(s)ds.

jlp(mg]),ﬁu(x,t)dﬁ - azua(xz’” FG(x,0), xel ie (0,17, (2)
u(x,0) =0, x e (2, (3)
u(x,t) =¢(x,t), x e df2,te[0,T], (4)

Hp02=(0,L),00 2 QWD G(x,t) RIEITTFE(2) 5B 2 EUZ Caputo ALY, RI
ey =TTy 1O G006, 0B <,
u,(x,t), B=1.
ARe— et BE u(x,0) =045 u(x,0) = (x) #0, T8 v(x,t)=u(x,t) —¢(x), RFHE
KT R v(x,t) WIREE(2) ~ (4) BIAT,
ROk B (x,0,) FHETR(2) A
u(x,,t,)

[p@rintutaa)d == 4 6 (5)

H Caputo FHUF1 /- Riemann-Liouville SRR AR () IS R (5) TRt a0
R E s

thﬁu’(xiatn> :RLODlt;u’(xi’tn) =7F iwéﬁ)u<xiatn—k) + 0(73> , (6)
o o
/\lgéﬁ>, k:Oa
0)/(618) = Algiﬂ) + Azgéﬁ) ) k=1,

Algi(fm + /\zgﬁ)l + )‘3822, k=2,

WU =u(x;,t,),6 =G(x;,t,), FT I 1A 2, 978(5) 405105 i~ e,

A J-1 X . .
ﬁz [p(ﬂ[)nglU? + 4P(:Bl+1/2>;DzﬁM/2U? +p(ﬁ“1)ng“‘U?] + O(Aﬂ4> =

6 =0
9
PELURICE (7)
Aﬁj_l (HyepnBY pm 2 \CB 2 m 4 9’ n n
TZ[P(BZ )oD,’ U +p(B, )()D;l Ui] +0(AB )ZJUL' + 67 (8)
1=0

mz(6) IR (7) T
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A J-1 n A n )
LI [p B T 0 U (BT Y w0 U
=0 k=0 k=0
n 62
P(BL )T X o U |+ 08"+ ) = LU+ (9)
k=0 x
TRE(8) N T
ABC . (1 % (1 ' ) 2+ (2) ‘
Y [pB Y o U e p(B) T Y WU ]
2 1=0 k=0 k=0
4 3 82 n n
0(AB +7 ):FUL. +Gi' (10)
X

NARERMEREL, 5 AL
S (h (gD 8 (g™
sia =pBIT P00 i) =p(B )T @Y s = (B )T w0

HE FRAISET HAEFITE (9) F(10) WS, 49T 7
[ABC - Ul -1
H %2 zsk"U?_k + %Z Zsk,nl/zU?_k + %Z zsk,mU?_k} +

L =0 k=0 3 =0 k=0 6 =0 k=0
O(AB* +7° + k') = 82U + HG!, (11)
_%j_l . (1) ymn-k %I_I N (2) yn—k 4 3 4N _ Q217m n
B2 Y s U + 3 Y s U |+ 08" +7° + ') = 83U + HG} . (12)
L =0 k=0 1=0 k=0

FEAX (1) F(12) th A B, JFH w(x,,¢,) PIERUE o O U7, 1530157 (2) BPIASIE L
TFE BIBrRZEH N O(7° + h* + ABY) | EANTREE T AR A A A3 8 1), IS AL Simp-
son IR AL 5, Gauss-Legendre 233X, 45 & W1 IR A A L4540, AT AR A1 (2) ~ (4) B9
A 22 A AR I EGE R 0 (77 + 1 + ABY) | ARSCORAE T — 19 il i B (RS R 7 8
UE T X A8 XS U TR TE S, RIEES o B R Z B R pREUE 7 55 1 2230
ZHITY A2 R AN s T S5 i A 3, 15 3

A,B J-1 2AB J-1 A,B J-1
H|:2 So,zu? + Z 50,1+1/2u? + 72 30,1+1u? - 63”7 =

6 =0 305 6 =0
AB Jﬁl . n—r ZAB ]71 . n—r AB ,71 . n—r n
- H{Z zsk.lui ft 72 zsk,zn/zui "t 72 Zsk,lﬂui ' + HG,
6 =it 3 S in 6 =it
(13)
ul =0, =12, M-1, (14)
u?:@(xi’tn)’ izO,M, n:0919'”5N9 (15)
AR
AB & AB &
H fZSSI,)u'.I + — séz,)u'f -8%u! =
2 = y i 2 = N e x i
J-1 n A J-1 n
‘4MZZwMM+Bzzﬁwﬂ+ma (16)
2 o 2 i
u =0, i=1,2,.M-1, (17)
w; = (x;,t,), i=0,M,n=0,1,---,N. (18)
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WooE T S | B S

R L, WREORBZE M E(7 b, AB) = max || U" —u" ||, A5 f o 53 1L T i Y

ARXIHE

i 1

)/Int +

R _1g(E(7,,h,AB)/E(7,,h,AB) ) R _1g(E(7,h,, AB)/E(7,hy,A8) )

T

lg(7,/7,) T lg(h,/hy) ’
1g(E(T,h,A,31)/E(T,h,Aﬁ2))
v lg(AB,/AB,)
TERILERE(2) ~ () FERL =7, T=0.5,p(B)=T(4 -B),6(x,t) = 8[6(s -
£ ] sinx AEHHHEN u(x,t) = 8 sinx.

B 1 AE 2 2 lgs TR AR (13) ~ (15) F1(16) ~ (18) HH5B] 1 1Y% 55 4a %f 15 22 i
2, 1Bl 2 0 3 B T TR e B U S

0.005

o
=
S
=
.

0.003 -

g
=3
S
s}

g
=3
S

absolute error at (x, 0.2) E

0.004
I
< 0.003
(=]
=
£ 0.002
=
Q
—meshl:h=n/8,Af=1/8,7=1/10 ﬁ —meshl:h=n/8,Af=1/8,7=1/10
—mesh2: h=n/10,Af=1/10,7=1/20 S 0.001 —mesh2: h=n/10,Af=1/10,7=1/20
mesh3:h=n/16,Af=1/16,7=1/40 < mesh3: h=n/16,Af=1/16,7=1/40
0
1 2 3 0 1 2 3
x X
(a)t =02 (b)t =04

B EFEEsER(13) ~ (15) WEUEMTE ¢ = 0.2 F1 0.4 B2 B4 xR 22

Fig. 1  Absolute errors of solutions at ¢ = 0.2 and 0.4 obtained with discrete schemes (13) ~ (15)

0.005 0.004
0,004 .
8 5 0.003 |
< =)
= 0.003 .
& ]
: £ 0.002
5 0.002 £
2 —meshl:h=n/8,AB=1/8,c=1/10 £ —meshl:h=n/8,AB=1/8,7=1/10
§ 0.001 —mesh2:h=n/10,Af=1/10,7=1/20 S 0.001 | —mesh2: h=n/10,A8=1/10,7=1/20
= mesh3:s=n/16,AB=1/16,7=1/40 E mesh3: h=n/16,AB=1/16,7=1/40
0 0
0 1 2 3 0 1 2 3
X X
(a)t =02 (b)t =04

2 FETEEEA(16) ~ (18) WEUAMAE 1 = 0.2 F1 0.4 WF 228X 525
Fig. 2 Absolute errors of solutions at # = 0.2 and 0.4 obtained with discrete schemes (16) ~ (18)

T TS PR A A A AN T ) A USSR R B ST R TA) ) Dk I AR S N 2 ]
R MG A, A B RS RAR YIS | (A TR0 22 B A8 Ak 32 22 i [R]85 R AR b = A
MR TR RTT LA A (13) ~ (15) A (16) ~ (18) A i MRS, ZE BT 8] J7
] ELA = B S0 =, o R A0 45 R — BT HL 24 =7 1) A A5 K o AR SR s B
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WS AR RIS 45 2 (13) ~ (15) FIRg S (16) ~ (18) My iR ZE WA A [F] , (H 244X (16) ~ (18) #E
B AR,
F1 A (13) ~ (15) FREE(16) ~ (18) FE ¢ = 0.5 Wy 2214358 2 R i) J5 1] (- A SAG 38 L R T3 4
Table 1  Errors, temporal convergence rates and time consumptions of

schemes (13) ~(15) and (16) ~(18) att = 0.5

schemes (13) ~(15) schemes (16) ~(18)
T (h = w/100, AB = 1/100) (h = w/100, AB = 1/100)
E(T,h,AB) R, CPU time T /s E(7T,h,AB) R, CPU time T /s

1740 9.879 OE-5 - 0.2217 9.879 OE-5 - 0.171 0

1780 1.382 7E-5 2.836 9 0.965 3 1.382 7E-5 2.836 9 0.650 3
1/160 1.884 6E-6 2.8752 3.553 9 1.884 6E-6 2.8752 2.456 3
1/320 2.516 7E-7 2.904 7 14.585 0 2.516 7TE-7 2.904 7 9.933 8
1/640 3.309 9E-8 2.926 7 58.398 3 3.309 9E-8 2.926 7 40.379 6
1/128 0 4.304 1E-9 2.943 0 231.453 2 4.304 1E-9 2.943 0 160.863 9

SRIG , B s 8] 7 ) B WA S50 L e Ak [T 72 A2 4% /N I TR B A A B A 4, RS TR 2B
MRUCIEF | 355 2 72 A 32 2 o s )2 R A8 Al i il 3 2 I8 i 45 2R m] LU Y, P
e AR IR AR 1 SR, 782 [ 75 1] #68 EL AT I e S 4 3 R U0 ) 285 R — B0 i L, 2451
3B RS AR R A% X (16) ~ (18) BEAR IR w0l Sl 4 | FEIN (9 22 S ] f.

F2 #(13) ~ (15) FHER(16) ~ (18)FE ¢ = 0.5 W2 A1 22 12 18] J7 1] A S50 R LA BB e

Table 2 Errors, spatial convergence rates and time consumptions of

schemes (13) ~(15) and (16) ~(18) att = 0.5

schemes (13) ~ (15) schemes (16) ~ (18)
h (r = 1/5000,A8 = 1/50) (r = 1/5000,A8 = 1/50)
E(7,h,AB) R, CPU time T/s  E(7,h,AB) R, CPU time T /s

/4 1.552 OE—4 - 104.494 3 1.552 OE—4 - 88.581 8
/8 9.534 9E-6 4.024 8 176.592 8 9.534 9E—6 4.024 8 143.643 0
/16 5.932 2E-7 4.006 6 323.574 6 5.933 OE-7 4.006 4 238.564 9
/32 3.701 6E-8 4.002 3 613.604 8 3.708 8E-8 3.999 7 430.359 3
/64 2.294 5E-9 4.0119 1182.6 2.366 9E-9 3.969 9 811.055 8

F3 M(13) ~ (15) ((16) ~ (18) FIAER(3.30) ~ (3.32) AL+ = 0.5 WFZICT U2 LUK AN Bl i 6 1) Lo
Table 3 Comparisons of errors and convergence rates in distributed orders obtained with

schemes (13) ~(15), (16) ~(18) and (3.30) ~(3.32)Plats = 0.5

schemes (13) ~ (15) schemes (16) ~ (18) schemes (3.30) ~(3.32)
AB (r = 1/5000, h = w/100) (r = 1/5000, h = w/100) (7 = 1/20 000, h = 7/200)
E(7,h,AB) Ry E(7,h,AB) Ry E(7,h,AB) Ry
172 1.949 2F-5 - 1.297 7E-5 - 2.960 1E-4 -
1/4 1.235 5E-6 3.979 7 8.236 2E-7 3.9778 1.949 1E-5 3.924 8
1/8 7.738 OE-8 3.997 0 5.179 7TE-8 3.991 0 1.234 2E-6 3.981 1
1/16 4.726 1E-9 4.0332 3.373 0E-9 3.940 8 7.608 9E-8 4.019 8

F2 T RS 43A B B WS e AR AT (9 7 s, 158 3243/ NI ) A 2s el L b
AB KU, AR 22 A SGE R | RIS, 50 R SOk [ 13 ] Ak 7 A0 51 235 SR fhox Fb. 326 3 A 8K
P A% (13) ~ (15) AKZ(16) ~ (18) FISCHA[ 13 ] H %0 (3.30) ~ (3.32) KT A B i)
WSO R R T 4, BRI (13) ~ (15) FI(16) ~ (18) TEHTHLI WIS L 7= A= i Bl i 22
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FCMTEE /S | PR A A .
FHEEBCCHER [ 11 ] ) 2 A, I AEA SO AN TS R S SR 11 ] TS
SO0 .
Bl 2 FEPIAMERIAE(2) ~ (4) HH
L=1,T=1,pB)=T(5/2-8),
t(x

G(x,t) :‘u;tl)z(:;ﬁ(t - 1) (x = 1) = 8(5x(3x = 2) + 1)In¢).

FEWIE N w(x,t) =2x*(1 —x)*2.

FESEEB 2 B IRAG I LA L], BOZERE I AB = h,r = h*7 .36 4 BUEZE SRR,
ASCPIAE XSGR 0(r* + h* + ABY) 3 5h, HOCHR[ 11 ] SR A 2 K i
(AB =h,7 = h*) WA RSO0 O RT AR A SO A 1R 22 B /N RS B .

4 TEMALHIE KO F AR (13) ~ (15) ((16) ~ (18) FSCHRL 11 )it rE ¢ = 1 bR 6 T2 RISl A L
Table 4 Comparisons of errors and convergence rates obtained with schemes (13) ~(15), (16) ~(18) and

schemes in ref. [ 11] with an optimal step size ratio for 7, hand AB at¢ = 1

schemes (13) ~(15) schemes (16) ~(18) schemes in ref. [ 11]

" E(7,h,AB) R, E(7,h,AB) R, E(7,h,AB) R,
172 0.014 3 - 0.014 3 - 8.40E-3 -
174 0.001 2 3.574 9 0.001 2 3.574 9 2.45E-3 1.78
1/8 7.251 2E-5 4.048 7 7.251 2E-5 4.048 7 6.36E-4 1.95
1716 4.956 4E-6 3.870 9 4.956 4E-6 3.870 9 1.62E-4 1.98

£5 FERANERKEHITHRR(13) ~(15) . (16) ~ (18) 7 ¢ = 10 I 2 A5 2 M Sk 5 LR
Table 5 Errors, convergence rates and time consumptions of schemes (13) ~(15) and (16) ~(18)

with an optimal step size ratio for 7, h and AB att = 10

schemes (13) ~ (15) schemes (16) ~ (18)

" E(r.h,AB) R, CPU time T/s  E(7,h,AB) R, CPU time T /s
174 0.043 4 - 0.149 3 0.043 4 - 0.053 1
1/8 0.002 7 4.006 7 0.186 4 0.002 7 4.006 7 0.175 2
1716 1.715 1E-4 3.976 6 1.530 7 1.715 OE-4 3.976 7 1.161 0
1/32 1.071 1E-5 4.001 1 64.198 9 1.071 1E-5 4.001 0 45.068 7

F6 TEMALEIB KL FH#ER(13) ~ (15) ((16) ~ (18) 7E ¢ = 100 2 AR 22 R S AR L K5
Table 6  Errors, convergence rates and time consumptions of schemes (13) ~(15) and (16) ~(18)

with an optimal step size ratio for 7, h and AB at¢ = 100

, schemes (13) ~ (15) schemes (16) ~ (18)

E(7,h,AB) R, CPU time T/s  E(7,h,AB) R, CPU time T /s
1/8 0.088 9 - 8.302 6 0.088 9 - 7.3103
1/10 0.036 4 4.001 7 26.652 1 0.036 4 4.001 7 21.704 5
1/16 0.005 6 3.988 7 277.496 2 0.005 6 3.988 7 205.226 5
1/32 3.473 2E-4 4.011 1 685 1 3.472 1E-4 4.0115 48448

5 ) 2 W T AR (43S T = 10 F1100) B9THERCR: | Bm 4 5 .38 5 figk
6 TR BULAL B F ], BI AB = h,7 = h*° NER(E L5 R AT LA ), IR B L R
() MBI, T HAK R (16) ~ (18) g (13) ~ (15) FERFZE /D | (A% B A , 25 57 6 B 5. 55 A7F
53 4 (5RO LT DU B, YR R B i B, B iR 22 A BTG, ED ARk
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ATHER AT 55 A 5L,
4 4% 1w

FEHETE AL Simpson A AL L Gauss-Legendre AF, #4318 T WA KA 7 A Fr 4
BT RERY S B 22 0 Ad 2, FEIFR] S BRI 3 A6 B =07 ] B ST 38 00 3| Al 3k 3] 34 4.5 5
BB S, Bk T RERRRE M | WS L) R S GE AR, O A T PR AR R B R R A
HF A PR 5 SR rh SR e A [] 100 20 7 B8 2 Aon) L B 45 SRR I, AR SO kiR 22 T
N, B S RSSO B AR — 2D B TR, 2835 25 TR s A X LA DR AR L 1Y 22
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Two High-Order Difference Schemes for Solving
Time Distributed-Order Diffusion Equations

HU Jiahui'*, WANG Jungang', NIE Yufeng'
(1. Department of Applied Mathematics, Northwestern Polytechwical University,
Xi’ an 710129, P.R.China;
2. School of Sciences, Henan University of Technology, Zhengzhou 450001, P.R.China)

Abstract: Based on the composite Simpson’s quadrature rule and the composite 2-point Gauss-
Legendre quadrature rule, 2 high-order finite difference schemes were proposed for solving time
distributed-order diffusion equations. Other than the existing methods whose convergence rates
are only Ist-order or 2nd-order in the temporal domain, the proposed 2 schemes both have 3rd-
order convergence rates in the temporal domain, and 4th-order rates in the spatial domain and
the distributed order, respectively. Such high-order convergence rates were further verified with
numerical examples. The results show that, both of the proposed 2 schemes are stable, and

have higher accuracy and efficiency compared with existing algorithms.

Key words: time distributed-order diffusion equation; fractional derivative; high-order differ-
ence scheme; convergence rate
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