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JUF- T A B85 L S 6 4 SRR 1 5 0 2 R 0 B WA B . PR, FRAT T B R Y R B
BRGSO 1 IS R G BT [RIRE L IS T o0 M i 2253 B 3 8 T e S7 i R 1
FIE A BB T B O B R G — B2 0T B B o B AR o ik A7 19, WAs 3
—SBEPLE AL SR [ 13-14 ] 45 HH T B Mittag-Leffler pRECH € SCRIVEST, OF HLOFE T
B HL Laplace ZZ#7E Caputo 435U 22 77 8. - F1 Mittag-Leffler PR L AN H 3 SCHR[ 15 ] 3& T
BB R A NS S RN Bl s B, 2% 58 1 2 T A 1 2 1o BB B i BB AR T2
PREE 25 AR P — PR — B 1 5 SCHR 16 ]38 33 A ] Krasnoselskii A 3l i & BEA Ar-
zela-Ascoli & HL, WY T HA B 2 M B ¥ 11 25 50 B9 Lotka-Volterra #5Y, SR T, 13 28 3C kBT
MR Z 2 BT BN OB o3 I R B, AR A SCHR WD S 21 8 B 03 B0 b 28 I 28 1) Mlittag-Lef-
fler FaxE M.

BETF UL LA, AR S A 1 53 A Lyapunov PR, 45 6 A % 2UH 5 A1 B B Laplace 2%
e WFFT T — BB 1 28 R 45 1 42 JR) Miittag-Leffler FaUiE M , £ 21 1 B £ 90 4 -7 15 B8
(R FE 3 P8 A LT 2 A B9 SCHR , AR SCHY 5Tk 3 SR BRI/ > D7 T

1) R TR A SR —RBEIE T B80T BB i 28 I 2% 1) 42 )R Mittag-Leffler £ 1 MR 415
TS P 25 D £ RIS 0 BN TR A3 1 388, 13 81 T Lyapunov ELEEVAAE SCEIUE A LA
T3 MRS S22 2 53 5 i 28 X 285 1) 8 53 P T )™ JR I ] 30 8 B 0 A i o 2 I 4%,

2) N BN Laplace B AR 415, 455 T HE Mittag-Leffler F25E 19 78535514

ARSCHYZA AT < 55 1 W4 1A QB U B TR o3 (8 F088 R 045 B B B b
L ERAEAY RGN E G B 56 2 2 T B BB Bl 22 I 26 42 )Ry Mittag-Leffler £ €
MIFE A 55 3 Tt — D BUE O S GISE T R S R AA R s RS B T eSO
) TAE.

1 & AR

1.1 REHIR

N T ITERIR AL i .

R" F1 C" 735327t n 4 SEOHN S 0 R LAY 23 6], R 3R nox n 2 SICBCRE PR A4 ik
PIEEET, 2R nox n WAL X T 2(0) = (2,(1) ,5,(1) ,++,2,(t))" € R", | z(2) || =

() Forz(n) FHEEG MTA € ™A, (A) FoRHlE A FBRFIERT; 3 = {1,
2, 3N=1{0,1,2,-} BN, = {1,2,---} .
ARSI AN Y — S BT R 22 0 4

(‘vgzj(t):_c_,‘z]‘(t) + iajkfk(zk(t)) +Uf, ] € %’ S Ny <l)
Hmm g h
‘Voz(t) == Cz(t) +Af(z(1)) + U, t €N, (2)

Hofr VeFIR—ZKBM B « (0 < a < 1) B Caputo UM 2Z05EF, j R MAITCHEE; 2(1)
= (2,(1) ,2,(t) ,-++,2,(¢))" € R" RARMAETTIPRE ] i C = diag(c, ,¢,,+,¢,) € R™" FmH
SR BRI B b e, > 054 = (a,) ., € R™ FOREBRUERE; f(2(0)) = (fi(2,(1)),
Loz (1)), filz, ()" R"— R Fn &Iy a0 R U = (U (1) ,Uy(1) -+,
U(t))" e R" FIRRG(1) AN AL
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RGL(1) BIRIHR AT

7(0) = ¢y, (3)
Him g n
2(0) = ¢, . (4)
N T AT AR, M R
Big 1 RGE() M- 2 = (2], 2, b AR T A ARG

—oE t iaﬂ,fk(z:) +U =0, jeS.
f&ig 2 Xﬁ?ﬁ:f?ﬁ%ﬁ@ u,vo e R, fFEEWEL, > 0, f#if5
| filw) —fito) <L lu-vl, ke,
7E L
L = diag(L,,L,,--,L,) .
BB 1, 2 2(0) =2(0) — 27, WRG(1) ATRRARR

vaz-u):—c-zj(t)+§a,~k<fk<2k<t>+z:>—fk<z;>>, jed, teN. (5

RG(5) WVMEFM A
Zj(o) _d)jO - j* .
12 EAREXFGIE
AN R AN AR A e SR | L
EX AT 3 F ARE ot 1 o R THIREHE SCH
't +a)
NGO
Hp T( - ) #R Gamma FREL 5341, %54521%5:;%;4*—? ve=v(ve).,
EX 21 W PR « > 0, 2 a: N>R, p(s)=s -1, M
1) x(t) i nabla 225092 XN
Va(t) =x(t) —x(t - 1), t € N,.
2) x(t) B Riemann-Liouville F15& 19 & LN
Vo'x(1) = g )2 (t=p(s))=x(s), teN,.
3) x(t) HY Caputo %ﬁ%?%ﬁi)‘(?’ﬂ

a _

te R\{--, -2, -1,0},0" =0,

Vox(1) =V OVa(t) = - Z(t—p( )) = Va(s), teN,.

F(l
4) Sp >-1, 1 ﬁa‘ﬁ?ﬁﬁ%%ﬂi;ﬁ)éja
cai . D(u+1) —
\ _—F(a+u+1)t , t € N.

FEOREE X 2, SHMEEAHE R a,b € R, TTUBFIV(af(1) +bg(t)) =aVif(1) +bVig(t).

EX 3 WHTEEM I e R, | 91 < 1Ha,B,y € CHRe(a) >0, WSEHIE L
nabla Mittag-Leffler PREUHE E SUA

®©

E( ) = 20 r gy

Fyku+/371

(6)
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Vo, 248 =15,

EL(9.7) 8 E(0y) = B0 7
FE X 4(Mittag-Leffler FEME) R (5) MV 27 BFR 4R Mittag-Leffler £ 1,
WRFEEEH I,dHO0 <9 < 1, f#ifs
lz(t) =z | < {m(p, -2")E-(-9,0)}*, teN (8)
o, Hdz () BRG(S) WEEM, ¢ 2REMVIELAMSE, a e (0,1), m(0)=0, m(z) =
0, m(z) £ R" 1 J&J"#F Lipschitz PRZL.
g|3g 11154 PR f(1) , Caputo Z43 8 FRREL VS f(1), f(1) 5 g(1) WHBFLLK Mittag-
Leffler pRELA B H Laplace 258243714

N{f(1) } = 2(1 -0 f(8),

NV (1) } =s"{f(s)} - s f(0),
Nf(t) xg(t) b =Nf(8) fvig(s) 1,

ga—l
N{E(F,8) } = s
D=y

N E (z?z)}— r—l

G2 A%ix(t): N>R, MIEENO0 <a <1, H
‘Vol x(t) | < sgn(x(t)) “Vox(t). (9)
E AR *E%Em_xz LT(1L—a) >0F(t-p(s)) = >0, ADEARZER () WANFTRN

E(t-p()) VI x(s) | =

r(1
11(17_2,“ —p(s)) (Il x(s) I =l x(s 1) 1) <
r<1 Zu—p()) | x(s) —x(s = 1) 1.
ANR— e, W x (s ) —x(s ~1) =0, Ka
AAROIES Zu—p()) | x(s) ~x(s = 1) 1=
r<1 Z(t—p( ) (x(s) —x(s = 1)) =
Vgx(l).
WM x(s) —x(s—-1) <0, ;}B/
AAROIES Zu—p()) | x(s) ~x(s = 1) I=
r<1 Z<t—p< ) (x(s) —x(s = 1)) =
—vgxm.

g
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‘Vol x(t) | < sgn(x(t)) Vix(t).
SIE3 Amfia(t): N>R MXMEEMNO <o < 1, H
% Vel (t) < x(1)Via(t), Va e (0,1). (10)
IERR AEER(10) TR A R AEA
x(1)Vex(t) —%“Vgxz(t) =0, Ya e (0,1).
A E X 2, A5

x(t)“Vox(t) - i ‘Vox'(t) =

W) [y 2 = p()) 7 Vals)

1 _ ) B
ﬁﬁ (1 —P(S))’“*Vx (s)=
F s S e

{(x(s) —x(s — 1))(x(l) —?x(s) —%x(s - l)j}=

I t =
m; (t =p(s)) = X

STG(s) = x(s = D) (x(1) = 2() +x(0) = x(s = 1)),

AR — ek, nT MR
x(s) —x(s—1) =0, s=1,2,-
i, TSR] x (1) —x(s) = 0 Flx(1) —x(s - 1) =0, R4
(x(s) =a(s = 1)) (x(t) —x(s) +a(2) —a(s - 1)) =0.
[FFEHE, i
x(s) —x(s—1) <O, s=1,2,-,t
AFAHEH x () —x(s) <OMx(s) —x(s—1) <0, B4
(x(s) —x(s=1))(xa(t) —x(s) +x(t) —x(s—1)) =0,
HR1/T(1-a) >0,(t-p(s))= >0H
(x(s) —x(s—=1))(x(t) —x(s) +x(t) —x(s—-1))/2=0,
e LA

x(1)Via(t) - %"Vgxz(t) =0,
[¢
%"ijz(t) < x(t)"Vix(1), Va € (0,1).

51# 4 4 V(t,z(1)):N x R" — R E—IEE S bR kg, WRAE—-DEE 9,
fiifs
‘VoV(t,z(t)) < 9V(e,z(t)), 0O<acx<l (11)
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WAL, B4
V(t,z(t)) < V(0,z(0))E (F,t), t € N, (12)
IEBR AR (1) TS, RAAAE— DR R AL () 2
‘VeV(t,z(t)) +u(t) =9V(t,z(t)) .
MRS 1, X B 224 N BT Laplace A8 4845
N VeV(t,z(e)) +am(e) } = {9V(1,2(1)) },
Elll
3*V(3) -3 7'V(0) +m(3) =3V(3),
HApv(s) =ov{V(e,z(1)) }, H ou(3)=n{ou(e) } JEATUGRINTFER .
V(0)3*" — u(3)
g -9 )
B V(s) BIBHEL Laplace i85 )
V(t,z(t))=V(0,z(0))E;(F,t) — =u(t) * E(F,1),
Hr o« FORBPUSHLA N cu(e) , E(9,0) ARk, BTl
V(t,z(t)) < V(0,z(0))E(D,t) .
5138 5" ( Young A%50)  WHRAFHER$a > 0,0 >0, 1 <p <+ M1/p+1/g=1,
B4

V(3) =

1
ab<—ad +—0b,
p q

HHMYE b =ao" BB S AL SN, M TR > 0, A

ab < (a )+ Ling)e,
14 q

2 g5 R

FEART o, WA A IS Y Lyapunov PRER, 45A ARNEHTG, Al T —XBES 5 #
22 45 1 4 R Mittag-Leffler £2UE 19 7050 4.

EEA A | MR 2 o, BHXFEZER L > 0, A

0 <9, = min {2 - Slal -3 la,l Lot o<, (13)
Isjsn k=1 k=1

W RSB (5) B9V 50247 Mittag-Leffler £2 %8 19,

ERA  A93E T FIEE MY Lyapunov PRER .

n

V(t,z(1)) = Z %Ef(z). (14)
YHEBEMC > 0, Blp,q =2, H5IH 5 Al
Lz 1 2,(0) 1 < %(g”l (1) 1)? +%(§‘”2| (1) 1)? =
1 22 1 -1 22
7§Zj(t) +?§ zi(t) . (15)
B V(e, 2(0)) W5E RS (5) ) Caputo 2277, IR 2 513 2 513 3 fik(15), A

VeV(t, 2(1)) < Z. | 2(0) 1Vl 2(2) | <
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D1 E(0) | sgn(2(1))Viz (1) =

2 |50 1 sen(E(0) [ = ez + ;"la,-km@m vx) — ) | =
i | 2(0) | [—cj| 5001+ ;l a1 £ +20) = fi(z0) | ] <

IO [—cj|2j(t)|+i lay | L1 201 ] <

N 2 - N 1 22 1 -1 22
S ACEIDYD W Lk[zmt) + oL zkmj:

j=1 k=1

~.

n n n B 1 R
“Y (2 - T ra i - X a1 ) S 0 <
j=1 k=1 k=1
_191V(l, é(t))a (16)

Hof 0 <® =min{2e - Y lagl Le- Y Lag I L] <L,
k=1 k=1

Isjsn

RIGSIH 4, AT IG5
V(t, z(t)) < V(0,z(0))E.(-I,,t), t € N.
Jir LA
Iz(e) —=z" | < mEZ(-98,,0),
Hbm= ¢, -z" |, HHXEm=00F, A, =2" BOLMEE L4, RG(5) VMR 2
25 Mittag-Leffler R E R,
X2 Ak 1 ki 2 o, BA
0<d,= Hli<n {ch} -4Ar,,.(52) <1, (17)

Isjsn

0 0
:(T J’QZIAIL’
0 2

W R S8 (5) B9 1502 4 5) Mittag-Leffler 2022 1.
R R

~ [ 0 .()J
T 0 °
VER) A5 A 46
A, -0
I, -5-= et |
( 0 M, -27'020 J
LA E R 2R
AL, -E 1=l AL Il A, -A"'Q20Q" 1=l A’ 1, - Q0" .
AR, A - A BEEFE Z AR T E # 0, BT LIEFEIA  (5) > 0.5 E T3
1EE 1Y Lyapunov BRI .

Hrp

Iy

I

>

n

V(t, z(1)) = Z %Qf(t). (18)

j=1

T V(e, 2(1)) WERS(5) R Caputo 2243, YRR 2 513 2 F15 3 3 775
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‘VeV(t, z(1)) < I 2(0) 1°Vel 2,(1) | <

j=1

i | Ej(t) | sgn(éj(t))cvgfj(t) =
2l%uws@@xw>ﬂw@u>+§¢Aﬁ@Aw+4v—ﬂum>]s
2 HONNEEOY +,i Lay 1A +50) — ()1 ] <

- zn,cjéf(t) + 2 2 Dag | Ll z(e) 11 2,(2) | =
- icjsz(z) +z() 1" z(e) 1 +1 z(e) 1'2" 1 z(t) | =

o (0213 ]
_;cjzj(t>+<|z<t)| NEIOL )(QT Oj(l £(t>|j$

= min {¢;} isfm F (B 2 1T 2() 1+ 2() 171 2(0) 1) =

= (min {26} = 42,,(5) V(1. £(0) == 9,V(1, 2(1)) | (19)

IR

Hrp

Al L
,0 <@, =min {2} -42 (5) < L

2 1<j<n
RIESIHE 4, o LG5
V(t, z(t)) < V(0,z(0))E.(-3,,t), t € N.

0 =

Fr LA

Iz(e) —=z" | < mEZ(-9,,1),
Hofm= by~ |, I % m= 0B, 47 gy =2° HAr MU X 4, RE:(5) HTHH R
| Mittag-Leffler FaEm.

E 2 AEAER, M TR R M4 BAT RAFRYICICARE S B, e B 2 2% 89 B 12 E AT
AT EAF AT 2 ST (WLSCHR[ 6-12] ) E AT WSS A9 322 S5 INF ] 70 Ry 1o 22 ) 265 ) Mittag-Leffler £3E P
i R A RN ) T A SCHR AR S8 81 HICH ] 53 BBy 28 o 44 1) 42 )Ry Mittag-Leffler A27E PEJF H., 3C
HEIDTFESE R A Lyapunov LK AE B EUM U M 22 45 L A9 NI 2 rTRERY , I 7ERE A S Bl T
Lyapunov B i3 FI .

E 3 SCHR[15-16 ] B B B0 B o B MR B r e B, BIFSE T — 28 B 0 0l 22 0 245 ) e 1)
FAEPERIRGE P 5 SCHK[ 15-16 ] R BT IEANTR], AR SCE WCE IR T Lyapunov %1512 HI T B B Zr B v 22
I 4 42 Je) Mittag-Leffler £ 44T

3 BME 5 H
UREEF SRS O R L EES

“Viz(t) == cz(t) + X a,f(z(1)) +U, jeI, teN, (20)
k=1

y
+
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510 15 35
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The time response trajectory of state

variable z, () for system (20)

4+
Z

-0.116 0
0.086 0

EX0)

- 01340y (=02

0.104 0 j Us [0212} ’

BOE BRELS, (2,(1)) = 0. Ttanh(2,(¢) ), fy(2,(1)) = 0.5tanh(z,(¢) ), B o = 0.96.
WOESHON ¢ =2.4, L=diag(L,,L,) =diag(0.7,0.5) , 755 B Uk 5% 2. 3T nT L4521

0 <@ =min{0.8454,0.861 1} =0.8454 < 1 M0 <8, =0.916 1 < 1, HM5IEH 1 Al

SEFR 2 TP SR R R B2 (20) 1A AR 40 JR) Mittag-Leffler A€ 1.8 1 FIE 2 43 BIZ5 0 T

IR 2, (1) M zy(1) TERIESE by = (- 0.216 1, 0.013 5) " FRAMHE ¢« A LAGBLEE,

YolE T R

0.4

037

0.1

¥ —*—Zz(f)

X***H**H***H**H**W**H*
*

B2

15 ) 20 25 30 35

RS (20) IR 2, (1) (RIHSE W 1 B %

Fig. 2 The time response trajectory of state

variable z,(¢) for system (20)

ST B HUP B AR BE , ARSCIR I T — 2852808 b B HLr Z i 22 M 2%, Jd s
1A% 1Y Lyapunov PREL, 25 T M 45 1 42 JR) Mittag-Leffler 2 P 1 4. B0 £ B0 550 461) 565 ik
TR BE RO RO A AR B AR FRATTRE 5 R A I i B O B 2 I 2 Y A
FEME ME—PELL B Mittag-Leffler [7] 2514 RIS T-14 BELAA) 6 103 BB Pt 28 X 288 1) 31 3 2845 R 53 A0

2 2% 3k ( References) .

(1]

JBEIEWT. Hopfield BIM 28 M2 IR ETEL I]. HEFFE(A ), 1993, 23(10) : 1025-1035. (LIAO

Xiaoxin. Stability of Hopfield neural networks[ J]. Science in China (Series A), 1993, 23
(10) : 1025-1035.(in Chinese) )

BART, BRI, 2T BOER T 0 [k 22 I 25 A B0 S A e AR D O S [ ] L

2, 2006, 27(4) : 484-494.( MA Runing, CHEN Tianping. Recurrent neural network model
based on projective operator and its application to optimization problems[ J |. Applied Mathe-
matics and Mechanics, 2006, 27(4) ;. 484-494.(in Chinese) )

(3]

FRIE, AR, BRI e TIZBE A 73 By ity S (e 22 I 2 1) 4 Jmy W e A M [ ] 1o R

M2, 2017, 38(3) ; 333-346.( WANG Limin, SONG Qiankun, ZHAO Zhenjiang. Global as-
ymptotic stability of memristor-based fractional-order complex-valued neural networks with
time delays[ J|. Applied Mathematics and Mechanics, 2017, 38(3) : 333-346.(in Chinese) )

VR DESR , RITIS , REzHh, S I o 28 0 4 BEAL A AR 42 B AR S AT [ ], DL s A g 22



W R A 7L (O 1233

(5]

(6]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[16]

2018, 39(7) . 821-832.( ZENG Deqiang, WU Kaiteng, SONG Qiankun, et al. State estimation
for delayed neural networks with stochastic sampled-data control[ J]. Applied Mathematics
and Mechanics, 2018, 39(7) : 821-832.(in Chinese) )

ZHANG L, SONG Q, ZHAO Z. Stability analysis of fractional-order complex-valued neural net-
works with both leakage and discrete delays[J]. Applied Mathematics and Computation,
2017, 298 296-309.

LIY, CHEN Y Q, PODLUBNY I. Mittag-Leffler stability of fractional order nonlinear dynamic
systems[ J |. Automatica, 2009, 45(8) : 1965-1969.

LIY, CHEN Y Q, PODLUBNY I. Stability of fractional-order nonlinear dynamic systems: Lya-
punov direct method and generalized Mittag-Leffler stability[ J]. Computers & Mathematics
With Applications, 2010, 59(5) . 1810-1821.

CHEN J, ZENG Z, JIANG P. Global Mittag-Leffler stability and synchronization of memristor-
based fractional-order neural networks[ J|. Neural Networks, 2014, 51; 1-8.

CHEN J, LI C, YANG X. Global Mittag-Leffler projective synchronization of nonidentical frac-
tional-order neural networks with delay via sliding mode control[ J|. Neurocomputing, 2018,
313 324-332.

YANG X, LI C, HUANG T, SONG Q, et al. Global Mittag-Leffler synchronization of fractional-
order neural networks via impulsive control[ J]. Neural Processing Letters, 2018, 48(1):
459-479.

PRATAP A, RAJA R, CAO J, et al. Stability and synchronization criteria for fractional order
competitive neural networks with time delays: an asymptotic expansion of Mittag Leffler func-
tion[ J . Journal of the Franklin Institute, 2019, 356(4) . 2212-2239.

YE R, LIU X, ZHANG H, et al. Global Mittag-Leffler synchronization for fractional-order BAM
neural networks with impulses and multiple variable delays via delayed-feedback control strat-
egy| J]. Neural Processing Letters, 2019, 49(1) . 1-18.

ABDELJAWAD T, JARAD F, BALEANU D. A semigroup-like property for discrete Mittag-Lef-
fler functions[ J |. Advances in Difference Equations, 2012, 2012(1) ; 72.

ABDELJAWAD T, AL-MDALLAL Q M. Discrete Mittag-Leffler kernel type fractional difference
initial value problems and Gronwall’ s inequality[ J |. Journal of Computational and Applied
Mathematics, 2018, 339. 218-230.

ALZABUT J, TYAGI S, ABBAS S. Discrete fractional-order BAM neural networks with leakage
delay: existence and stability results| J]. Asian Journal of Control, 2018. DOI. 10.1002/asjc.
1918.

ALZABUT J, ABDELJAWAD T, BALEANU D. Nonlinear delay fractional difference equations
with applications on discrete fractional Lotka-Volterra competition model [ J |. Journal of
Computational Analysis and Applications, 2018, 25(5) . 889-898.



1234 BHLY B #2245 1 42 JR) Mittag-Leffler £5 72 1

Global Mittag-Leffler Stability of Discrete-Time
Fractional-Order Neural Networks

YOU Xingxing, LIANG Lunhai
(School of Economics and Management, Chongqing Jiaotong University
Chongqing 400074, P.R.China)

Abstract: The Mittag-Leffler stability of a class of discrete-time fractional-order neural net-
works was studied. Based on the discrete fractional calculus theory and the neural network the-
ory, a class of discrete-time fractional-order neural networks were proposed. By means of the
inequality techniques and the discrete Laplace transform, and through construction of the ap-
propriate Lyapunov function, the sufficient criteria for global Mittag-Leffler stability of discrete-
time fractional-order neural networks were obtained. Finally, a numerical simulation example

verifies the validity of the proposed theory.

Key words; global Mittag-Leffler stability; fractional-order neural network; discrete time; Lya-
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