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Non-Smooth Grazing Dynamics for Cantilever Beams With
Bilateral Elastic Constraints

SHI Meijiao', XU Huidong’, ZHANG Jianwen'
(1. College of Mathematics, Taiyuan University of Technology, Taiyuan 030024, P.R.China;
2. College of Mechanical and Vehicle Engineering, Taiyuan University of Technology, Taiyuan 030024, P.R.China )

Abstract: The grazing-induced non-smooth dynamical behaviors of single-degree-of-freedom cantilever beam systems with
bilateral elastic constraints were studied. Firstly, based on the dynamical equations for the cantilever beam under elastic
impacts and the definition of grazing points, the existence condition for the bilateral grazing periodic motion was analyzed.
Secondly, the zero-velocity Poincaré section was selected to derive the high-order discontinuous mapping with parameters
near bilateral grazing orbits. Then a new composite piecewise normal form mapping was established through combination
of the smooth flow mapping and the high-order discontinuous mapping. Finally, the validity of the high-order mapping was
verified through comparison of the bifurcation diagram of the low-order mapping with that of the high-order mapping, and

the grazing dynamics of the cantilever beam under elastic impacts were further revealed through numerical simulation.
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Fig. 1 The cantilever beam system under bilateral elastic impacts
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Fig. 2 The 2D phase plane of the cantilever beam system under bilateral elastic impacts (2)

BT BRI, HEIE k= ke =k, B RSE (2) FALBATT /Y AIA RS
Fl(Xnu)9 Xe VC»
X =F(X,u)= {FZ(X,,u), XeV,, (5)
F3(X,,Ll), Xe Vd,
Herp _
X

X
Fi(X,p) = (wz sin(wt) — x — vx)’ Fr(X,p) = (w2 sin(wt) —x—vx—k(x—d))’
w w

X
F3(X,u) = (WZ sin(wt) — x — vfc—k(x+d))-
w



622 MO % % M h 2022 4F A 43 %

R4 (S)TEIXE] Ve, Vi, VR #5351 R

e™""2(a, cos(u; 1) + by sin(u; 1)) + A sin(wt +7) + B; cos(wt +T)
Xe=| g ((bml - gal)cos(ult) - (a1u1 + ;bl)sin(ul t)) +Awcos(wt +7)— Bywsin(wt+1) | ° (6)
e™"2(ay cos(uat) + by sin(uat)) + Ay sin(wt + 1) + By cos(wt + 1) + kd /(1 + k)
Xu=] g-wip ((bgbtz - gaz)cos(ugt) - (Clzuz + %bz) sin(uzt)) +Ayweos(wt +T7) — Bowsin(wt+71) | ° (7
Wt+T
e™"2(a3 cos(ust) + b3 sin(ust)) + Az sin(wt + 1) + By cos(wt + 1) — kd /(1 + k)
Xa=] g-wip ((b3u3 - £a3)cos(u3t) - (a3u3 + §b3) sin(u3t)) +Aswcos(wt +T7) — Bawsin(wt+71) | ° (8)

Forh, a M bii = 1,2,3) WA B R, w1y = V1=V /4,up = uy = 1 +k—v2 /4, AR Bi(i = 1,2,3) ¥R # 4 H A n
¥

A= (1-w?)w? B = —w?
T a—wr 2w T = w2 9)
2\,,,2 3
Ay = Ax = (1+k—W)W 32:33: —VW
2T T Utk —w22 a2’ (1+k—w2)2+v2w2"
B RS shid R A4
x(0) = x(2 ) x(O)—x(zn) (10)
w w

RS S)TEX ] VN B fE 6)fCAZL (10) Ha1E

1-eler —el'sr
T T ( “ )—( 0 ) (1D
0 (1 —eTcT)(ul—uleTcT+Vezsr)+eTsT(Vech +u1eTsT—§) by 0/

Hr eTzexp(—gz—;), cT=cos(u12§), stsin(ul%T) .
HE R ADAME—rE O, HIA

1-eTer —el sy
T T #0, 12
0 (1- eTcT)(ul —ueler + e St ) +elsyp (vech +urel sy — g)
R
2elcr—e?T—1#0. (13)
ASELS (12) AT ap = by = 0, ¥ AR AGEfF (6)15 2 X3k Ve (e hy
=A sin(wt+T)+B1 cos(wt +7). (14
DURRE (14) R0 EHEN 4375 15, 1 DX, 1,6),i = 1,2, 353 B H R G AN M3 Fi(X,p) T eR%ER, B 2
6¢1(X’/J56)

C()t = Fi(¢i(X7ﬂ7 6))a ¢i(X,/'la O) = X

DL K JEIRAE 5 53 B BT CR Xo AREE L BT  E SCRE AR T T SR A
Hy(X],u")=Aysin 7+ Bycos 7—d =0,

OH,(P(XT, 1", 0),17)

Vi = 5 = Hy xF1(X],u") = Aywcos 7= Bywsin 7 =0, (15)
O*H\(D(XF,u*,0),
a;. = i 1(66'2“ K ) lch* =w?sin 7—d <0,

L, v AR VXA R 5 2 S, P AR VKA B XM, o or
VDIV XA F ISR E. 2 (15) B BT 08 T 75 S 148 2 S0 A 2



5 6 SR, A UM 2 AR R R AR gL B Ty 2 623

o (1 _W*Z)ZW*4+V*2W*6 B
Gu)=d~ - (1= w*2)2 v 2y2)2 =0, (16)
CHL “pr "R DASR: dF, woRl v iR AR — NS4k, AR AT SRS T = arctan(A/By).
MG SE I SRR T 2, BRSSPI 2 BRI X, RSB e SO
Hy(X5,u*)=Aysin T+ Bycos 7+d =0,

. OHy(D((X,107,0),107)

V3, % = Hy xF1.(X5,u") = Ajwcos 71— Bywsin 7 =0, (17
P Hy (P (X;,11°,0), 1)
* — ’ ’ 4 — * Ik —_ 2 -
e = 552 —VZC’XFIX—W sin 7+d > 0.

WRYE T 290 B30 43 2 250 (L) T AR 2R D7 F2 (16) [R1FE Y 482 300 1 S 2 85006 2 =X DA B [RIRE B A S A
7 =arctan(A,/By).

il 1 YRR R RS (2) WL T A A

O JEIAZA: 2eTer — e =1 # 0;

— w224 %2 %6
®Kl§ﬂ%§1¢d*=\/(l W)W v W

((1 _ W*2)2 + V*2W*2)2 ’
@ JEBRH AP Jsin 7] < %
%Aﬁﬁﬁ%ﬁT:%%ﬂ%ﬁ%%%ﬁ.

3 Poincaré A% i) N &2 A e
AT P HUGHE R Z ) Poincaré A% I HE S i bE 20 R B R R G0 (2) WUE T i W38 sh AN i BT 58 X
P25 Y Poincaré A Il
II ={X; € Di[vi(X1,p) =0}, I, = {X; € Ds[vo(Xo,u) =0}, (18
X H Dy b AU 2 X B X, Do O 2R 2 450 X BRI Y X,

7" = arctan(A,/B);

2,

B3 gl A AELEMST PepyviHl Pepma 7R 2
Fig.3 The schematic diagram of the discontinuity mappings Pppm1 and Pppya near grazing points

TR A A A X BT B AN ELE MU Pepay FIHEEIL A XS R I AN 2SS Peovo. B 5EMITE Peoms
MDA X AR IR (L T AR 17, b5 Xoth R, th IR eRAL &) Zeid i) o, B mis T 2y FA9sR X,
16y < 0. FE PR AL 2 I R] 6, BIEAREE I 1 Xy st Xo, fc R U PR AR &y Zeied I TH] 65 3038 2 BE A



624 A3 E I G SV 5 B =4 2022 4 55 43 B

11 B8 X5 B Popai (Xo, 1) = @1(D2(D1 (Xo, 12,61),14,62), 14, 53); Ppomiz FIFITEFT Peoni 250, T2 Peoma(Xo, 1) =
D (D3(Dy (Ko 1. 11), 1. 1), 13), TIE] 3 7R,
3.1 KM ES&Se RS
T OCRTEANME A TELL ML Pepvn AOFIRE, IR E UL R TR A 510 0 6,8 7,6 = 1,2,3).
gﬁk*}/h M Yo?” Y], frj’%:ﬁﬁﬂﬁ E"JHTJ‘IETJ (_51.
AL 1 (Xo, 1, 50)1E Xo = X}, = 1 61 = 0 Jb— B Taylor JEJF 41
X; = ®,(Xo,11,61) = Xo + F; 61 + ho.t., (19)

h.o.t. 3SR A W B4 15 [
oA X, FE00 i 2 b, 7778 Hy (X1, 0) = 0.8 Hi(X ), ) Taylor JBIF, HAIH H ) (X),u) = 0F
Hi(X1,p0) = Hi(®1(Xo,1,61), 1) = G1 (X0, 44,01) =

GIXT 100+ G 3|5 oy 5,20 K0 = XD+ Gl Ly 5 o= 1)+

— — o
GLKSI |Y0:Xf,y:y*,5] :05l + GI,X0,51 |§0:XT,/4:/4*,E|:0(X0 - X1 )61 +

_ PRI _ _ | B Y. Y*\2
GLIJJSI lYO:X;,p:p*,SI:O('“ K0 +Gl,Xo,Xo|X0=X;,,1:,1*,§|:0(X0 X))+

1 -2
*\2 _ _
Gl’”’”|fo=xf,ﬂ=ﬂ*,31:0:‘ —H)TE EGI"S‘@ 'YO:XT,;F#*E] 01 +hot.=0, (205

=K
Gi(X;.u",0) = Hi(X;.1). G 3,

|§0=x’;,u=w,sl=o =HixP 3,

p— - | — — = * =
G1~ﬂ|}0:)(7,ﬂ:ﬂ*,5,:() = Hl,ﬂ(¢1,ﬂ +1), Gl,él |X0:XT,#:#*,5|:0 Hl,XFls Vier

G ovic G 0vie
= = |= - = =y < |= - = =Vic
1,X0.01 |X =X* pu=u*,5,=0 — . le.X> 1,#,61|X =X u=p*,5,=0 E— leps
0= LH=H01 17).4 Xo=X; u=p" 0= A H=H01 6;1 Xo=X u=p*
Gimmh s o= XD, Grhe o =1+ D)
1,X0,Xo Xo=X] u=p* 5, =0 6}0 YO:X* ﬂ:ﬂ*’ Lpp Xo=X] ,p=p*,61=0 8/1 Yo:X* /J:/J*,
1 1

6\116

Gl»gl 01 |Y0=XT,;¢=;1*,51=0 - 5(751

% *
_ = VleXFls =apc-
Xo=X; p=pt

M Xy AL TR 2 5L A (X, 6% = 0. Xo S0 T 77, b, BIETE vie(Xo.p) = 0. 44 vie(Xo, 1) Taylor J&
T, IR v (Xo,p) = 0, F
Vie(Xo, 1) = Viex(Xo = X5 + Vieu(u— ) + hoo.t. = 0.
1TolByx e aco = L Praly, = 0. FIFHX e 1F, T (20) AT K
Hyx(Xo—X) + Hy(u—p) + %afc?sf +hot. = Hi(Xo.p) + %a’;céf +hot =0. D

PG FE D) AT At a] 6,20

- /—2H X,
8 =— ﬂ (22)
.

B N X3 Xo, HHFE T FTEE] 6.
KM (19) B PREL D2(X 1, 1,62)—r Taylor JEITAH
Yz = ¢2(Y],,L[,(_$2) :Yl +F;52+h.0.l.. (23)
Rl X, 7650 Bl = b, 776 Hi(Xa,p) = 0.25 80 Taylor B IF X (20), ¥ H, (X, ) Taylor J& JT 3 F]
H(Xo,p)=0FH

Ak, @

=X*u=pu*t=0



55 6 W] SR, A UM 2 AR R R AR gL B Ty 2

625

Hi(Xa,p0) = Hi(P2(X1,1,62), 1) = G2(X1,14,5) =

GoX7 100+ G % [, oy 510Kt = XD+ Gl 5,0l — 1)+

062 + 627}1,52

I -
2,00 1X, =X pu=p*,6,= X=X p=" 02=

_ M\ S _ | B Y. _ Y*\2
szﬂ«dzlil:Xf,p:p*,SZ:O(‘u K)o +Gyx 3, |X|=X;,u:y*,62:o(xl X))+

1 )
N2, o |7 _ _
Gl oy 1m0 = H Y+ 56055 |3,y oy 5,002 +he0.2. =0,

2
=
Ga(X ", 0) = Hi(X7, 1), Gy 3 g,y e 5120

G24‘|§1:X’1‘,y:y*,5220 =Hy,(Pry +1), Gz,?sl |Y, =X u=p* 32 =0
avlu

GZX,& |Y1:XT,#:#*,SZ:0 T 09X

_ =viux, G
X\ =X p=p*
6H1 ’X¢2,§|

2,}1,}1 |}1:XT,/1:;1*,32:0 ail

G

X=X} pu=p
Bvlu

— % __ *
G2,62,62 |Y1=XT-#=#*52=0 = _652 = Vlu,XF2 =dap,.

X\ =X u=p"
IR S 2508, e 4y n LT

R
ViexF1,0160 + Ea]*uéi +h.o.t.=0.

WA TR 5) rIAHEI X2 XofE] 6,2

= N X3 XsIFRIE N 65, THEATE] 65,

UK (19), KPR EL @(Xo, 1, —63) — B Taylor EFF IR (19). (23) A4

X1 —X])or+

= Hl,X¢2’Y] s

.
=H xF, =vy,

2#,32 |Y1 =X7.pu=p* 02=0

. Gl’”’ﬂlil =X} p=p*,6,=0

X\ =X u=p"
_ 6H1’H(¢2’” +I)

Ou

Yg, = dil(fz,,u,—&) = YQ — FTS(T)} +h.o.t = )_(0 + F’{Sgl + F;Sz - FTSS3 +h.o.t..

PRIk X5 TR 17, b, A vie(X3, 1) = 0, X vie(Xs, p)— B Taylor TP

Vie(X3, 1) = viex(Xs = X}) +vieu(u— ) + ho.t. = 0.
B QDICATT T (28) I 15

= vlu,/,ls

X\ =X u=p*

Vie(X3, 1) = viex(Xo = X)) +viex F} 01 +viexF302 = viex F} 03 + Vieu(u—p*) + hoot. =

* o * o * o
Vlc,XFlsél +V10‘XF262 —Vlc‘XF1363 =0.

MR ORI X3 X3 IR] 6324

5 ViexFi01+viexF302
3 =

.
viexFi,

i 26). GOICAR 27)155)]
}3 = )_(() +§1(_51,
xF;
Hrp & =2(F* e 7 —FE)

ls *
viexFi,

HRAEE - S A T W A RS S Proas

Poouit (X1.0) = X, H\(X,p) <0,
PDMILA,H) = X1+§151+h.0.l., Hl(Xl,,U)ZO,

viexFi,

%

XH XCHIE 3 Y Xo. 2 Pepy FOHESE, AIAS 20 AN R ARBY AL Pepws

’

Q4

(25

(26>

Q7

(28)

29

(300

31D

(32)



626 [ E I Q= - N = 2022 4F 45 43 3

X>, H>(X>, 1) =0,

P, Xo,u) = - (33)
poM2(X2 ) {Xz +&Eh thot,  Hy(Xap) <0,
X X, 0 3 ) X, Hirp
Voe x F% vaaxF;  _ —2H»(X,,
& =2(FTX = —F§) L =—\/#’ vae = HyxFy,,
vaexFi, Ay e
Ovae 0vye
c - = , c — , * — H F* F* — * % ,
Vae X X ly—x-. pu Vaeu Ot XX ey Ay 2.X0 1 xx T 1x = Vaext'1x
. Ovyq Ovag * *
vog = Ho xFi, vogx = —— S Vody = —— cas =Hy, xFs F5 =V, Fx,
2d 2,XI 3, V2d X X X=Xty 2d,u (9,[1 X=Xt 2d 2X03 x03 2d.X* 3
Hy(Xo.p1) = Hy x(Xo = X3) + Ho y (u — 11°). (34

XIS XA X — X X FR A HEEI A R E A (6) 1 G HT %) Poincaré BT
PlN ZH[ —)HQ, P2N ZHQ-)Hl,
fiifs Pin(XT,p7) = (X5, 1), Pon (X5, %) = (X, 7). N TSR BRI I8, K Piy, Pon o3 il 1E (X710, (X5 107)
Taylor f&Ft:

Py = X; +Ni(X; —XT)+M1(;1—;1*), Py = XT + Ny (X, —X;) + Mo(u—pu"), (35)
X H
N = PP 0Py
1 6X XIZXT’ 2 C()X X2:X£’

M1=3P1N ’ 2=5P2N .

e =y O Ny=ye
SEA ARSI (32). B3)FDGH B (35), HEA 40T & & B By
P = P>y o Pppnp © Py o Pppui . (36)

R RINEE G 36)rFRA.
1) W H (X, ) <0, WA Pepyn A R, ABA4

X, = Piyo Ppoui = X3+ N (X1 = X))+ My (u—p*) +ho.t. (37)
O R Hy(Xa, 1) =0, BB Pepan AN AERE, ZAE LR/ NER S 1T Jr 0 R ANl 13

P = Pyy 0 Popyp 0 Piy o Popyy = X+ No(Xa — X5) + Ma(u— ) + ho.t.. (38)
@ AR Hy(Xa,p) < 0, MG OLFTR/INR S L7 ORI, 57 F 7 290 & A il .

P = Pyy 0 Popyip 0 Piy o Pepyy = X+ No(Ppovia(X2) — X3) + Mo (u— ) + ho.t.. (39)
2) sk H (X, 1) =0, A4

X, = Piy o Pppomi = X + Ny (Pepmi — X))+ M (u— )+ ho.t.. (40)

@ W2R Hy(Xo, 1) =0, BT Pepny H B R RS, G BLR7R /RS B A UR AR, 5 7F 5 9 &R
il 47 -

P= P2NOPPDM20P1NOPPDM1 = XT +N2(X2 —X;)+M2(H—/,l*)+h.0.l.. (41)
@ WR Hy(Xo,p) < 0, NG BLFR/ERIE S 5 295l 5 5 290K A flf
P= P2N o PPDM2 [¢] PIN o PPDMI = XT + Nz(PpDMz(Xz) —X;) + Mg(ﬂ —,u*) +h.o.t.. (42)

BEARESEST (32)F1 B)RAZIZ (38). (39). (41)FI @2)Hh, AU 2 Fr7s I ARBY &2 A 1E =X Lo
R 2 XU 2 R G R G (2) DAZR I R S AR B A9 0 B A VE iy



% 6 SR, 45 RUNHPEL AR R AR A 3 627

X+ NoN Xy + NaMji+ Mo+ hooot., Hi (X1, /1) <0, Hy(X>,0)=0,
PR, = X+ Nle):(l + N, M1 + Noéoti + Moji+heot., H, ():(1 L) <0, Hz()?z, ) <0,
X+ NN X + NaN 161 + NoMoji+ Mo+ hovt., H(X,,)=0, Hy(X5,0)=0,
X+ NoN X| + NaNi£16) + NaMifi+ Nooty + Mo+ hot.,  Hi(X,,2)=0, Hy(Xa,/1) <0,
(43>

Hrp
f=p-u, Xi=Xi-X; (i=12).
32 aME&EXmE
XN RS Q) A ML B = B ECeT. S T HEF R B, T — B R (X, 1, 0)( = 1,2,3)
TE X = XMl u = p AEXTHHE] 6 T2 —fh I, A

1
Bi(X,11,0) = X+ Fio+ Fix' (X = X0+ F, (u=p")o+ S F; «Fi8®+hot., (44)
. e - . OF(X, . OF(X,
R F? = F(X ) FABEILE XI5, oy = )  Fr, = R :
X  lx=xpy=pr ™ o X=X" p=p*

XA FARB L AE S, Kl 28) v (X3, 0B Taylor FEIFA
Vie(X3, 1) = viex(Xo = X}) +vieu(u— 1) = vie x F 83 — Vlc,XFJ]FS’X(X2 - X))o3—

ViexF (u—p)3s + %vlC,X(FTS’XFTS)Sg +hot. =0. (45)
Ap i 9 Taylor A

5281, Xo,10) = fod1 + fi(Xo— X1 + fo(u— )81 + 382 + hoo.t., 46
53(51,)(0,/1) = 6051 +e1(Xo _XI)SI +6‘2(}l —/J*)Sl + 635% +h.o.t..

FEF LA E R, 2L 3. N BT AT A A0 T S B Y u O B2 Pppai Al Pppao:

Poowi X = {3 HhFin <0 )
PDMI LR = X]+a151+a'2(X1—X*1‘)51+a3(u—p*)5]+a45%+h.o.t., H](X[,/J)ZO,
XZ’ H2(X27,u)205
Pppya(Xa, 1) ={ (48)

Xy +Bii1 +Bo(Xy — X5y + Ba(u— )iy + Bafy + hooot., Hy(Xa,p) <0,

HAZE o Bi(i = 1,2,3, HHITEAN AT LI %,
WAL @7)F1 48)FCA RN (38). (39). 4D)FN (42) AT AFE AN 3 R i s B 2 5 1 =X gt.
RN 3 AU B B R G (2) LA SR ki 1 = B o B R A Ve N

X:+NoN X\ + NaMji+ Mo+ hooot., Hi(X1, /1) <0, Hy(X», 1) =0,

X} + NN Xy + NaMij+ Nofi i + NaN i Bo X Ty + NoBsfiy + NoBai+

Myji+hot., Hy(X1.f1) < 0, Hy(X5,/2) <0,
5 . X+ NN X + NoN1@1 81+ NaN o X 18 + NaN @3 id) + NoNyasd? + NoM
P(X,p) = . . (49
M2ﬁ+h.0.t., H](leﬁ)zo’ HZ(XZ,ﬁ)ZOa

X+ NoN X| + NaNj@18) + NaN @y X181 + NaN a3 id) + NoNyayds + No Mo+
Nzﬂ]f] +N2N1ﬁ2j(\v]l?| +N2N1ﬁ20151l~1 +N2M1ﬂ2ﬁl~1+
Nofsfify + Nofufs + Mo+ hooot., Hi(X,,)=0, Hy(X,,/1) < 0.

4 BfE Pr B

BUR G BH v=0.1k = ky = 190,w = 0.18, LARIB 249 502 250, HUHR A i 1 78 B0 B4 4 25 4
dy = 0.033 S ARIEACH B (43) 15 204850 R 2, AnE 4(a) BT7R, B 4(a) T DA BB BEE AR &A=
A0 18 5372 AR v B (49) 15 B8R0 B 4322 141, T 4(b) BT, AL 4(b) ATLAR BN R GER A T 43430, X
YLK A A YE B N TR AN RE S ML R G 3l 127470



628 A 4 Mmoo % 2022 4F 45 43 3
-3 -3
2x10 @ 2107
1x107 1x10’3\
x 0 0
-1x107° -1x10~"
_2X10_3 3 3 3 3 _2X10—3 3 3 3 3
-2x107  -1x10" 0 1107 2x10 2x107° -1x10~ 0 1107 2x107
d-d, d-d,

4 ARG Q) FEHPUERHL I (a) ZE TR (43) f 2B PUE TT 1732 K (b) ZET R BT (49) 1538 Agd Pas M i 7322

Fig. 4 The bifurcation diagram of system (2) near the grazing orbit: (a) the bifurcation diagram near the grazing orbit obtained based on low-order mapping

(43); (b) the bifurcation diagram near the grazing orbit obtained based on high-order mapping (49)
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