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The Inverse Source Problem for a Class of Stochastic
Convection-Diffusion Equations

ZHAO Lizhi, FENG Xiaoli
( School of Mathematics and Statistics, Xidian University, Xi’an 710126, P.R.China )

Abstract: The inverse source problem for a class of stochastic convection-diffusion equations driven by the fractional
Brownian motion with the Hurst index, was considered. The direct problem is to study the solution to the stochastic
convection-diffusion equation. The inverse problem is to determine the statistical properties of the source from the
expectation and covariance of the final-time data. The direct problem is well-posed. The uniqueness and instability of the

inverse source problem was proved. Some numerical simulation examples verify the theoretical analysis.

Key words: stochastic convection-diffusion equation; inverse source problem; fractional Brownian motion; uniquness;

ill-posedness
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VAR, WA Hurst 250 (H € (0, 1)) 1953808 Brown iz shZE R A T ARSI oA 5 )2 i A, HEjE T
A AN RIS TR B ATL 5 20T A e 1B 0 B8 B O B i BOUR [R)  CA — 2B R R. X T H = 172001898, SCHk [11] 1
T A S E R ML RS S R] A3 BT O R RO ] 85 SRk [12] 32 AR Z B R u(x, T, w) M GETHE B
W T I E] A3 B0 9 5O F2 AIRIIf (R0 + g (X)) Y £ () Fg(x)l, B ZAH M58 7] 22 3k [13-17]. %
H € (0, DAYIFEIE, SCHR [18] 5T T4 A £(x)h(r) + g(x) B (t) R HLIF LI A s ] 43 B B4 #5007 A2, FF AR 28 1k 1 20 /)
B uCx, T, )BT fOOMg(x)l; FEAL M, SCHE [19] % & T 5 — /B 480 9 1507 &5 SCHk [20] 505
Gauss M5 9K 30 T BIBRENLAE LA 4 B0 Y 5O B I BUE A AT 32 4 T — 15— HESL. BT, BT XA 34k
B Brown iz 2l 1Y FE ML I 150537 B 0 e AL TRFE w00, IF HOG T XY B BRI A FHOC BT, BRI, A<
SCETIS AN R 2088 Brown 38 ShER SN BEN LAY B,

(X, ) + up(x,1) — Uy (x,1) = F(x,1), (x,n) e Dx(0,T),
u(x,t) =0, (x,H) e 0Dx[0,T], (1)
{u(x,O) =g(x), xeD,

XHLD = (0,1), %ﬁ%‘(ﬁtiﬂﬁ%ﬁ:é’ﬂ%ﬁ%% - :—;ﬁé/l\IETc%ﬁE%u”,en};‘;l, HA R E(EA, = % +n?n?, BA
0< VS A, <o, BT ] B e, (x) = V2e2 sin(nmx), I HL %0 — ool 45 4, — o0, e,(x) 5 L2(D) EHIINAL N
¢ T A RIEIE ST, WIZA(D) = {10 [ e f2dx < o), [ e elndy = 1 A FAERIYY € (D), BATHER K
V=D e, va = e ® [ e Ve odx. BIUF(x0 = FOR®) +o (B0, Ho BB (0, o(0TE
D FEASTEE, h(t) E HBREL, BY (1) B Hurst 25 (H € (0,1)) B4 5% Brown iz 31, B ()& B (% T

BB R, 2 H = 1/205F, BY (t)JEARifE Brown iz 3l I BY (1) 29 FIMEFS . i T IRIF (x, 1) 2 — > IENIPEEL R Y
BERLIR, PR — A A A — A R

1 i £ AR

EX 1 —A Gauss i FEBY = (B (1), =0/f Wiy A Hurst ZH(H € (0, 1) 5B Brown iz 3, IR %T
ERYE

1) BN E,

2) thir 22 8RR (1, s) = E[B" (1B (5)] = %(ﬂH + 52| g 2H),

Feolsh, W H = 1/2, B ARE Brown 1531, —MiC/EW, HLEHE 7 25 RELR (1, 5) = t A 5.

51y Brown 123/ B7 (H € (0, 1)) HA T Y Wiener F173 K55

B0 = | Kn(t, AW (), )

Hodp Ky A7 AT B, WoARYE Brown iz 3.

XHE B ARSI EI[0, T1, FHEFRIRI0, T1L A B f R 52 ], HRIREFE RN T 110., Ljo.1)9¢ = R(t, s)E LY
P, FeH 0.0, 10,0 87 PR X TAEE MW (), (1) € H, W R LT A

1) Y4 He(O,%)Hﬂ‘,

EUO VB [ 9" (Z)] _

0Ky (u,z) 0Ky(u,z)

jo’[KH<r,z>w<z>+L’<w<u>—w<z>> . du} [KH<r,z>¢<z>+ Jow-se=E02duaz, )
o, Bk gk
Ki(t.2) = Cr (E)H%(r—z)’f% —(H— %)Z%H I ’MH%(M—@H%du},
2 4
Ch = 2 = ﬁ(p,q)=f0l #7107 dr.
(1 —2H),B(l -2H,H+ E)
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H1 T4 - 20, Ky(t,2) = 0%, INIEK(1,2) > 0.
2) %iH = 3,
E| [[w@dB" @) [} 98" )| = | [[p@aW @ [ ¢@aw ()| = [ ppcdz. (5)
3) YiH e (% 1)a¢,
E U(: B Q) || ¢(z)dBH(z)] =an ! [ prIsaol - uP2dudr, 6
Hrp ay=HQH- 1)
SR SRR R, RO BRI T LR HuCnn = 3 ). en) e, 3K
o = w0 = [} fi@un@dz+ [[ @B @+ Jun(-0), D
Hrp
Un(2) 2V g = (g ey fo = (Foen) oy On = (@ en)i)-
B2 WHEREM0 <2 <2 <0120, H e (%,1)&1@
I fla=aa-o) 1a-o P12z do < 2472, (8

HERR
fOIJ:(t—zl)l(t_Zz)l 21— |2H_2dzle2 _
2 fot Li(f ) (t-2)'(z1 —22)* 2 dzydzy =
ZJOIJOZZ 2y 2h(z2 —21)* P dzydz,
i R A B A
zjot jozz 22z -2 Pdzydzy =

t
Zjoj lezz( 1€, a5 dadz, =
ZZI f (=1PChy 52 11+p 24z, dz, =

22( 1 Ch, Zl+l+pj 212z, =

22( D Coy 21 +1+p)1(2H+21)t2H+2[ LA
E1 X “< )7 Fon: WRIFE—NHRC > 0, [#ii3a<Cbh(a=Cb), IBATANTIL Ha < bla 2 b).
2 I [A]
ANPHAELL T RBSST A T R (1) 3 e 1.

Bi&1 HHeO DI HS, o, ge LAD) LB he L0, T —NIER REO: HA —DIEM TR, 1

hBCh > 0.
SRV
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1) = (=) [ W@ futn @2+ (1) [ b DAB @)+ Y (-D)gs =
In,l(t)+ln,2(t)+ln,3(t)a (9)

2
D uen)

nezy

D Ui+ Lo (@) + L3 (1) 5

nez,

PN AR ORI ANOE (10)

nez, nezZ, nezZ,

2 —
”u(’t)”ZZ(D) - .
L2(D)

Rt
E Wl gy ) = B, DB ] <

I(Z 20+ Y B0+ Y 3(t))dt]_

nez, nez, nez,

D i B+ 2 E[f, B+ D Wl =

nez, nezZ, nezZ,

S1(T)+S82(T)+S3(T). (1D
FEPRIHIES ((T), S 2(THRIS 3(T):
1) XS (T),

SUDIS Y Wi, [, U200, C0P G SRy Wi T (12)

nezZy

2)X¢?52(T),
Sz(T)— [ [ RO

ZZ] fo E [(wn(—t) jo’anwn<z>dBH<z))2] ar =

3o jOT Un(—20E [(jot wn(z)dBH(z))z] dr. (13)

nez,

I He( 3 e (5o 2| untoano) [ st ot pra sy ie,
5t € 0.5 )i, % ). i

oK,
[(f (@A) ] j[mt @+ [ W0 - g ]dz,

y
|

0K
Ky, z)wn(z)+f (W) = Yn(2)) H(M Z) _

KH([ Z)wn(Z) + llm [I (Wn(u) ¢’n( )) H(u Z) M:| _

6¢’n(“)

Ky(u,2)du— (DK, 2, | <

zt+e

Kiu(t,20,(2) + lim [wnw)KH(u I

Kut. 0@+ lim [y Kn (.2, | <

Ky(t, 2y, (2) + Ku(t, 2y, (1) <
Ky, 2)y,(0). a4

FirLA
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E [(fo "’"(Z)dBH@)2 S [} Kt (0. s

KT RS I, AR — sk P A
e, thcHk [18] 41, I’MH-3/2(M _ P12 < 2,
i — L (4) ATLISH
K}(t,2) < Col(t—2) 12 + 7122, (16)

g4 (15) Fi (16) n] s
t 2
E|(fruncsc) | <

NG {1022 4 PP

020 [[T= 2P 2 e

Un(202°". an

g = %w, i (5) 1T

E (fo %@dB”(z)) = [ ynadz<y, 0. o)

.
e (% 1)a¢, sk (6) T

E|([ter8"0)

2
t t i
ay J;) J;) l//n(Z)lpn(u) | —u |2H_2 dZdl/tg

t t
ann(n) [ 1z=u P dzdu g

v 20)2H. (19
gi b, g4 (17)~(19) B
SHT) < Z IOT T2 (=200, 202 dr < Z T =T o2, He(0,1), (20)
nezZ, nez,
3) XFFS5(T),
I\ Byt = [ (0P &< GO = T. @
B4,
STV < D 8T = Tlgls (22)
nez,

Lk BRI, TR R S vy
TEIE A QSRS 1 RS, IS4 A (1) f R R 2
ENlZ po.rp] S W2 Wil 0.0 T H M7l T4 + 18112 ) T (23)

I2(D)
AR AREEL (12). (20) Fi1 (22) Hh154518.
3 IRz i ] A

AR A A A 28 I 2 ) R e, T, ) A — LEGE TR FAG PRI AP ) £ oo (x), - HLor 58 E T e
— S ARRENE, K

f@ =) hen®), @) = Y Taouen(Ne(0). (24)

neZy mneZ,
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3.1 fofc(xHE—E
= (7) ATHR

() = W Ty = [0+ | @St @de+ [ rathn @B @ (=1,
4 L s T A, (TSR 25 ik ot

Eun(T)) = n(~ T)fnj R (2)dz + guihn(~T), (25)
CoV(t(T), u,(T)) =
T (=T Won(~T)E [(IOT Un(2)dB" (2) jOT l//n(z)dBH(z))] . (26)
AT
_ E(”n(T))_gnl//n(_T) (27)
Un(=T) [ HDYu(2)dz
S CoV((T), 4 (T)) (%)

=TT ( [} 08" @) [ (a0
EIR 2 anSRB 1 AT, ABA S, o AT E (ua(T)), Cov(un(T ), u,(T)) ME—H E .
JERR 1) Ak

fOT WD)z = Cpthn(O)T = CoT = C; >0,  VneN,. (29)
B LA (27) 1 f (o)l e — B 5
2)ICE, = EU z//m(z)dB”(z)j l//n(z)dBH(z)], HAFVEH E = Ca > 0,Ym,n € N, WA]HERH o2 (o) R fE— .
MH = -En‘, m = (5) i

Enn = [ (=0 OO =T = € > 0. (30)

oy e( )m U (6) FIS B 2 578

Enn=an [ [ @) | 2—u P dadu=
T T
O O) [ [ 1z=u P2 dzdu 2
ayT* =Cy > 0. 3D

3.2 RiEf(0)F2(HATEE M
32.1 RURf(x)M RARZ M
F A e e L, mT

(T [ @AWl [ Y= Tz = Wil Tun@), T <£<0. (32)

HF-T <&<0, Ll %n — oot} v, (&) — 0. 240 — coflif, £, — oo, iX 5 BH S i £ (x)JE A FRRE 1.
322 RUROH(x)H AL

1) ilHe( )HT m =t (3) M1

Ew= | [KH<T Mm@+ [ Ul =)

6KH(M Z) u} dz,

(’)KH(u Z) :|X

(33)

[KH(T @+ [ W) =)
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r H T H
In(=TWnDE| [ (@B @ [ w208 )| =
Jy K3T2Wn(e=Toin(e= Thde
0K
Ji & om0 | [ =1 e 10 D
[ KT (1) U Une=T) = e~ ) D gtz
0K oK,
N [j U= T) == TN Dy [ 4, 0T =y = T D g o=
Ni(T)+ No(T)+ N3(T) + Na(T). (34
XEFNU(TFINAT), 553K (4) RS Ho (i BT 15
N(T) = wm(a)wn(fz)jTKé(T,z)dz SUnEWEICHT -0, mn— oo, =T <£1,6 <0,
W)= [\ KT e~ [ ier-0 1D aufaxe -1 <o <u- 1 <0) -
/ H-3 3
fOT Ki(T.20Wm(z— T (&) [LT(M ~2)Cy (g) (-2 2du|de(~T < & < 0)<
Cutn( =13 #0205 J) K0 [ 2" B
CH( +n2n2)wn(§2)P(T) -0, n-oo,
HAPT) = jOT KH(T,Z)(LT(M—Z)H‘%du)dz SKAIH, 2Mm — cofif, Na(T) — 0.
H-1 3
N = [ [jT ViEnu-aca (%) -2 du]x
T wu\H-3 -3
L !//;,(fz)(u—z)CH(;) (w—2)""2duldz(z—T <é1,6 <u-T <0)<
1 2
v [ ([ w-o" ) a1 < 6.6 <0) <
(% +mznz)(}1 +n2n2)wm(§f)¢/n(§;)T2H+2 -0, m,n — oo.
2) 4H = %Eﬁ, A (30) AT
=D DIE| ([} @487 [y )| =
Jy e Ton(e=Thde =
JT e(1/2+rr12752+n2112)(z—T)dZ —
0
Tef — 0, —T(%+(m2+n2)n2)<§<0. (35)
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Y (=T (-T)E [foT Um(2)dB (2) IOT !ﬁn(Z)dBH(Z)] _
@H fOT fOT Y@= TWn(u=T) | z—u P dudz<

i ENE) [ [ e P dude(-T < 61,6, < 0) <
anT Y EWn(E) =0, mn— co. (36)
gi b, AT o (oS AR E Y.
4 BELR
AT W 308 2 M) R U BH BSR40 1) B BRI N, N, 23 ) o 25 1) 7 i) RS ] 77 ) 25 000 14 1

Xi = (l_ 1)hx’l = 1925“' ’Nmtj = (]_ 1)ht»] = 132»"' ’Nh /ﬁ\:':'jhx,hzﬁ%”%érﬂﬁm*ﬂﬁﬂ‘lﬁjﬁmE/‘Jﬂ}{i- ﬁﬁ]:@ﬁﬁu
A2 R L L

j+1 j J J Jj Jo )
w' o —u  ou , —-u w,  —2u +u
i L i+1 i-1 T+l i i-1 _ F(x;.t), (37
h, 2h, h? (xi- 1)
BH(t;.1)— B(t))

XL F(xi,t) = feh(t) + 0 (x) W W AE 2 A B BN ] = 0., = 0,u) = g(x). TE A SCHY, R
N, =101, N, =28 +1, 7 = 1F1 B A B 38 £ P = 1000, B %L f(x) = sin(x) cos(mx/2),0(x) = x(1 — x), g(x) = sin(mx),
h(t) = 1 LSRR T R EFRATTAG T 2% 1 Ik 220 0 B8 e, S 0 SR A S [ R , 25 2 1 I 220 R B30 i — 1> B AL
W22, ARG T — RSN EHE, Rlur, = ur + srand(size(ur)), 3% FL o Etrand 7 A FH TE(0, 1) Z[A] X5 5 73 A (1) BEHLEL
R AR Fh T B R )RR ASSE SE Y, TR TR BT AT VIO LR AT IE AL, [ 1 2834 T H = 0.9,6 = 0.041
SRl ARXT IR 22BN A2 AL L B ] LU H, R R AR R 158 22 Bt N 3G R Je i, SR 5 8 T 42,
B Jn i, R, FRATEEW = 6, /30 2H] T H=0.4, 0.5 F1 0.9, 12 227K F6=0.01 B, JEIT £ Flo-2 BRS04
fE AT FLIE (18] 2~4), NIRRT LR B EOR, SRR

(@)
0.05 [
0.04 1
r
0.03
0.02 s - ‘ - -
0 2 4 6 8 10

N

1 H=09,6=0.04f ffo? fUAAX 1522
Fig. 1 The relative errors of the reconstruction for £ and o with respect to H = 0.9 and 6 = 0.04

(a) approximation ~y (b)
0.3 fexact solution 0.06
\ exact solution
0.2 1 0.04
f I approximation or
0.1f 0.02
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
X X

2 H=04,N =6 fflo?
Fig. 2 The reconstruction of f and o2 for the inverse problem with H = 0.4 and N = 6
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01l 0.02 -
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
X x
3 H=0.5,N =6t fHlo?
Fig. 3 The reconstruction of f and o2 for the inverse problem with H = 0.5 and N = 6
approximation (a) approximation (b)
0.3} VA ] 0.06 | ™ ]
exact solution
exact solution
02+ ] 0.04 1
o2
S
0.1t 1 0.02
0 0 " i . . . . . . .
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
x X
4 H=09,N =6HHfo?
Fig. 4 The reconstruction of f and o2 for the inverse problem with H = 0.9 and N = 6
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