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Algorithm Research Based on the PDE Sensitivity Filter
MENG Huanli',

ZHANG Qiliang',

WANG Jie?
(1. School of Systems Science and Engineering, SUN Yat-Sen University, Guangzhou 510006, P.R.China;

2. Tianjin Aerospace Long March Rocket Manufacturing Co. Ltd. , Tianjin 300462, P.R.China )

Abstract: The PDE sensitivity filter can eliminate the checkerboard patterns and numerical instability existing in the

topology optimization results of continuum structures, and the essence of the PDE sensitivity filter is the Helmholtz partial

differential equation with Neumann boundary conditions. To solve the large-scale PDE sensitivity filter problem, the
conjugate gradient algorithm, the multigrid algorithm and the multigrid preconditioned conjugate gradient algorithm were

5l

=

used to solve the algebraic equations obtained by finite element analysis, and the effects of accuracy, filter radius and grid
=]

numbers on the efficiency of topology optimization were studied. The results show that, compared with the conjugate

gradient algorithm and the multi-grid algorithm, the multi-grid preconditioned conjugate gradient algorithm has the least
number of iterations and the shortest running time, which greatly improves the efficiency of topology optimization.

Key words: PDE filter; Helmholtz equation; multigrid algorithm; conjugate gradient algorithm; topology optimization
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initialize optimization parameters

Y

build the mathematical model in eq. (1)

v

generate finite element meshes
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ﬂ{ do the finite element analysis
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use the sensitivity filter
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update Lagrange multipliers <
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satisfy volume constraints ?
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update design variables in eq. (9)
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converge ?
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‘ optimal design ‘

end

1 LT SIMP i EA R SRR GG H ML AL S L AR I
Fig. 1 The flow chart of continuum structure topology optimization based on the SIMP interpolation model
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1 input:

2 level k;

3 initial guess u]";

4 right hand side vector f;

5 coefficient matrix under level k grid Ay;

6 output:
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7 updated solution u}"*!

8 pre-smooth: u}™*! = S (A, fi.u}")

9 coarse grid correction:

10 compute residual: ' = fi — Az

11 restrict the residual to coarse-grid: ry’,, = R{*'ry"
12 if k+ 1=L then

13 solve approximate error solution &, = A r7" |
14 else

15 e, =V-cycle(Ap1, 1y, 0,k +1)

16 end

17 interpolate:

sm _ pk zm
18 &'=P, &,
m+1 _ o m+1 Sm
19w =ul" +&

20 post-smooth:

21

uth = S (Ay, froup™h.

232 % FTMMATAL IR I E ik
SRR R R R B M KA R . WK IE E BY, A = R AR, I B S SY T 2 5 RS TAb

FRICHEAR RE AL (Oh QRS LA 2), SR 22 Fi AR AT DAy F94k B 57 1 R ORI ) 2 AR

BiR2
input:

symmetric positive definite coefficient matrix A;

right hand side vector b;

initiate a guess for xo € R"
output:

solution x;

1 compute the residual on the finest grid ry 2p_ Axo;
2fori=1,2,3,---do
3 solve Azy = ro by the multigrid V-cycle algorithm

4 initialize py = zo
5 compute a step length the a; = (r] ,zi-1)/(p}, Api-1)
(where z;_; can be solved by the multigrid V-cycle algorithm)
6 update the approximate solution x; = x;_; + a;p;_
7 update the residual r; = r,_1 —@;Ap;i_y
8 solve Az; = r; by the multigrid V-cycle algorithm
9 compute a gradient correction factor 3; = (rl.Tz,-)/ (riT_l Zi-1)
10 set the new search direction p; = z; + B8;pi—1
11 end

12 until convergence.
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1 480 mm Michell Z5#4 (RIS B G | B AR UE AR I B 12 45 [l R Ji8 T 4B 5258, an &l 2 A1 3 s
(BHEALSECRFRA R LN 0.5, MR 1 GPa, Poisson [LA 0.3, 25T 3. B iR K 0.2, 4
AT F R 1 KN SRFMEALTREE LT 3CHk [16,20] 9 MATLAB U5 #4744 5 , 78 PDE JEB#s sk gl AT
HHIBAE (CG) k. ZEH MK (MG) 53 LUK £ T NS T BRI HRS B (MGCG) 30k, JF LU T — A Bkxd
SEFFFMIALECR IR R, A SCEE S R R.

(12

design domain

lF=1kN %
F=1KN y o777

B2 BEER 3 Michell 4544
Fig.2 The cantilever beam Fig.3 The Michell structure
31 RBENXMm
WURHRL 4 FhOR ] 1915 245 B P(P=1E-2,1E-3,1E-4,1E-5), 3% JT] CG &3 . A& JZEHh 5 1 MG 25 fl
MGCG 53 3R fift 224 R J6 43 M Helmholtz J5 F2 15 2 (AR B0 B2, I X6 44~ 45 44 43 591 1] 43 A 480 x 160411
480 x 240/ FATT BB R Michell £5#32E1 72142 6 11 PDE R IES ML AL L85, Hoih, ANRIRERE T &
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T AEFI Michell Z5F LIRSS HS . BARIERE(E C. BARIEAUREL 1 DA RERAALT ] T (Al 4, K15, %1,
K 6. K 7 B,

(a) (b) (c)

B 4 AREHEET CG. MG Fl MGCG FE BB REALESH: (a) P=1E-2 (CG); (b) P=1E-2 (MG); (c) P=1E-2 (MGCG); (d) P=1E-3 (CG); (¢) P=1E-3
(MG); (f) P=1E-3 (MGCG); (g) P=1E-4 (CG); (h) P=1E—4 (MG); (i) P=1E—4 (MGCG); (j) P=1E-5 (CG); (k) P=1E-5 (MG); (1) P=1E-5 (MGCG)
Fig. 4 The optimized cantilever beams by CG, MG and MGCG algorithms with different degrees of precision: (a) P=1E-2 (CG); (b) P=1E-2 (MG);
(¢) P=1E-2 (MGCG); (d) P=1E-3 (CG); (¢) P<1E-3 (MG); (f) P=1E-3 (MGCG); (g) P=1E—4 (CG); (h) P=1E—4 (MG); (i) P=1E-4 (MGCG);
(j) P=1E-5 (CG); (k) P=1E-5 (MG); () P=1E-5 (MGCG)

B 5 ANaEkEF CG.MG 1 MGCG 53541 Michell Z5AH90AE45H4: (a) P=1E-2 (CG); (b) P=1E-2 (MG); (c) P=1E-2 (MGCG); (d) P=1E-3 (CG); (¢) P=1E—3
(MG); (f) P=1E-3 (MGCG); (g) P<1E—4 (CG); (h) P=1E—4 (MG); (i) P=1E~4 (MGCG); (j) P=1E-5 (CG); (k) P=1E-5 (MG); (1) P=1E-5 (MGCG)
Fig. 5 The optimized Michell structures by CG, MG and MGCG algorithms with different degrees of precision: (a) P=1E-2 (CG); (b) P=1E-2 (MQG);
(¢) P=1E-2 (MGCG); (d) P=1E-3 (CG); (¢) P=1E-3 (MG); (f) P=1E-3 (MGCG); () P=1E~4 (CG); (h) P=1E~4 (MG); (i) P=1E—4 (MGCG);
(j) P=1E-5 (CG); (k) P=1E-5 (MG); (1) P=1E-5 (MGCG)
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Table 1 Total numbers of iterations and compliance for topology optimization of 2 structures

CG algorithm MG algorithm MGCG algorithm
structure precision P
compliance C time 7/s iterations / compliance C time 7/s iterations / compliance C time 7/s iterations /
1E-2 186.885 2 87 170 187.306 9 96 167 184.738 3 64 114
1E-3 186.883 4 82 155 186.939 3 100 160 184.414 7 54 100
cantilever beam
1E-4 186.884 2 84 155 186.939 2 105 160 184.014 0 75 133
1E-5 186.883 9 84 155 186.939 1 111 160 185.2155 64 113
1E-2 17.1252 331 387 16.909 5 70 78 16.923 8 68 78
1E-3 17.123 4 231 271 17.1199 260 271 16.923 9 67 78
Michell structure
1E—4 17.123 1 230 271 17.1199 269 277 16.952 6 80 93
1E-5 17.123 1 231 271 17.074 7 267 267 16.943 6 62 71
150
CICG L CCG
MG MG
CCOIMGCG 300y C—IMGCG
100f - M n T
> < 200}
I3 o
£ £
50t
100 ¢ 1
0 I 1 L L 0 HH r H I H 1 H
1E-2 1E-3 1E-4 1E-5 1E-2 1E-3 1E-4 1E-5
precision P precision P
6 EE RRESH LA E] 237 P B 7 Michell &5HfE AT E] 5377 Pl
Fig. 6 The optimized time distribution of the cantilever beam Fig. 7 The optimized time distribution of the Michell structure

(b)

B8 ARIIEFET CG. MG Al MGCG H: 1R R AL E: (a) R=3 (CG); (b) R=3 (MG); (c) R=3 (MGCG); (d) R=6 (CG); (¢) R=6 (MG);
(f) R=6 (MGCGQG); (g) R=9 (CG); (h) R=9 (MG); (i) R=9 MGCQG); (j) R=12 (CG); (k) R=12 (MG); (1) R=12 (MGCG)
Fig. 8 The optimized cantilever beams by CG, MG and MGCG algorithms with different filter radius: (a) R=3 (CG); (b) R=3 (MG); (c) R=3 (MGCG);

(d) R=6 (CG); (e) R=6 (MGY); (f) R=6 (MGCG); (g) R=9 (CG); (h) R=9 (MG); (i) R=9 (MGCG); (j) R=12 (CG); (k) R=12 (MG); (I) R=12 (MGCG)
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MIE 4, 8 5 F1g 1 AT LB, 7R 082420 6 i PDE 2 SR nE k&8 il AR RS BE B9 CG Bk . MG &
PR MGCG B A3 3 (1 B8 2 F Michell 2544 B DL AL 2548 I AR AR R], 5 HL B AR R EUE AR & 2301, 222
1%, ULHH PDE 38 i 25 2R i 350 1k B RG B X 3 M AR O 285 SR A K. b 4b, 7 PDE 383 #% T F MGCG 8%
HEATEE A AR ML A R B AR T HA P AR

M 6 FillEl 7 AT LA i, [l —H5 R, 76 PDE 8 2% TH il MGCG Sk iE AT 45 H 4R F M Ak i B[] B 4R
KT CG B MGCG 51, HEEE RSN, 76 PDE gk #s th il CG 2 #E 1745 Mt ML AL B ) 8] 328
Wik T82 0 , 78 PDE JEDE 4 ] MG S0k AT 45 F 0 MG AR i i) Ta] 28 3 4 in 5 e R . BeAh, 7
PDE JE i #% H1 2R H MGCG Bk X258 B2 A1 Michell 25 #$MEAL IR R1 051 H CG B AD T 1% ~ 34% Fil
65% ~ 80%, H MG B35/ T 29% ~ 46%, 3% H1 77%. K1, 2544 59 B AR AL 3R F , MGCG Bk T
CG HEM MG Bk,

3.2 FERFEHFMm

RUREL 4 FORTE 98248 R(R=3, 6, 9, 12), R CG B3k M ZECH 5 1) MG H LUK MGCG Bk
KA FRIC/HT Helmholtz Ty A3 2 AREOT A, FEXTREANS544 73371553480 x 1601480 x 2401~ FALTT [ =
Z2H1 Michell Z5A3E1 TH8 RS B2 A 1E—4 1) PDE R AR 38 3 ML SE 5. Hoh, R R 42 B R
Michell 2544 B PLALZE#E . HARZE BE(E C. R ARIEACIREL 1 UL SRR PLAL I o] 7 1) 4341 43 i an &1 8. 141 9.
2. K10, B 11 P,

(a)

(2)

Ll

9 AMdEFET CG. MG Fl MGCG H:AY Michell 45 PLALE5H4): (a) R=3 (CG); (b) R=3 (MG); (¢) R=3 (MGCG); (d) R=6 (CG);
(e) R=6 (MG); (f) R=6 (MGCG); (g) R=9 (CG); (h) R=9 (MG); (i) R=9 (MGCG); (j) R=12 (CG); (k) R=12 (MG); () R=12 (MGCG)
Fig.9 The optimized Michell structures by CG, MG and MGCG algorithms with different filter radius: (a) R=3 (CG); (b) R=3 (MG); (¢) R=3 (MGCG);
(d) R=6 (CG); () R=6 (MG); (f) R=6 (MGCG); (2) R=9 (CG); (h) R=9 (MG); (i) R=9 (MGCG); (j) R=12 (CG); (k) R=12 (MG); (I) R=12 (MGCG)
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Table 2 Total numbers of iterations and compliance for topology optimization of 2 structures (different filter radius)

CG algorithm MG algorithm MGCG algorithm
structure filter radius R
compliance C time 7/s iterations / compliance C time 7/s iterations / compliance C time 7/s iterations /
3 180.759 1 505 917 182.218 3 147 225 182.3520 58 103
6 186.884 2 82 155 186.939 2 101 160 184.014 0 73 133
cantilever beam
9 192.522 9 98 183 193.053 7 64 100 193.096 7 53 97
12 197.418 7 73 136 197.669 5 67 105 197.641 9 62 115
3 16.738 5 840 926 16.864 5 165 168 16.894 1 80 90
17.123 1 239 271 17.1199 280 277 16.952 6 84 93
Michell structure
17.3829 117 133 17.322 6 115 117 17.168 6 59 67
12 17.696 4 99 114 17.696 5 107 114 17.686 4 100 114
500F M ' : R 7 ' ' '
C_—cG 8001 C__1CG
L IMG C___IMG
400 [CCTIMGCG A CCIMGCG
< 300 NG
~ &~
o L 400+
£ 200t 8
100 ¢ —‘ 1 I HH
L 01 (e e Lo i e oo
3 6 9 12 3 6 9 12
filter radius R filter radius R
10 BRFRAFILAITTE S Rl B8 AE) 11 Michell Z5H AL IS ) (R[] 8 42)
Fig. 10 The optimized time distribution of the cantilever beam Fig. 11  The optimized time distribution of the Michell structure
(different filter radius) (different filter radius)
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3.3 MIEHERFME

439X WA R k1960 x 320, 1 8480 12, 2K 6; WIS K143 4480 x 160, i 842k 6, JZHUCh 55 W
K& X3 0240 x 80, 1 UE A2 0 3, RN 4 BYRE G A A 43 960 x 480, 1 U8 AR 12, JZECHh 65 A% 4
73 M480 % 240, 1 IEEAE N 6, IZECN 55 WIS K43 240 x 120, i3 38142 K 3, EECH 4 1Y Michell 25 BEF T4
kG B8 1E~4 (1) PDE 2 8805 i & PR F M AL S2 56 v, DR TR IS B0 T 808 2 A1 Michell 2544 19 T4k 45
¥ HARZREAE C. ARk RUCEL 1 LSRRI E] T /504 2 i an &l 12, 13, 3% 3, &l 14, Bl 15 fiw.
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ME 14 AP 15 a] LA H, [ — Mk S0 R, 76 PDE 3% 8% Fh il MGCG 34k - 47 25 # 4h F M Ak o et
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AR BT E] 435 CG BEED T 3% ~ 25% Fll 64% ~ 73%, b MG BT 15% ~ 37%, 25% Fl1 76%. K1, M
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(a) (b) m) m
(C) ml) m
(h) mi) m

B 12 AFEMEEE T CG. MG il MGCG R MEE BRI LALEEH: (a) Sy 240 x 80 (CG); (b) A& Jy 240 x 80 (MG);
(c) M% A 240 x 80 (MGCG); (d) M#5 4 480 x 160 (CG); (e) Mtk 480 x 160 (MG); (f) FH5 A 480 x 160 (MGCG);
(2) K& g 960 x 320 (CG); (h) FIH% A 960 x 320 (MG); (i) A& g 960 x 320 (MGCG)
Fig. 12 The optimized cantilever beams by CG, MG and MGCG algorithms with different grids: (a) grid 240 x 80 (CG); (b) grid 240 x 80 (MG);

(c) grid 240 x 80 (MGCG); (d) grid 480 x 160 (CG); (e) grid 480 x 160 (MG); () grid 480 x 160 (MGCG); () grid 960 x 320 (CG);
(h) grid 960 x 320 (MG); (i) grid 960 x 320 (MGCG)

O QL
A\ A\ A

13 RWMEEE T CG. MG FI MGCG H% 1) Michell 25 I JEALEEH: (a) [y 240 x 120 (CG); (b) [H% A 240 x 120 (MG);
(c) MK 240 x 120 (MGCG); (d) A% 480 x 240 (CG); (e) RIS A 480 x 240 (MG); (f) MIA% 7 480 x 240 (MGCG);

(g) P& 960 x 480 (CG); (h) W& K7 960 x 480 (MG); (i) Mk K7 960 x 480 (MGCG)
Fig. 13 The optimized Michell structures by CG, MG and MGCG algorithms with different grids: (a) grid 240 x 120 (CG); (b) grid 240 x 120 (MG);

(c) grid 240 x 120 (MGCGY); (d) grid 480 x 240 (CGY); (e) grid 480 x 240 (MGY); (f) grid 480 x 240 (MGCG); (g) grid 960 x 480 (CG);
(h) grid 960 x 480 (MG); (i) grid 960 x 480 (MGCG)
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Table 3 Total numbers of iterations and compliance for topology optimization of 2 structures (different grids)

CG algorithm MG algorithm MGCG algorithm
structure grid size
compliance C time 7/s iterations / compliance C time 7/s iterations / compliance C time 7/s iterations /
240 x 80 186.484 0 16 133 186.3153 19 133 183.148 4 12 96
cantilever beam 480 x 160  186.884 2 82 155 186.939 2 101 160 184.014 0 73 133
960 x 320  188.099 5 430 167 188.513 5 495 173 185.695 5 419 155
240 x 120 15.995 4 42 233 15.867 0 20 91 15.816 0 15 83
Michell structure 480 x 240 17.123 1 235 271 17.1199 274 277 16.952 6 80 93
960 x 480 18.2939 1319 292 18.288 6 148 1 306 18.0959 361 91
500 1500 " ——
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~500f
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24080 480x160 960x320 240x120 480%240 960x480
grid grid
14 RS ARF TR 4341 ) CAST) o 4 ) 15 Michell Z5H AL E] 43415 Pl (AN ) o 4% 0k )
Fig. 14 The optimized time distribution of the cantilever beam Fig. 15 The optimized time distribution of the Michell structure
(different grids) (different grids)
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