% AEF e ¥

APPLIED MATHEMATICS AND MECHANICS

I XE T T A Hamilton R 4t I Noether & B
WS, RIEH

Noether’s Theorem for Constrained Hamiltonian System Under Generalized Operators
SHEN Shilei and SONG Chuanjing

TEZR R View online: https:/doi.org/10.21656/1000-0887.430091

LT RERGBR A HAN S R

Articles you may be interested in

2 Hamilton 2R 40 1Y Lie SRR S HAE 718 B9

Lie Symmetry of Constrained Hamiltonian Systems and Its Application in Field Theory
IO PR R 1% 2019, 40(7): 810-822  https://doi.org/10.21656/1000-0887.390218

B VK L2 B 20 1) Noether X RV AT F1H £
The Noether Symmetry and Conserved Quantity of Galloping Iced Power Transmission Lines
N FBCFEF 2. 2021, 42(3): 275-281  htips:/doi.org/10.21656/1000-0887.410189

VR4 R R 50 B Noether S P K LR FH
Noether Symmetry of Automotive Electromagnetic Suspension Systems and Its Application

T BRI 124, 2017, 38(12): 1331-1341  https://doi.org/10.21656/1000-0887.380060

Bl Lagrange 22 45 A Lie X R 1 5 <740 B 0FFT
Lie Symmetries and Conserved Quantities of Lagrangian Systems With Time Delays

IS FIBCE R F12. 2021, 42(11): 1161-1168  https://doi.org/10.21656/1000-0887.410184
MR Z 1R 2R GERliAR 211 1 27 A0 BRI R ~F A o

Study on Symmetries and Conserved Quantities of Mechanical Multibody System Collision Dynamics

I3 PRI 12, 2018, 39(11): 1292-1299  hitps:/doi.org/10.21656/1000-0887.380291

PR AR 22 52 8 ) 2 AL R A2 i [9) 8 Y Noether B8
The Noether Theorem for Nonlinear Optimal Control Problems of Mechanical Multibody System Dynamics

o FHEA A 124, 2018, 39(7): 776-784  https://doi.org/10.21656/1000-0887.380295

FHEMIE AT, FAHEZTHRER



N = ) % Applied Mathematics and Mechanics

43 %12 2022412 A Vol.43,No.12,Dec. ,2022
© N FHBCE RS 292223, ISSN 1000-0887 http://www.applmathmech.cn

Y EF T2 Hamilton &% 1 Noether EIE’
WHE, FKE#
(INBIE R BBl 228, TR 750 215009 )

WE: TR T) XEFTHS RS Noether X FRE 5FIEG. 26, #3171 XEF NA R R4 Lagrange J7
2, HFHIZREPIRAR, SRIG5] A Lagrange Fe @37 T) AT T 293K Hamilton 75 82 LKA 2 244 HOK,
FF Hamilton 15 FH 78 0 RNV T BURARYE, @57 T T U F T 293 Hamilton RFEAY Noether &2, FH45 H T 1%
RGN X R BN SRR AR AR, T AT T 293 Hamilton R4G8H) Noether SFAH & 1] LLR A6 B EU Gy
2% Hamilton RSEH Noether SFH . B 2B T 45 504 17 1.

X B W JXET; ARASK; WRANR; K Hamilton FE;  Noether EFR;  XFkMESFEE
RESES: 0316 XEARER: A DOI: 10.21656/1000-0887.430091

Noether’s Theorem for Constrained Hamiltonian System Under
Generalized Operators

SHEN Shilei, SONG Chuanjing
( School of Mathematical Sciences, Suzhou University of Science and Technology, Suzhou, Jiangsu 215009, P.R.China )

Abstract: Noether ’s symmetry and conserved quantity of singular systems under generalized operators were studied.
Firstly, the Lagrangian equation of singular systems under generalized operators was established, and the primary
constraints on the system were derived. Then the Lagrangian multiplier was introduced to establish the constrained
Hamilton equation and the compatibility condition under generalized operators. Secondly, based on the invariance of the
Hamilton action under the infinitesimal transformation, Noether ’s theorem for constrained Hamiltonian systems under
generalized operators was established, and the symmetry and corresponding conserved quantity of the system were given.
Under certain conditions, Noether’s conservation of constrained Hamiltonian systems under generalized operators can be
reduced to Noether’s conservation of integer-order constrained Hamiltonian systems. Finally, an example illustrates the

application of the results.
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_ d ., 0H OH, . .
PailASy (Eai — Gai€ao) + | pai—AYqai — —2 a0 - —Léui+ (PaiASqai — Ha) ot
dt ot 0qai

0 d d X
Aaa _¢Aa Nai + Wpaiqai(t2)éao(t2) — K- (t2,1) = mpaiqai(t1)éao(t1) - K1-a (£, 11) + G4 = 0. (61)
Opai dt dt

AR (57) R M5 FAS, T 295K Hamilton 4819 Noether X R4,
FE1 X THTAY T2 Hamilton R48(45), £ TR/ BUITE R0, Eais martti R ZL(60), WIAELEANT (Y5F

i
i

t
Iy = (paiAYqai — Ha)éao + L {PaiAS(Eai — qaiéno)+
1
(Eai — qaila0) [ By pai — mK1—o (12, T)pai(t2) + WK1 —o (T, 1) pai(t)) 1} dT+

t d t d
WQu1DEn0(02) [ Pai(®) Tk1-a (07T =mgai ()60 () || pai(0) kg (rn)dr = const. (62)

HERR  HE(26) . (45). (60) 1] f5dl, /dt = 0.
EI 2 XTHEFAT 295 Hamilton R45(45), B AETE— VT RELGA, (HTCBR /N BLTTEnos Eniy maiiih
A (61), WIAFTEQN T <P H
InG = (PaiAyqai — Ha)éao + L:{PA:'A%@A:‘ —qaia0)+
(€ai = ai€a0) [ By pai — mK1_o(t2, T)pai(tz) + wki_o (T, 1) pai(t) }d7+

t d t d
wqai(t2)éao(ta) Ll PAi(T)aKl—a(ZZaT)dT —mqai(t1)éao(tr) L PAi(T)E_KI—a(T, n)dr+Gy =const.  (63)

AR f13K(26) . (45), (61)75dlG/di = 0.

E 6 Ako(t,1)= (=0 T(@), M =M, M =MLl B M = M3, 158 (60) . (61) e B 1, a2 B 2 73 5 43 5] 72
Riemann-Liouville 43 % By & 4% . 47 Riemann-Liouville 43 5% B 5 %X . Riesz-Riemann-Liouville 43 £ B 5 £ T 2 B By 29 3R
Hamilton %M Noether X[ FRE 5 Noether #EXTHR I LI S B M ~FIE & .

4.2 EFB;, TR Hamilton &4tH) Noether EHE

% 851 By, Y Hamilton ffH1

(5]
SBZJ; [psi- Byqsi—Hp (1,95, pp)]dt, i=1,2,---,n. (64)
1
5 ATCRR /N He.
t=t+At, gpi = qpi(t) + Agpi, ppi(f) = pri(t) + Appi, (65)
HRFH N
I=1t+0p&po(t,qp,pp)+0(08), Gri = qpi(t) +O0p&pi(t,qp, pp) +0(6p),
_ (66)
Dai(H) = ppi(t) +0pnai (t,q5, pp) +0(0p),
Hrhop TR/ NSEL, Epo, Epin np WICAR/INETT, i = 1,2, 0.
_ 2 - _ 153 ”
ASp=S8p—-Sp= L_I [ﬁBiBOMéBi - Hp(t, QB,PB)]dl—J;I [pBiBY;qBi — Hpt,q5, ppldt =
0 [ | pai- By En— o) + P~ Bin— ) e 208 g (puu By~ Hi) o +
B | PBi* Dy \&Bi — 4BiSB0O PBi dr M94Bi ot B0 0qs Bi T \PBiD y/qBi B)SBO
6¢Ba . .
ABa W’]Bi +wppiKi-o (t2,1) Gi(t2)Epo(12) —mppiki_q (t,11) Gi(t1)Epo(tr) | dt, 67
Bi

Hrp
Epo(t1) = Epo (11,9 (1), pB (1)), Epo(t2) = Epo (t2,qB(12) , P (12)),
MZ (fl,f,fz,m,w).

BT BY, T 295K Hamilton 245 HY Noether X k245 Hamilton 7 7E TG R /INVEH(65) T HYAASTE, B
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i EASE =0, i (67)15

d 0H 0H .
PeiBYy; (Epi — Gmi€po) + (pBi d—Bﬁl/;C]Bi -—= )fBo - Epi+(pBiBygpi— Hp) Epo+
t ot an,‘
a¢Ba . . _
ABq EUB:’ +wppiKi-o (t2,1) Bi(t2)Eo(t2) — mppiki—o (t,11) pi(t1)épo(t) = 0. (68)

K (68) PR HFATBY, T 247 Hamilton R4EMHY Noether S5,
X T ICRR /N (65), UnAR i R AS 5 = —Ltz %(AGB)dtﬁEfL, HHAGE = 05Gp, G (t,q5,pp) WH T BY, T
FIE R, B
d OH O0H, .
PiBy; (€pi — qBiépo) + (PB:‘@BLCI& - a—tB)fBo - ﬁ;g&' +(pBiByqsi — Hp)Epo+

9¢pa . , :
_(9([1)72 i + WPBiKi-o (12,1) 45i(12)Ep0(12) — Mppiki-a (,11) 4pi(t1)Epo(11) + G = 0. (69)
1

2245 (65) Fr M FAFBY, T 293K Hamilton R4EHYT Noether HEXTHRAS 4.
EIE 3 X THET By, FH Hamilton RGE(51), #7TCBR/ NN ITER , Epis it R (68), WIAFAELNTF YT

/lBa

Bl

AI\E
t
Ig = (pBiBygsi — Hp)Epo + LI [pBiBYy; (é8i — qBiéBo) + (€Bi — GBiEB0) Alyye Pai]dT+
. t
wqpi(t2)Epo (12) L PBi (D) Ki—o (b2, T)dT—

t
masi (1) €m0 (1) || pai (¥)K1-q (7.01)dT = const. (70)

HERR  i(40) . (51). (68) R 15dIp/dt = 0.
EE 4 XTHEF BT 295 Hamilton R4E(51), A AETE— VL rRELG 5, 1 TCBR /N BLITERo s Epiy mpiiih
JEF(69), WIAFAEUN T S &

t
I = (pBiBYyqsi — Hp)épo + L [pBiBYy; (éBi — qBiéBo) + (€Bi — 4BiEBo) Al PaildT+
. t
Wini (1) Em (1) | poi()x1_ (12, T
1

t
mas; (1) €m0 (1) || pai (1)k1-a (7.11)dT + Gp = const. 71

MERR HX(40). (51). (69) A F5dIgg/dt = 0.

F7 Bt =0-0D" (@), BM=M, M=MVL&M=M, i1z (68) . (69) FilE B 3, &8 4 4 5115 8] 72
Caputo 73 U S %0 . £ Caputo 73 BB %L . Riesz-Caputo 73 5 B S BT 70 0B £ 7R Hamilton & 4t A Noether XJ i P 5
Noether X FRMA: LI T80 ~FE 2.

5 &5 fi
BH1 FEAETAY T E T RS, H Lagrange PRECH
b 1
Ly= —g(t]m)2 + 5(%2)2 +3 (qa2A%9a1 — qa1AYqa2) (72>

Hob,  MIEH B, W51 R R0 Noether X FRPE 557 [H i,
H(18) ., (19) K™ &) Fl Hamilton &35k

0Ly 1 0L 1

_ = L b = - g, (73)
pai 314;{,,%1 261A2 PaA2 9 . 261A1

c b
Hy = patAYqar + Pa2Ayqar — Lo = 5(61/41)2 - E(‘]AZ)Z- (74)
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Hidet[Hy;;] = 0, 115 Lagrange PREUZEAT 519, W H1 3K (26) ATAS PR HI M2 3R

1 1
dai =PA1—§QA2=0, ¢A2:pA2+EC]A1 =0. (75

A ] 557 Lagrange 27
{bé]AICIAZ + Aa1qa1 + Pa2AYqar — Gail By qar — mki—o(t2, ) par(t2) + wpar(t1)ki-o (2, 11)] = 0,
cqa1gaz + Aa2Ga> — Pa1AGqas + Gar[ By qar — mki—o(t2, )pai(t2) + wpai (t)k1—a(t, 11)] = 0.
= (45). (76)15
{A‘;f,;qu = =2bqa> +2[ By par — mki—o(t2, ) par(tz) + wpar(t)ki—o(t,11)],
ASqa2 = —2cqa1 = 2[Bjy. par —mki—o(t2, ) pai(t2) + wpai (t)K1—a(t, 11)].
N (77) MR G Wiz sy .
ma(61)%%
Pa1AY; (Ear — Ga1éao) + ParASy (Eax — quoéao) — cqaréar + bqaréar+

(76)

VD

d d .
Pat T AYqar + Pa2—AYqaz |Eao + Aainar + Aaznaz + (Pa1AYyqar + pacAYqar — Ha)éxo+
dr dr

d d
wpa1qai(t2) 'on(lz)aKka(lz,t) - mpAICIAl(tl)fAO(tl)aKl—a(t, )+

d d .
wPA2£1A2(l‘2)§A0(t2)d—tK1—a (t2,1) —mparqaz (1) €ao (1) 3o (t,t1)+G, =0. (78>

X (78)HfE N
Er0=-1, 1 =€0=0, 41 =112=0, G} =0. (79
&I EM 2 1583)sHEE

c b ' d d
In = —| pa1AYqa1 + Pa2AYqar — 56]3;1 + 5%242) + Ll {pAl EA(})(/[QAI +Paz d—TAXMAzﬂL

Ga1 [Biyye par —mKi—q (12, T) pa1 (t2) + k1o (T,11) par (11)] +
Ga2 [ By paz —mki—o (t2,7) pa2 (12) + WK1 —o (T, 11) paz (1) )]}dT = const. (80)

R, 2 ko(t,7) = (t—1) T(@), 24 M = My(M = M3 M = M), @ — I [ 1514 = Hy = const, I [IAE
PR AL AT AT 38 BURN AR I TE T BB FL SR Y Noether a3, 3% 5 3CHR [7] HhR9S5 R—2L.

6 44 1w

O3B AR A AE Ry 25 A S ) B T L, BB NS T 4 Ml i ol — BB AE OB B 85T JE ik e 1 [R) R, ) el 47
SRS — HRAZKE, WHHXHEIE SIRT, #-Mills 5% A1 5 Lagrange & Frfiid. A8 G IFIER T
] EF T 295 Hamilton R45H Noether 2 3. FE GTHAAN T

1) BT AT T 5% Lagrange T FEA AR LR,

2) @A T AT T 2% Hamilton 25¢, FH Poisson 1555 % R G A B 44

3) #ESTIFUER] T AT T 293 Hamilton 401 Noether & P,

4) HA K (t,7) = (t—7)* Y T(@), H %M = My, M = My Ll KM = My}, W45 2 3% T /2 (47 ) Riemann-Liouville
R S EL . 2 CF) Caputo 705U 544 . Riesz-Riemann-Liouville 7344 [ S 401 Riesz-Caputo 7344 Fir S50 19
R 2R Hamilton RGERIXFRME S SFE R, Mo — 18], |7 T T 290 Hamilton J7 IR AL A 2 HUB By
THOC, X5 3CHk [2] HrEs R —EL.

I YETF I HRRGEEARZ BEASIIFE, AN Lie XFARM: . Mei XFFRMEZE. AN, B ] ROBE AR 4R AL
AT DARI B 5 B R G R S R G A AT, BT AR T RUBE ) U5 7 R G AR M S P E i
R (EAFIFFE .
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