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The Cubic B-Spline Method for a Class of Caputo-Fabrizio
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Abstract: Based on the basic theorem of fractional calculus and the cubic B-spline theory, the cubic B-spline
method for numerical solution of linear Caputo-Fabrizio fractional differential equations was proposed. The bas-
ic theorem of fractional calculus was used to transform the initial value problem into an expression about the
solution function, and the cubic B-spline function was used to approximate the integrand function in the ex-
pression. Then the numerical solutions of the Caputo-Fabrizio fractional differential equations were calculated.
The error estimation, convergence and stability of the constructed cubic B-spline method were given theoreti-
cally. Numerical experiments show that, the presented numerical method is feasible and effective in solving a
class of Caputo-Fabrizio fractional differential equations, and the computation accuracy and efficiency are bet-

ter than the 2 existing numerical methods.
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Table 1 Maximum errors and convergence orders of 3 numerical methods for @ = 0.3 (case 1)
N method in ref. [14] rater  CPU time T/s method in ref. [18]  rater  CPU time T /s S, rater  CPU time T /s
4 2.863 3E-4 - 0.000 6 4.244 2E-4 - 0.000 3 4.861 4E-6 - 0.000 1
8 2.181 2E-5 3.714 5 0.001 5 2.634 4E-5 4.001 0 0.001 1 3.039 0E-7 3.999 7 0.000 2
16 1.495 5E-6 3.866 4 0.004 3 1.640 7E-6 4.005 1 0.001 2 1.899 5E-8 3.999 9 0.000 2
32 9.776 7E-8 39351 0.010 7 1.023 6E-7 4.002 6 0.015 7 1.187 2E-9 4.000 0 0.000 4
64 6.247 4E-9 3.968 0 0.046 2 6.391 9E-9 4.001 3 0.033 1 7.420 7E-11 3.999 9 0.002 8
128 3.947 8E-10 3.984 1 0.292 1 4.821 1E-10 3.728 8 0.185 1 4.645 2E-12 3.997 8 0.005 6
F2 Ma = 0.7 0,3 FEE RG2S RS (1HH 1)
Table 2 Maximum errors and convergence orders of 3 numerical methods fora = 0.7 (case 1)
N method in ref. [ 14] rate r CPU time T /s method in ref. [ 18] rater  CPU time T /s S3 rater  CPU time T /s
4 1.498 SE-3 - 0.000 5 2.440 9E-3 - 0.000 3 6.803 8E-5 - 0.000 2
8 1.131 7E-4 3.727 0 0.002 7 1.477 4E-4 4.046 3 0.001 1 4.278 2E-6 3.9913 0.000 2
16 7.205 3E-6 3.9733 0.004 1 9.070 8E-6 4.025 7 0.001 5 2.677 9E-7 3.997 8 0.000 3
32 4.431 2E-7 4.023 3 0.021 2 5.616 7E-7 4.013 4 0.016 8 1.674 3E-8 3.999 5 0.000 3
64 3.077 3E-8 3.848 0 0.046 9 3.493 8E-8 4.006 9 0.040 4 1.046 6E-9 3.999 9 0.002 6
128 2.046 OE-9 3.910 8 0.303 5 2.178 4E-9 4.003 5 0.212 4 6.541 1E-11 4.000 0 0.005 5
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fora = 0.3 (case 1)

Maximum errors of the 3 numerical methods

Fig. 2 Maximum errors of the 3 numerical methods

fora = 0.7 (case 1)
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Table 3 Maximum errors and convergence orders of 3 numerical methods fora = 0.3 ( case 2)

N method in ref. [14] rater  CPU time T/s method in ref. [ 18] rater  CPU time T /s S, rater  CPU time T /s
4 1.044 5E-3 - 0.000 8 1.882 9F-3 - 0.000 2 2.909 0E-5 - 0.000 2
8 7592 6E-5  3.782 0 0.003 5 1.104 9E—4 4.090 9 0.001 2 1.806 0E-6  4.009 7 0.000 3
16 53547E-6  3.8257 0.004 6 6.649 OE—6 4.054 7 0.001 9 1.127 0E-7  4.002 3 0.000 3
32 3.6333E-7 3.8815 0.021 3 4.070 3E-7 4.030 0 0.014 8 7.040 6E-9  4.000 6 0.000 6
64 2381 4E-8  3.9314 0.047 4 2.512 5E-8 4.017 9 0.0382  4.400 3E-10  4.000 0 0.003 8
128 1.3194E-9  4.173 9 0.300 7 1.338 OE-9 42310 02696 2753 6E-11  3.9982 0.007 7

R4 Mo = 0.7 M3 FEUETIER ECRZE TS (5L 2)

Table 4 Maximum errors and convergence orders of 3 numerical methods fora = 0.7 ( case 2)

N method in ref. [14] rater CPU time T/s method in ref. [ 18]  rater CPU time T /s S, rate r CPU time T /s
4 2.550 6E-3 - 0.000 8 4.181 8E-3 - 0.000 3 2.068 7E-4 - 0.000 2
8 2.102 SE-4 3.600 7 0.003 2 2.302 9E-4 4.182 6 0.001 3 1.256 8E-5 4.041 0 0.000 2
16 1.295 5SE-5 4.020 5 0.004 7 1.352 3E-5 4.090 0 0.001 7 7.797 OE-7 4.010 6 0.000 4
32 7.477 9E-7 4.1147 0.025 8 8.194 8E-7 4.044 6 0.015 6 4.863 9E-8 4.002 7 0.000 6
64 4.419 4E-8 4.080 7 0.050 2 5.043 7E-8 4.0222 0.035 4 3.038 5E-9 4.000 7 0.004 1

128 2.930 SE-9 3.914 6 0.333 5 3.128 2E-9 4.0111 0.284 8 1.898 9E-10  4.000 2 0.007 3
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Fig. 5 Maximum errors of the 3 numerical methods Fig. 6 Maximum errors of the 3 numerical methods
fora = 0.3 (case 2) fora = 0.7 (case 2)
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Fig. 7 Absolute errors of each node with Fig. 8 Numerical solutions of each node with
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1 - 2a + 2a°

1
“Dfu(t) =|:— aexp( tj +acost + (1 —a)sin t:| ,

(19)
u(0) =0,
Horp KSHRMRE R w(e) = sin ¢, AR 2 £(0) = 0.

C R EAAT S3(1;) =/(1,) (j=0,1,---,N) FEEDFFEME S5(0) =£"(0) ,S5(1) =" (1) WL, [E5E >
ENBCN =10 000, {# 3 FEUE 72253 DR EATE ) a(a = 0.3,0.5,0.7) BrAY Caputo-Fabrizio 438U i 43
JiFEBUER, — HHE R T = 1 000,24 « = 0.3,0.5,0.7 i, 3 FEUE 7 B AE AR SAR 4 xR 2 (|e]=
lu(t,) —u,|) FAAXFIRZE (&' = |e|/u(t,)) SR HIaNER 5 3R 6 TR 7 iR, 3 FPE(E Ty 12 B AF X 15 25 %
FeanfE 9 & 10 A 11 fR.

®5 a =03, N = 10000 HF,3 FEE R DY AL Y200 X5 22 FRE G i 22

Table 5 The absolute and relative errors of the 3 numerical methods at different nodes fora = 0.3, N = 10 000

method in ref. [ 14] method in ref. [ 18] s,

t; (CPU time T = 25.11 s) (CPU time T = 23.05 s) (CPU time T = 10.91 s) exa?l
absolute error | & | relative error &’ absolute error | & | relative error &’ absolute error | £ | relative error &’ solution
100 1.179 7E-6 -2.329 6E-6 1.105 8E-6 -2.183 6E-6 5.867 9E-9 -1.158 8E-8 -0.506 4
200 1.418 9E-6 -1.624 8E-6 1.594 7E-6 -1.826 1E-6 5.127 6E-9 -5.871 5E-9 -0.873 3
300 1.591 7E-6 -1.592 1E-6 1.658 1E-6 -1.658 4E-6 2.809 SE-8 -2.810 OE-8 -0.999 8
400 1.650 6E-6 -1.939 8E-6 1.278 6E-6 -1.502 6E-6 5.670 9E-8 -6.664 6E-8 -0.850 9
500 1.579 2E-6 -3.375 8E-6 5.608 3E-7 -1.198 9E-6 8.309 1E-8 -1.776 2E-7 -0.467 8
600 1.397 3E-6 3.161 3E-5 2.977 OE-7 6.735 3E-6 9.997 6E-8 2.261 9E-6 0.044 2
700 1.154 9E-6 2.123 0E-6 1.060 SE-6 1.949 4E-6 1.027 2E-7 1.888 2E-7 0.544 0
800 9.188 7E-7 1.027 8E-6 1.517 6E-6 1.697 5E-6 9.055 4E-8 1.012 9E-7 0.894 0
900 7.540 9E-7 7.557 SE-17 1.543 1E-6 1.546 5SE-6 6.684 1E-8 6.698 8E-8 0.997 8
1 000 7.059 8E-7 8.537 7TE-7 1.129 9E-6 1.366 4E-6 3.814 1E-8 4.612 5E-8 0.826 9

H128 5 i, S5k % block-by-block 532 AR 2 I BB I AR LG , =R B FE SR DT EETEAN [ s Ak 1
2 %15 22 FAHX DR 22BN, Bk K TR 38 AN [) 35 A5 ) 5 A 12 P LAAR -t 8 30 9 A A, O HLAS SO7
1Y CPU a5 a W i 81 9 JT7s 3 FhER(E vk i ARG 1 25 74 30 19 s AL AR 1B 5 HA
PN AR L, A SO P AR RS AR A, 3 FEUE Jr s AR X 22 22 1 7 2543 1128 1.074 4x107° 7.603 0
X107 1 5.157 2x107° B8R, =R B FEL T IR TESK A Caputo-Fabrizio 4385 B i 43 77 B b L At W b 7 2%
TR E.
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0 200 400 600 800 1 000
t
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Fig. 9 Relative errors of 3 numerical methods fora = 0.3 Fig. 10 Relative errors of 3 numerical methods fora = 0.5
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Table 6  The absolute and relative errors of the 3 numerical methods at different nodes fora = 0.5, N = 10 000
method in ref. [ 14] method in ref. [ 18] S5
exact
L (CPU time T = 25.21s) (CPU time T = 21.79s) (CPU time T = 10.72s) solution
absolute error | & | relative error &’ absolute error | & | relative error &’ absolute error | & | relative error &’
100 3.560 3E-6 -7.030 6E-6 -7.030 6E-6 -4.480 6E-6 9.535 4E-8 -1.883 0E-7 -0.506 4
200 4.582 3E-6 -5.247 2E-6 -5.247 2E-6 -3.733 8E-6 9.478 3E-8 -1.085 3E-7 -0.873 3
300 5.143 2E-6 -5.144 3E-6 -5.144 3E-6 -3.374 4E-6 6.810 3E-8 -6.811 6E-8 -0.999 8
400 5.088 5E-6 -5.980 1E-6 -5.980 1E-6 -3.028 3E-6 2.266 0E-8 -2.663 1E-8 -0.850 9
500 4.433 2E-6 -9.476 TE-6 -9.476 TE-6 -2.329 0E-6 2.903 1E-8 -6.205 8E-8 -0.467 8
600 3.357 8E-6 7.596 9E-5 7.596 9E-5 1.535 6E-5 7.273 TE-8 1.645 6E-6 0.044 2
700 2.158 5E-6 3.967 8E-6 3.967 8E-6 4.119 3E-6 9.642 3E-8 1.772 5E-7 0.544 0
800 1.165 4E-6 1.303 6E-6 1.303 6E-6 3.542 4E-6 9.356 7E-8 1.046 6E-7 0.894 0
900 6.520 4E-7 6.534 7TE-7 6.534 TE-7 3.208 8E-6 6.495 6E-8 6.509 9E-8 0.997 8
1 000 7.597 TE-17 9.188 2E-7 9.188 2E-7 2.824 8E-6 1.840 6E-8 2.2258E-8 0.826 9

12 6 i, S5 EAGH % block-by-block 512 AR 2 BB I AR LG , =R B FE 2R 7 EEFEAN [ 15 s Ak 1y
2t %o} 1 22 FAH X 1R 220/ )N e A s[RI Y THAR0 AN 1)1 5 b 8 SO figp 120 T AR G b 3 30 S 0 e, OF ELAS SO
B9 CPU B[, THARAK R T U e 18] 10 Firss 3 R 7 vk AR R 25 26 3 s b 3 AR B 5 30 A
PAFP 5 AR E , A SO R R PR RS T A A1, 3 Fh B (B s AR X3 22 1Y 5 2253900 6.410 8x107"%,3.654 9
x107" F12.853 2x 107" B4R , =K B BEA 5 B AE R f# Caputo-Fabrizio 435U B i 43 7 FE IS E Al W A 5 %
HNERE.

R7 =07, N = 10000 3 FEE T ALY R A4 X 15 25 A X R 25

Table 7 The absolute and relative errors of the 3 numerical methods at different nodes fora = 0.7, N = 10 000

method in ref. [ 14] method in ref. [ 18] S,
exact

t; (CPU time T = 26.02 s) (CPU time T = 22.70 s) (CPU time T = 10.21 s)

solution

absolute error | £ | relative error &’ absolute error | & | relative error &’ absolute error | £ | relative error &’

100 1.272 2E-5 -2.512 2E-5 3.742 0E-6 -7.389 4E-6 1.541 SE-6 -3.044 1E-6 -0.506 4
200 1.759 9E-5 -2.015 2E-5 5.318 1E-6 -6.089 7E-6 1.565 8E-6 -1.793 0E-6 -0.873 3
300 1.973 9E-5 -1.974 3E-5 5.409 3E-6 -5.410 4E-6 1.555 0E-6 -1.555 3E-6 -0.999 8
400 1.855 2E-5 -2.180 3E-5 3.990 5E-6 -4.689 7TE-6 1.512 1E-6 -1.777 OE-6 -0.850 9
500 1.436 5E-5 -3.070 8E-5 1.452 4E-6 -3.104 7E-6 1.448 9E-6 -3.097 2E-6 -0.467 8
600 8.331 4E-6 1.884 9E-4 1.506 2E-6 3.407 7E-5 1.382 8E-6 3.128 4E-5 0.044 2
700 2.112 3E-6 3.882 8E-6 4.070 5E-6 7.482 5E-6 1.332 0E-6 2.448 5E-6 0.544 0
800 2.579 9E-6 2.885 8E-6 5.534 5E-6 6.190 7E-6 1.310 5E-6 1.465 9E-6 0.894 0
900 4.453 1E-6 4.462 9E-6 5.495 0E-6 5.507 1E-6 1.324 2E-6 1.327 2E-6 0.997 8
1 000 2.991 4E-6 3.617 6E-6 3.962 9E-6 4.792 5SE-6 1.369 6E-6 1.656 3E-6 0.826 9

M2 7 F7R , S8R block-by-block F3 PR = B EUE 7 WL AH LG, =K B BRI AE AN A1 S Ak 1y
2t %R 25 FIAH T IR 225N, G ast K BT A 31330 R )47 b R B30 A 38 ] AAR G- b 3 30 RS 6 A, O LA SO
Y CPU e 5%, T3 T M.

B (a) Y a = 0.7 BF 3 R I A RIRFR 2250 e, 11 (b)) R BRI B (B s i =k B RS
I AERTRZE XS ot B 11 BT7R 3 FEUE 7 i 28 0 s A 54 e AR AR 5 LA P R YA L, AR SOk 1
SRR AR AN, 3 FhEME Ty AR X R 22 1 U5 2253 51y 4.188 4x1077,1.514 5x 107 1.051 7x 107, A
I, =K B BESRTIATER M Caputo-Fabrizio 435U 43 Jr Rt EE A B A ik T A .
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