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Forced Vibration Analysis of Euler-Bernoulli Double-Beam Systems
by Means of Green’s Functions

ZHAO Xiang, MENG Shiyao
( School of Civil Engineering and Geomatics, Southwest Petroleum University, Chengdu 610500, P.R.China )

Abstract: Double-curved-beam (DCB) systems are usually seen in many engineering fields. Compared to straight double-
beam systems, DCB systems are more efficient in noise and vibration control problems. To obtain closed-form solutions of
steady-state forced vibrations of DCB systems, the classical Euler-Bernoulli curved beam (ECB) model was employed to
model vibration equations for the DCB systems. Green’s functions and the Laplace transform methods were used to get the
closed-form solutions to the vibration equations for the DCB systems. These solutions apply to arbitrary boundary
conditions. Numerical tests were conducted to verify the present solutions with related results from previous literatures.
Effects of some important geometric and physical parameters on vibration responses and the interaction between the elastic
layer stiffness and the DCB system, were discussed. The results show that, the DCB system will degenerate to a straight
double-beam system when the 2 radii approach infinity, moreover, the DCB system can be simplified as one comprising a

straight beam and a curved beam.
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B RA 1 10 AR SR AR, FTLABAAE 10 ASAEIE W, 0), W (0), W) (0), W ()FIW? (0)(i=1, 2). [ I,
T S ] S R R G211 Green pREUE X H
Gi1(x,x0) = H(x = x0) 11 (x — x0) + ¢31 (x) W] (0) + ¢pa1 (x) W} (0) + 51 (x) W[ (0) +
P61 () Wi (0) + 71 (x) W1 (0) + do1 (x) W5 (0) + o1 (x) W3 (0) +
G111 YWY (0)+ pra1 (Y WSD (0) + 13,1 () WS (0), (29)
G2 (x,x0) = H(x — x0) ¢12 (x — x0) + @32 (x) W[ (0) + ¢pap (x) W[ (0) + ¢s2 (x) W[ (0) +
062 (X) WP (0) + 72 (1) W (0) + oz (x) W5 (0) + 10,2 (x) Wy (0) +
G112 COWS (0)+ p122 () WD (0) + 3.2 (x) WS (0). (30)
W% 1T, T A A AR, T [ S, WA A SR SO AR AR A, RS A i ] S
B Green PREL—HFE, 34 MR [A]—id Bt v LIAS 2AH N AY Green pREL.

R XUHMBAF 5%
Table 1 Boundary conditions (BCs) of the DCB

BC beam ECB
pinned upper beam Wilxzor =0, sW + 16W) mor =0, AW + 20 W) + A3 W] +214W |xcoz =0
bottom beam Walxcor =0, osWAY + s WY |vco.r =0, Aot W + A WY + o3 W) + 424 W |xco, =0
fred upper beam W |X=0,L =0, W, |X=0,L =0, A W{S) + AWy’ |X=0,L =0
bottom beam W, |X:0,L =0, W} |X:0,L =0, 121 W;S) + A WY’ |x:0,L =0
free upper beam W'lx=0.L =0, W{"l1=0.=0, A11 W}S) + AW+ 0aWilz0L =0
bottom beam WY ls=o. = 0, W3 [x=0..=0, At WS + A3 W + Wi Lz, = 0

4 B Ratie
TR, 0 L DI H S HG IR, Ex = L/24b S B0 S0 T P AR .l T 7 R L, 51 A it
LS H:

f= G (x;x0) Q

h X Xo K
) ) == 5 = " ’Q,:_,K ==, (31)
I 2 o 78 (x; x0) . o Ko=%

H, whya = L [(48ED R SERAPZ BN R T I RIRORHFGEE, Qo = 7 E1/(0A)/ L*J2: EB H)—[r AT S,

f:
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41 fREBRCERIE

AR /N B R R G R AR & R SR I S5 JT L, BOIE T 9% RGBT 00 sk ZE B Soh e
ZHERN AR RS Green PRELH AT LIR AL R 5 il 2 AN 2 R G2 Green PR FI X — s T LUK ] 52
R GERY Green PRETFIEA TIR AT UE. AR M 22 09 20 3 CHE ST R P A28 TJ055 KT, 1220 Green pRZL
i AT LB A Y Green pRELR. [R1HE, XU R Gt Al 7EE A28 T I055 KRIHE AN SUE 21 Green pRIEL
fift, PR SPE)Z2 R B N, W LIS S B R AR AR, DRI, RDREOUH 32 2R e AR A A5 SRk [8] 2B 7 RE. Anf&d 2
JIE7R, BEAE 53K [8] HHAHIRI MBS, i FAEAE AR TGS R E5HE, A S0 BB AR = 10 000 mAS 51 (1)
S5F5 Sk [17] R BRITHABISEAY) &

J T LI EAS SO R B, AR SCHEE 2B ARR = 10 000 m, MR FRPER R E = 2.0x 10! Pa, 342 NI
Ji£ Ko = 0.000 25E, K XU 32 ZR ST AL J WU 3 3R Ge A B i 2 SRl 55 3CHk [8] FEAWI&, WKl 3 . Rk, A 3C
il P A A LABGIE .

0
i - = present solution-ECB1 ¢
\ — present solution-ECB2 ’
“02r % v ref. [17] Y
LY ’
v ® 3D-FEM result L4 -04}
’
L v, v 4
o \j ’ I~ . U R NS
2 A h 2
1=0.6 b y - ;
N % 4 = 08
o0 Yo ~ % N
i % - 1 " —a—ref. [I8],EBI ~aeo--"
. oy * ref. [18],EB2
10k M R L4 i -1.2F --- ECBI degenerated solution
’ —ECB2 degenerated solution
0 0.50 1.00 0 0.50 1.00
¢ ¢
2 RS S M RAE SN B TR e A B B 3 RSOSSN S VR TR B9 JC s 49
Fig.2 Dimensionless displacement g(¢, 0.5)(n=1, m=1, 2) of the Fig.3 Dimensionless displacement g(¢, 0.5)(n=1, m=1, 2) of the
degenerated ECB as a function of dimensionless coordinate & degenerated DCB as a function of dimensionless coordinate &

4.2 JLAHIESEI R
AN 58T T Winkler P JZ BPAR | G248 | S R A4 N A 2 X6 4 e 107 149 52 0 LA K XL HK
ol I OY R -A T

0 p—===o=s P r—— P S | 0
% =2 ECBI 7
'-.. K =0.0005E ___ ESB2 "’ |
o K =005 _* ECBI »
_ . — ECB2 & _ 0.06
\n . o~ (s
Ci ~0.4 X ‘. .. Y S
w . ey ] v
5 . . 5
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. o~ R=8 ECBI1* s
g™ L% -~ ECB2 \, J
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4 AHRIERAN R S R A T XUt SR I e N Bl 5 AS[R|EAR AR R 5 2 s A e AR [ S NAR T 3t 2 A

gnm(&,0.5)(n=1, m=1,2) (R = 100, &’ =0.5) TN g (€, 0.5)(n=1, m=1,2) (Ko = 0.1, & = 0.5)

Fig. 4 Dimensionless Green’s function g, (¢, 0.5)(n=1, m=1,2) as a Fig. 5 Dimensionless Green’s function g,,,(¢, 0.5)(n=1, m=1,2) as a
function of dimensionless coordinate x for different values of function of dimensionless coordinate x for different radius

stiffness modulus K(R = 100, 2’ = 0.5) values (Ko = 0.1, Q" =0.5)
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4 JT 7 SR AR R AR AN () i S S A R RSN T XUk SR A e AN A3 8%, FUR AR b J2 o 2404k
(it e85 L e, PR R AT LA Hh Bl SR 2 SR A G0 R, 3R A0 0 AN 2 AR el ), T SR B G A AL
R NYIHRAR R, iR BT AR 29 RAG BN, 2 Winkler 52 SRS BRI —E L LI, WU AR
GEAT— AR, H B IR A T B DR T —2K, Hlg11(0.5,0.5) = £12(0.5,0.5).

5 e ANl ARAR ] 3 2 s i AR R Sl & U S A e 41 288, AP R m] DU 242
KR HHT 5% 28 G A5 BEBOR . MBI 7, A AR A ORI, i SEeP- 22, 24 il R4 T I0T5 Ik, i 2
LR IERE 2 ORI T B2, 5 ELA A HE R R ARG PR, DRI, A MR e 11 4 2 e P
SR,

B 6 7 S A [P A [R] 5 2 SR A MAS [ Sl T XU S TG AL RS, DI PRl LU H i
IR B BN, HLAS R IR B 07 100 A B AN A 5 5 [ A 4R SR AH A5 I R G0 A A R, IRl
BB, ARG 32 0 IR SIARE S5 IR AE TSN AR, R WM 15 [ A PR SR AR 22 ORI, R ¢
HUETR W

0.04} o

&m(¢,0.5)
(=}

Q’'=5 —* ECBI

--- ECB2
02, . —e—ECBI
-0.04} Q' =10__EcR2
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Fig. 6 Dimensionless Green’s function g,,(¢, 0.5)(n=1, m=1, 2) as a function of dimensionless coordinate x for different external

frequency values(Kp = 0.1, ' =5, 10)
:I_: N
5 én ®

ASCiH i Laplace A8 e, RGHUFSGY T Wi fa] 52 . [ 32 . B B A0 T OO B2 38 3% 31 19 Green B8
B IF LA iy 18] S SR R, RS T A B AU B8 YR B Green pRECA] LUR AL XU ELZE | il B2 A0
B ELR R0 3R BN Green PREL. 3BT HRTY Winkler PR Z PRI | #9248 | AN [RIA S MBI 3 L K R it 22
ZB] AR A DS B s, 45 DU F 4518

1) Pt PR 2 B AT i 3G R, AU 2 b L B TC I W B B AR R, R R T i AN B BB A /N, e
R R e R N T3

2) fFE A2 R ARG R, AU SR A e N e B AR R, T B A S TR ) T i N
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SCHETRIFFE I BRI 2 2R A AH AT o AL TR R L 55

2%k ( References ) :

(1] Ef-F, B, R, 55, B - Sk B e n DU A A [ A IR (0. I 0 254#, 2020, 37(2): 833-839.
(WANG Jingping, GE Renyu, NIU Zhongrong, et al. Natural frequency calculation of a double-beam system
joined by a mass-spring device[J]. Chinese Journal of Applied Mechanics, 2020, 37(2): 833-839.(in Chinese) )

(2] 8%, WP, B&E, . — R BURIUR RET 8 I R ENEE [J]. JRsh TR, 2019, 32(1): 140-150. (HAN
Fei, DAN Danhui, ZHAO Lei, et al. Dynamic characteristic research on the double-beam system with shallow sag
and inclination[J]. Journal of Vibration Engineering, 2019, 32(1): 140-150.(in Chinese))



%2

W, 25 T Green BREUHT Euler-Bernoulli XU RS M 28550 177

(3]

[4]

(5]

L6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

ONISZCZUK Z. Forced transverse vibrations of an elastically connected complex simply supported double-beam
system[J]. Journal of Sound and Vibration, 2003, 264(2): 273-286.

ONISZCZUK Z. Free transverse vibrations of elastically connected simply supported double-beam complex sys-
tem [J]. Journal of Sound and Vibration, 2000, 232(2): 387-403.

ZHANG Y Q, LU Y, WANG S L, et al. Vibration and buckling of a double-beam system under compressive axi-
al loading[J]. Journal of Sound and Vibration, 2008, 318(1/2): 341-352.

WU Y, GAO Y. Dynamic response of a simply supported viscously damped double-beam system under the mov-
ing oscillator[J]. Journal of Sound and Vibration, 2016, 384: 194-209.

STOJANOVIC V, KOZIC P. Forced transverse vibration of Rayleigh and Timoshenko double-beam system with
effect of compressive axial load[J]. International Journal of Mechanical Sciences, 2012, 60(1): 59-71.

ZHAO X, CHEN B, LI Y H, et al. Forced vibration analysis of Timoshenko double-beam system under compress-
ive axial load by virtue of Green’s functions[J]. Journal of Sound and Vibration, 2020, 464: 115001.

N A, ARE, R . SRl R ES 00 M A A AR Y RN S 4 AT L] AR AL A 2020, 41(3): 302-318.
(BU Wankui, XU Hui, ZHAO Yucheng. Analysis on deformation and stress of bending stratum based on the
elastic theory for curved beams[J]. Applied Mathematics and Mechanics, 2020, 41(3): 302-318.(in Chinese))
FEaRE, T U, MRS, WO A IR S A R A S 5 L] R A2, 2022, 43(7): 719-726. (YUAN
Jiarui, DING Hu, CHEN Liqun. Analysis and simulation of natural frequencies of slightly curved pipes[J]. Ap-
plied Mathematics and Mechanics, 2022, 43(7): 719-726.(in Chinese))

BRI, AL, XFE 2. iR ITA T ISR L], BSR4, 1989, 10(6): 487-498. (LU Hexiang, TANG
Limin, LIU Xiulan. The curved beam element and its convergence rate[J]. Applied Mathematics and Mechanics,
1989, 10(6): 487-498.(in Chinese))

R, 1 TR, B, A OCT R IR S IR AR AT I A — BT D], J1eE 5 SRk, 2022, 44(5): 1189-1194.
(ZHAO Yinggang, YANG Yuwei, ZHAO Yingtao, et al. Further discussion on the analytical solutions to curved
beam and straight beam[J]. Mechanics in Engineering, 2022, 44(5): 1189-1194.(in Chinese))

TR, BORER, AR, 55, MERE M R AR e e STk R [J]. J12% 22 ), 2020, 41(3): 385-400. (QIAO Pizhong,
HUANG Sixin, LI Zhimin, et al. Advances in stability analysis of thin-walled curved beams[J]. Chinese
Quarterly of Mechanics, 2020, 41(3): 385-400.(in Chinese))

SHIN Y J, KWON K M, YUN J H. Vibration analysis of a circular arch with variable cross-section using differ-
ential transformation and generalized differential quadrature[J]. Journal of Sound and Vibration, 2008, 309(1/2):
9-19.

SOBHANI E, MASOODI A R. Differential quadrature technique for frequencies of the coupled circular arch-arch
beam bridge system[J]. Mechanics of Advanced Materials and Structures, 2022. DOI: 10.1080/15376494.2021.
2023920.

STOJANOVIC V, PETKOVIC M, MILIC D. Nonlinear vibrations of a coupled beam-arch bridge system[J].
Journal of Sound and Vibration, 2019, 464: 115000.

ZHAO X, LIS Y, ZHU W D, et al. Nonlinear forced vibration analysis of a multi-cracked Euler-Bernoulli curved
beam with inclusion of damping[J]. Mechanical Systems and Signal Processing, 2022, 180: 109147.

B, g, BBk, 4. 3£F Green pREUHL A Timoshenko BHZESRIA RSN 434 [J]. TR 1%, 2020, 37(11): 12-27.
(ZHAO Xiang, ZHOU Yang, SHAO Yongbo, et al. Analytical solutions for forced vibrations of Timoshenko
curved beam by means of Green’s functions[J]. Engineering Mechanics, 2020, 37(11): 12-27.(in Chinese))


https://doi.org/10.1016/S0022-460X(02)01166-5
https://doi.org/10.1006/jsvi.1999.2744
https://doi.org/10.1016/j.jsv.2016.08.022
https://doi.org/10.1016/j.ijmecsci.2012.04.009
https://doi.org/10.1016/j.jsv.2019.115001
https://doi.org/10.1007/BF02017892
https://doi.org/10.1007/BF02017892
https://doi.org/10.1016/j.ymssp.2022.109147
https://doi.org/10.1016/S0022-460X(02)01166-5
https://doi.org/10.1006/jsvi.1999.2744
https://doi.org/10.1016/j.jsv.2016.08.022
https://doi.org/10.1016/j.ijmecsci.2012.04.009
https://doi.org/10.1016/j.jsv.2019.115001
https://doi.org/10.1007/BF02017892
https://doi.org/10.1007/BF02017892
https://doi.org/10.1016/j.ymssp.2022.109147

	0 引　　言
	1 双曲梁系统模型的建立
	2 双曲梁系统控制方程的Green函数
	3 确定Green函数的待定系数
	4 数值分析及讨论
	4.1 解的有效性验证
	4.2 几何物理参数对解的影响

	5 结　　论
	参考文献

