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Abstract: Rubber material is widely used in practical engineering due to its good seismic and energy absorption
effect. However, the collision of hyperelastic materials is a strong nonlinear problem. It is of great significance
to analyze the contact collision and large deformation of hyperelastic materials to improve the buffering per-
formance of the device. The smoothed finite element method (S-FEM) is a weak form of numerical calculation
method. Compared with the traditional finite element method, the smoothed finite element method has low re-
quirements on the mesh quality, allows the element to undergo large deformation during the calculation

process, where the construction of the smooth domain is more flexible. The S-FEM has high accuracy without
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additional degrees of freedom. Based on the S-FEM, the double potential method was applied to contact calcu-
lation, with both advantages of the S-FEM in calculating large deformation problems and advantages of the
double potential method in solving contact force fully used. In comparison with the numerical results of finite el-
ement software MSC. Marc, the results of the proposed algorithm were verified with high accuracy and good

energy conservation, and the effects of the friction coefficient on the collision body were analyzed.

Key words: contact; large deformation; hyperelastic material; smoothed finite element method; bi-potential

theory

0 5l B

P fib AN AR T [0 R 02 AFAE T LRI 2 v, 0 A A X et A 2 Al A A D R 4
fil' R ARG ShA G, BRI R P il R 5 A AR M i e B BORIR D AR A5 4 RAFPURBRRZE v
RE R SRR A I3, 9 A7 B 554 v P SR W MSCRE S 2 ST 1 1 SRS i 4 1 v R e, 107 38 R 72 5
A T AR e SRR PR RE ), FITE Bh AR AL A 0% v T v DU BR R R PR Y R TE B A B
5T, SRR 1412 3h B A AR DG U A 2 S B2 A48 VR, B An T00Im 4 A (v 32 3h i 42 1)) AT AT A 5%
Bij 1 — Al T A AR S5 B0, B B AR PERE , PRI A fuh T () 17 ) AR A AT UK A2
Bl R G0 22 vhobh R VERE S S S SR it — 2 1048 =, ARG R fil 2l ) 27 AR5 7 TR SUA & T
I 8 8L P T 55

HTAPEA SR A 122 [ R0 0 501 5590k JR A, 310 an 570 e 450761 R Lagrange 610155, BRI 2 )y 2
ATz (B EIAS BEARSBA 1 A2 f it SR 2% A1 AR EE 45 A, T EL AR 6 455 335 19 571 IX) 7. Lagrange 7€ ¥ 12 UKl
JE ) ) b Al AR AR , HEAFIAT Lagrange e 1748 7 , Lagrange Te - 9 26X T 7 B ke T 5 IR 7 .
1 PR -2 MR A0 Tl A ] 5 L ) AR A 1T BT, D Saxcé il Feng 2515 3 T XA 16 SR SR A 122 fioh [m) 51, 37 1%
TEASEIN A BRI RTEE T, BE RS MER M 6 /2 75 ) B9 Signorini efih 20, CRETE 2 VI ] 1Y Coulomb JBE 85 1,
A7 i P 7 P, 7 AL 3R ik ) R ELAET 4 v A 2 A0 o P 26 U LA D 12 I AR ST A e 1 i 9
MAK. Peng %5 FE IR AR Uzawa FEERISERN I B2 T —Fh BAT BT 20RO T 45 A DUEA T 10 F 5k
BB AR TE 5 L

W& A BROTIE ER AL, AT R 30 28 i A R T IR A AE — 5 1 )R BRPE R B T o8 2 A 1Y
Galerkin 5518 XU AR 2R 1 = A B S50 A0 DU T 1A BT IORG BE 95 22 5 O ELYE TR0 AR vy | Xob A i A 19 o 122 25K
R o ok R B IR A AT BROT I  TE AR vk SRR TE B0 T i DRk S [l B L QIR A A BT AR AR 4R
JRIBRAEFRTTINER , TR A v B AR BB T BT SRR (B G AN AR 5 | [ R DI O A 12 1) 4 A A A6 1
SEIA Y THFE LA BROCIE i AR 2 A BROTIA AN S, Lin ™ 7245 BT I 3L Atk 1 2545 TC 0k vk AR,
Pt ORI A BT (S-FEM) M B a1 LA b R T S AR A (AR SRR A e A T
T AL L ARG TR R R BOY sRB B B B TR RV B Jacobi B I SR fife AE — E R
b A BRITIE SRV R T AR 25 W AT, At BT AR T S B R AR R AR TR L AR R R
PR T 3R fige stk AR S P 2 [P R, Ywe 2524 DRI 7 3 IO ) 22 AR 50 S5 ) R,

AR SCR I T TG A FRITEE (CSFEM ) |, 7 XUAHESE T Sl e S R f) e fid R8I Tl il 1 Se v 4
TSR AR Bl g 2 R ) B s R AR 3T R T BT 2K g A B Jmy iR e i g, PR 1m) 42 Jmy i Ak 4 ARy
HPIRA BN B ATy BRI , FE5E 4 Lagrange HEZE T K BT FE OGR4k, (ST 1 LM 4R % 17 22 R
T R R AR i 5 A BRICE A MSC. Mare BYBUETEBINT LG, PRIE T A [] BE 45 PR BON BR {25 R 19 52
Wiy, IE R TS R R

1 HiE &

1.1 HERSITE
T R IEN T, sh A s R 5 oh



552 LA 5 . Fefih 55 AT [ RO 1A BROT /A 129

Mii+Dgi+F, -F,_ -R, =0, (1)
Hrp, M s, D, ABJEHRE, F,, AN, F, 851, R, R o ISR, u e
PN

AR FH BB TE 22 0], Bl Tamma-Nambura 2 7 859547 I A AR 45 .

1+ At

f Mdi =M (@™ - '), (2)
t+At
f Fdi = A (1 -§)F' +EF™], W
t+At
| R =2, Y
uHAz_uz:At[(l _a)l'l’ +01'U*A‘J’ (5)

Kf,F=F_ , -F,,u WUBKE, SEEMOBPPUEN O < € <1 M0 <0 < LR EAELMEN T,
P RHEEL AL il AR L4743 25,38 5 Newton-Raphson 1548 57X 8l Jy 22 AR e My BRI 126X, a2 X
AR K= 1 FY =F

Fi+1 :Fi'm + E(uiﬂ _ ui) + E(l‘liﬂ _ uz) :Ffm _ KiAu _ D;Au’, (6)
u u

K, K WRIEERE AR (1) BB TAA MBI e
KAu=F + R, (7)
ut'=u + Au. (8)

ARERIBEAE S K A %% 1 3kde ol B R algh i
i i i i 1 1
K =¢K +0AIDA+0MM, (9)
F'=(1-¢)(F, +F,) +£(F, +F5) - MIZMW —u = A’ . (10)

t
A CH Newton-Raphson ¥ 3R fiff it 2 SOk BE DA 3 RIS A% W54 T ] [m]IF R4 748 2656 @ ks th

AFY < &, (11)
A’ |<e,. (12)

FAX 1) RC12) R 2, A REIRBPR 20K, PSR E BN ¢, = 0.001, &, = 0.001. Bk H 21X
A S HEAT R ST, AR S, S T

1
gUtAL 1 - — o+ t+Ar . 13
" ( " GAt(u “) )

1.2 ZhiSHEmMER

MBS PP L0 R0 M ORI N B, MR N 2 — BT DE R o il 4Rl e, Moreau ™ #7117
Pl R A Sh I T R BRI By g 25 64 bl TR 25 w7 80 ) 27 (R R Signorini 4551 (7 T 19 /2 5
TR IR,

Signorini (X T ) © %, =0,y =0, ayr, =0, (14)
Horr, &y = xon FoRUTE M n FAIXTEE ) = ron DT Z 8] T ) Al g R RE  ZE3h B 0T, Cou-
lomb JEEAEASE Y RE T 2 1) ek 3 Un] LS O
9=l —pr, <0,

CCoulamb<x"'tH ’rtu) A4 . r;X (15)

== A ., A=0,91=0,
7l

o xRl BE X AEYImI 1) ¢ Lo, v SR YIIRIEEER D) w SR B R BE SR R, A SR U] 1)l B (A e 2
A IR T, BT A 584 Signorini-Coulomb 2 filt v I 7] 5 A




130 A R~ G SO | ) =

2024 4F 3 45 &

rr=0,x =0, separating,
r‘ e intK,, x, =0, x; =0, sticking,
! (16)
r* e bdK,, &l =0, —x' = A ” r‘a ” (A >0),  sliding,
int K, f1 bd K, /R Coulomb FEFEEHE Y PYHE A FE.
A1 s A O, RO, AR, PP, 435 R HAR R s BT A Py ST R B AR AR
W Z B R R 5 AT LR R
Au=x(P,) —x(P,) =x,t +x,n, (17)
K, v, RS TE ¢ 0] LR | «, NEEAGIRETE n 7 0 G
x, =t'Au, x, =n'Au, (18)
t={1 0}",n=1{0 1}". (19)
|
x=1{x, x,} ={t'Au n'Au} ={t'" n'"}Au=HAu, (20)
H 2R AL s 2 31 4 Jry AL Bk 3R B RG0SR R 5 25 BRI IR TR Bt g, 20(20) AT LA S Sy
x=HAu +g. (21)
[F) B, A R AR bs 2R b 42 il r Bi0E R
r=rt+r,mn. (22)
Q,
t
2,
B 1 SRR
Fig. 1 Schematic diagram of the collision model
HR A K 2 S B Ry i A4 SR A AR G R
r'dx =R'Su. (23)
CIEEED!
R =H'r. (24)
MY UA L HES 15 BB R n Rk
x=HAu + g,
{ (25)
R . =H'r.
W (HARARIRK (25) b, T3
x=HAu +g=HK'(F+R,)) +g=HK 'R, + HK'F + g =HK 'H'r + x, . (26)
E X
W =HK 'H",
i, (27)
x,=HK 'F +g,

Horp, W TR R G AR Delassus 52717 S8 THEE A B2 BTREAK ] U 24 F X (7) Al



552 LA 5 . Fefih 55 AT [ RO 1A BROT /A 131

IN(rr IN(rc Au, F
L = , (28)
e M
Hrp, Au, AR R, Au, AHAT SN B LR, Au, 82T LU I X THER .
Au =K '(F -K_ Au). (29)
P (29) FRARI (28) , iTLATH 2]
K. Au =F" +R_, (30)
K =K_-K'K'K (31)
F' =—K'K'F (32)
AT 75
W, =(K:)". (33)

1.3 NE#EEMIPiL

AP & De Saxce Ml Feng T 1991 4F42 H A9 M T T7E Legendre 52 BEAYFERE I, 38 T Fenchel A%
A ST T —2H REAK AL P S R 1 7 AR HIR AL B 5 B =UARMEAT A DG RY )8, JF AR LA | 4 i TR
PR ARl EE S ) R B i B X R AT r AR — AR i T A E

b(~x*r)=T](r") +H<‘x3> tury | =xi (34)
Ao, TT, e AT () oo sl K, R S350 4568 BBU 29 2% 1, K, 9 Coulomb BEREHE,
R_= (- 00,00, MF57R BB SR ZI S ACAFRE B 0, T H+oo | 1] 5E Ly

0, r“e K, ,
H(r“)={ ' (35)
K, + o, others,
« 0’ _xze(_w’()}’
H(—x,,>={ (36)
N + oo, others.
A (34) WAL E N
ob (- x*,r" ab.(-x*,r
-x“ 670( ),r"‘ 67'( ). (37)
or” - ox°

F 3 (34) T, AR SRR & T 8 fil 1 5 U0 46 % RS 300, B AT TAS BE AR 20 B R A1 200 ST 1) 35 o 550 FH 34
I Lagrange Tt (37) #EAT AL PR AT 5 3

pb (=x*,r"") —=pb (—x*,r*) = [(r* —px*) —r*]-(r*" -r%), (38)
Horbr, p NG 7 (R AT O 2 BE R I F AT 3R o R B BRI Lagrange $6fil Ty r* ™ W LAZRIR N
rt =t —plx (et n] . (39)

Har- Lagrange Pefih g re HEFRAEAC T SRR R BN e AEAS 3 r )5, 75 2 AE Coulomb FEE
He AT RO B IE
re =pr0j,<ﬂ(ra*). (40)
WE 2 Fros B K S0 HEAEA A HEARE T, 20 (40) 473 BAR R B A
separating projK#(r“* ) =0, pllr | s-r",

 #
n ’

.. . o o * ||r;x* || _Mrzx r:‘*
sliding:  proj, (r*") =r"" - 5 L —un|, others ,
" I +u Fr
FIH Uzawa S5ER AR Ry e i 77, 3030 A 4 35 FUI A 1E P 5

prediction; r** " =po® —p(i)[X,(i> + (xf,i) +ul xt(i) [ )n],

sticking ; projK#(r“* y=r"", [r" | <pr

(41)

. a(i+l) . o (i+1) (42)
correction: r = prOJKM(" ),



132 A R~ G SO | ) = 2024 4 5545 45

Horr, i i+ 1 kAR Uzawa SRR R 42 il 1y 0 | i X (24) 5 SR il fk 0 Je 0y 4 JRy e fh g, s
HACAZZ(7) P RIARAS Au .

sticking
sliding
separating

2 Coulomb FEH4E
Fig. 2 Coulomb’ s frictional cone

1.4 XBTWHE

BBAT R — D BUS R IR B A J LT 5 X, 8 TR 2L P ) LT 0 v, IR BUR DR o u =
x = X, DU S5 DA i A 2 30 2 iR R ) AR TR A EE

ox, OJu,
F,=—=—+6,.
P oX, X,

JEHA FROCIE 2 d A BROCIE S & BRI BOR K SRR, 5 CSFEM | St sk ity b i it S 57 7 FEM-
Q4 LRl A% 2 1 K [RVBTSR Q 43 i N, AP ST, W R ST (B D &, TR B, Bl @ =u e 2 H 2 N
O =D # ) M TAERE— DT B I0 0 KR N AP OEHTE, Gl REAS 8 o 4 5ot DG
sz [B) Gl L, An i 3 R,

(43)

B3 IR A S
Fig. 3 Numbers of smooth domains to be divided
TEASCR A BT o R4y R 1,2,3,4,8 Fil 16 A6, 1] CSFEM-1SD , CSFEM-2SD | CSFEM-
3SD ,CSFEM-4SD ,CSFEM-8SD Fll CSFEM-16SD >KAric. &l 4 J&/R T 9 AP BTkl 430 36 A G iy
L.
FEGH A FRITIE 2 b | 38 2 D' ¥ 7 AR B AR S B N A AL 8 1 o A8 S A A — o x, Ab S

A & HUNTTHFIR



552 LA 5 . Fefih 55 AT [ RO 1A BROT /A 133

e(x) =] Vulx)(x, -x)do, (44)
O I x, PTRERGHESEL, ¢ (x, —x) &5 x, MHCRDEH REL, B2 fmzp(x,r -x)d2=1,

(45)

1/A;, x e (2,
U(x, —x)d()z{

x ¢ (2.

’

B4 ARSI RIS 4 el
Fig. 4 The finite element background mesh divided into 4 smooth domains
AR SR Heaviside BDGHE AN (45) B, A 0GR Q) iYTRIAR 8 Green HUE & PRI 7]
(GE

e(x) =] Vu(xy(x, -x)d0=
- jﬂ Vb (x, - x)u(x)d + %LZLu(x)dF -

1
—| L dr 46
A;fr; u(x)dr, (46)

Hd | L BB A B sNE M R g, T et s B aE B X D A h R E R A L
LBV AT Z R ALY, I AT ZE AR bR i L.
H I (43) 51 A Heaviside B BREL, 7] DAAS 2IDGH AR T BL A

Fyx) =] Fx)w(x, -x)d2=

s

k

du, W (x, —x),; 1 du,
J —tlf(xk—x)d_(2+5i.:—f Muidﬂ+—j —dl+6, =
o X, ! o 0X; Al 90X, !
1 B}
A;jrzuinjd]_' +8, = Vu(x,) +96,. (47)
RIS AL F , 1424 Cauchy-Green A8 B 7K it C.
C=F'F. (48)

NG Green-Lagrange W A8 5K & E iy
E=(C-D), (49)
Horp 1Ak,
TEAR SRR RL R A AR SC Z2 | 0748 B 3 pRA W o2 iy A8 5K et Y RUBE PRER, 38 28 XT3 Green-Lagrange
Asak B E SRR S5 55 61 Piola-Kirchhoff [i7 J13k & S .



134 [ 3 I Q= S | I N B = 2024 4E i 45 &
§="=a", (50)
OE  aC
X IO B DU A L T LS S
C 2
D = ﬁ = a_ W_ ; (51)
OE JEJE
>wW
Dy =——. (52)
IE I,
Blatz-Ko 57038 F TR R ASTE AR 2 FON AR e % B2 s A ek 20y
Gy(1
w="|2+2/I, -5], (53)
2\,

Hrf, 6, METYIRER 1.(i=1,2,3) Fm47 6N Green-Lagrange A8 ik C FIAS £ 58 5328 (50) , 155157 1
3KHE S T Green-Lagrange V785K i E AR
S(E)=G,[n(2E +I)"' - (2E +1)*], (54)
Hrr, n =+/det(2E + I) JRAMRISREA LIF kR,
Dy =Gyt -2nQRE +1);' +n(2E +I);' +n(2E +1);'(2E +1);' +
20E+ D (2E+1);' + 2E+1);'(2E +1),;*] } . (55)

2 HAa F

QAT 5 JT 7 o SR AR 0 R Ry =0 2 R o A A/ INRR A X R X B IR e, /N
.0 O KUAEFR (0 m,0 m) , 248 R =0.01 m , BUE RS TG A 44504 A (0.005 m,0 m) , B (0.015 m,0 m),
€ (0.015 m,0.035 m), D (0.012 m,0.035 m) , Z5/NERTEN— T ELAYEE V), =- 30 m/s, /NEREBE p = 700
kg/m*. ] Blatz-Ko BERR AR AL /DR LB UIEE G = 3 MPa, 2l X BREE SN K w9 0.2,

;
D¢

o X

A B

5 P AR ) Al A A
Fig. 5 The collision model for hyperelastic bodies
1R THEA R BESE VBT | 5 /NI 1 3K S5 AT B A [ s 2] R T by ) e K7 L BT 6 Sy A
P/ NER B IR AR BT von Mises N ) 25 BB AR 3 Fh 00T B9 e KW BRI B A E B2 5. T
BLQO/NER T BEAR BAIG , SBU I TR, R 8 s, R 1T I P 4 DR BB 35 A, I 1 o 8 AR BRI, HL e K
;3 8 53 A 32 A% 2 B 425 fuh 2R 1 A TR,



552 LA 5 . Fefih 55 AT [ RO 1A BROT /A 135

R A EEAERECR R 2T 5 3 F L5

Table 1  Three conditions at different moments with different friction coefficients
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Fig. 6 The von Mises stress contours for 3 conditions
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Table 2 Comparison results of calculation efficiency

time integration method contact algorithm total CPU Tcpy /s
MSC.Mare Newmark implicit penalty 9.48
FEM Ist-order implicit bi-potential 20.1
CSFEM-1SD Ist-order implicit bi-potential 9.887
CSFEM-2SD Ist-order implicit bi-potential 11.058
CSFEM-3SD Ist-order implicit bi-potential 12.415
CSFEM-4SD Ist-order implicit bi-potential 13.495
CSFEM-8SD Ist-order implicit bi-potential 17.627
CSFEM-16SD Ist-order implicit bi-potential 26.314
y
(@)
o
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A
h
L
] l

B9 M AR A
Fig. 9 The collision model for hyperelastic bodies
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Fig. 11 Nodal displacement-time histories for contact zone 1
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Fig. 13 The model for 2 colliding balls
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