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Abstract: The membrane is one of the most widely used structures in engineering. Because the theoretical so-
lution of the structure’ s natural vibration characteristics is related to the trigonometric function family, the ac-
curacy of the finite element solution is not very high by the conventional low-order element analysis. Although
the h-type finite element method can improve the accuracy of the finite element solution with refined meshing of
the structure, the corresponding pre-processing is relatively difficult, and the accuracy of the finite element so-
lution may be reduced if the refined mesh is distorted. Based on the p-type finite element method, 2 quadrilater-
al high order isoparametric elements, i.e., isoparametric element Q16 with 16 nodes and isoparametric element
Q13 with 13 nodes, were constructed to study the free vibration characteristics of membranes. Examples of

membranes with different shapes and different boundary conditions show that, the proposed elements have fas-
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ter convergence rates, higher computational accuracies and efficiencies than conventional low-order isopara-

metric elements.

Key words: membrane free vibration; p-type finite element; vibration characteristic
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Fig. 2 A square membrane with 3 fixed sides and 1 free
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Table 1 The Ist 10 natural frequencies of the 3-sides-fixed and one-side-free membrane based on Q13, Q9, Q8 and Q4 (unit; Hz)

element type

Q13 Q9 Q8 Q4
N-F (m, n) N, =2 N,=4 N, =16 N, =100 N, =100 N, =100 N, = 900 exact!2!]
(g =6) (g =18)  (ugy =84)  (ugy =570)  (ugy =380)  (ugy =280)  (uyy =870)

I(m=1,n=1) 0.342 0.340 0.340 0.340 0.340 0.340 0.340 0.340
2m=2,n=1) 0.556 0.549 0.549 0.549 0.549 0.549 0.549 0.549
3(m=1,n=2) 0.647 0.631 0.627 0.627 0.627 0.627 0.628 0.627
4(m=2,n=2) 0.831 0.768 0.761 0.761 0.761 0.761 0.762 0.761
S5(m=3,n=1) 0.904 0.829 0.820 0.819 0.820 0.820 0.821 0.819
6(m=1,n=3) 1.399 0.949 0.926 0.926 0.926 0.926 0.929 0.926
T(m =3, n=2) - 1.048 0.975 0.974 0.974 0.974 0.977 0.974
$(m=2,n=3) - 1.064 1.021 1.021 1.021 1.021 1.024 1.021
9(m=4,n=1) - 1.164 1.109 1.108 1.109 1.109 1.113 1.108
10(m =3, n=3) - 1.265 1.190 1.188 1.189 1.189 1.193 1.188

time cost /s 3.25 5.85 24.66 122.75 46.69 42.19 182.17 -
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®2 SHhRE 3 A IR 10 B A ARIR (2T Q16,Q9.08 A1 Q4 ) (Hf7: Hz)
Table 2 The Ist 10 natural frequencies of the 3-sides-fixed and one-side-free membrane based on Q16, Q9, Q8 and Q4 (unit: Hz)

element type

N-F (m, n) wle ® o N :
N, =2 N, =4 N, = 16 N, = 100 N, = 100 N, = 100 N, = 900 exact[2!]
(g =12) (g =30)  (ugy =132) (ugy =870)  (ugyy =380)  (ugy =280)  (uyy =870)
I(m=1,n=1) 0.342 0.340 0.340 0.340 0.340 0.340 0.340 0.340
2(m=2,n=1) 0.550 0.549 0.549 0.549 0.549 0.549 0.549 0.549
3(m=1,n=2) 0.646 0.627 0.627 0.627 0.627 0.627 0.628 0.627
4(m =2,n=2) 0.776 0.761 0.761 0.761 0.761 0.761 0.762 0.761
S5(m=3,n=1) 0.828 0.820 0.820 0.819 0.820 0.820 0.821 0.819
6(m=1,n=23) 0.993 0.926 0.926 0.925 0.926 0.926 0.929 0.926
7(m =3,n=2) 1.160 0.974 0.974 0.974 0.974 0.974 0.977 0.974
8(m =2,n =3) 1.282 1.021 1.021 1.021 1.021 1.021 1.024 1.021
I9(m =4,n=1) 1.719 1.109 1.109 1.108 1.109 1.109 1.113 1.108
10(m =3, n = 3) 1.804 1.189 1.189 1.188 1.189 1.189 1.193 1.188
time cost /s 9.55 19.37 77.45 428.38 46.69 42.19 182.17 -
(a) 55 1 o7y (b) %52 KA (¢) 453 BriRm
(a) Mode 1 (b) Mode 2 (c¢) Mode 3
(d) %5 4 B (e) 455 BriRm (f) 46 6 HriR™
(d) Mode 4 (e) Mode 5 (f) Mode 6

B3 =hEE—AhIT R 6 Kk

Fig. 3 The 1st 6 modes of a membrane with 3 sides fixed and one side free
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Fig. 4 A square membrane with an inside crack
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AR, W64 4> Q13 HITHUIRILT 225 4~ 08 5 Q9 HITHR, WL T 900 4~ Q4 HITHIL R X FFK
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Table 3 The 1st 5 eigenvalues of the cracked membrane based on Q13, Q9, Q8 and Q4

element type

Q13 Q9 Q8 Q4
NF N, =2 N, =4 N, = 16 N, = 64 N, = 225 N, = 225 N, = 900 exact
(14 =6) (uger =15)  (ugy =78)  (ugy =348)  (ugy =855)  (ugy =630)  (uy, =855)
1 8.842 2 8.726 3 8.539 2 8.454 6 8.563 7 8.580 8 8.464 7 8.371 312
2 16.999 2 16.815 2 16.648 5 16.645 6 16.644 3 16.644 4 16.685 5 16.645 3[%2
3 31.107 5 28.807 3 27.996 6 27.977 9 27.979 17 27.979 7 28.098 2 27.977 70!
4 33.498 5 32.188 4 31.024 0 30.759 0 31.049 5 31.093 7 30.916 2 30.536 413
5 63.512 3 44.514 7 42.798 4 42.551 3 42.696 7 42.718 2 42.845 3 42.447 915
time cost /s 3.42 5.53 19.91 77.70 244.89 125.58 178.03
A REEERIOHT 5 B IEE (JET 016,09.08 H1 Q4 H.IT)
Table 4 The Ist 5 eigenvalues of the cracked membrane based on Q16, Q9, Q8 and Q4
element type
Q16 Q9 Q8 Q4
NF N, =2 N, =4 N, = 16 N, = 64 N, = 225 N, = 225 N, = 900 exact
(g =12) (g =27)  (ugy =126)  (ugy =540)  (ugyr =855)  (ugy =630)  (uy, =855)
1 8.652 0 8.597 0 8.476 5 8.423 8 8.563 7 8.580 8 8.464 7 8.371 322
2 16.940 1 16.792 6 16.647 4 16.645 4 16.644 3 16.644 4 16.685 5 16.645 3122
3 29.159 8 28.500 7 27.994 8 27.977 8 27.979 7 27.979 7 28.098 2 27.977 713!
4 32.424 9 31.8356 30.853 0 30.676 6 31.049 5 31.093 7 30.916 2 30.536 403
5 45.050 7 43.884 1 42.725 3 42.513 4 42.696 7 42.718 2 42.845 3 42.447 93]
time cost /s 9.20 17.15 66.36 269.39 244.89 125.58 178.03

3.3 HBEHERER

B 6 Frons [0 90° PR B LW EE M, N ShFA220 510 0.5 m Hil 1 m, AR Z5 4 )5
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PBFS LR B 1, 4 e 0 Q13 Fl Q16 FAITIAHZZE AT 10 By A IRIERSHL, 45 K 5 W& 5
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(a) % 1 BriR# (b) #i2 iR (e) 55 3 Ky
(a) Mode 1 (b) Mode 2 (¢) Mode 3
5 ZUEWIEAT 3 HriRal
Fig. 5 The Ist 3 modes of a square membrane with an inside crack
6 M EIEMIK
Fig. 6 An annular membrane
£5 IREILMBRINT 10 B EIBESH LT Q13.09.08 A Q4 M5E)
Table 5 The 1st 10 natural vibration frequency parameters of an annular membrane (based on Q13, Q9, Q8 and Q4)
element type
NF Q13 Q9 Q8 Q4
N, =4 N, =8 N,=12 N, =25 N,=36 N, =64 N, =225 N, = 225 N, = 400 exactl”]
(gor =10) (g =22) (ugy =49) (g =121) (ugy =181) (ugy =337) (ugy =841) (ugy =616) (uy =361)
1 6.842 6 6.842 3 6.814 1 6.813 8 6.813 8 6.813 8 6.813 9 6.813 9 6.826 0 6.814 0
2 8.3133 8.301 0 8.267 3 8.266 8 8.266 7 8.266 7 8.266 9 8.266 8 8.291 6 8.267 0
3 10.3380  10.237 7 10.191 6 10.1902  10.1894  10.189 0 10.189 8 10.189 6 10.257 0 10.189 0
4 12.5372 12407 7 12.3230  12.3204 123145 12.311 9 12.314 5 12.314 1 12.467 2 12.311 0
5 132814  13.2706 129294  12.8557 128556  12.8555 12.856 2 12.855 8 12.916 8 12.856 0
6 143305 14.168 6  13.816 7 13.7427  13.7424  13.7423 13.743 1 13.742 6 13.809 4 13.742 0
7 15.7394  14.739 1 14.546 8 14576 8 14516 6 14.505 1 14.511 6 145110 14.802 0 14.502 0
8 169430 157106  15.198 1 15.1123  15.1106  15.110 1 15.111 4 15.110 7 15.207 8 15.110 0
9 20.4380  17.245 1 16.806 1 16.829 1 16.7944  16.7153 16.727 9 16.727 0 17.017 1 16.706 0

10 24941 9 17.922 7 16.987 4 16.854 1 16.845 1 16.841 8 16.844 7 16.843 8 17.216 0 16.841 0

time cost /s 28.13 55.09 83.25 174.13 257.67 462.43 447.65 333.32 104.52 -

M2 5 AT, DABE e R BRI R 200 12 4 Q13 BT (JRIm %5y 6 BE #1020k 2 BY) I, By
3 B ARHRZ N, 23 91294 0.001 5% ,0.003 6% ,0.025 5% ;55 4 ~6 By A IRSURSENAERHR Z LA
ML 0.6% ;1M 7~ 10 BRI R RTR 2243 9129 4 0.308 9% ,0.583 1% ,0.599 2% ,0.869 3%.1ii %43 36 4>
Q13 FATTH (J& 10 AR M 3455538 6 BE) Wil -1 F IR S E AR R 22 ABAR /N BREE 7 B ISR 9 B i A X
PR3N 0.100 7%F1 0.529 2% , AL A # T 0.01% ; i %143 g 64 A BT (S 1) AR 1) 214543 g 8 BY)
I, AT 6 B HIRIR S B AR HR 2280, A 0.06%.
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b, 2% 6 W BRI %140 12 .36 1 64 ASETTHT SR Q16 ST TS RT =/ B IRE S5

A BEEE Q13 FATTHE &1, FLisy B A R0 R S 5008 22 Bl S AN IR im0 0820, i 64 4> Q16 Hocit 5
FIFARSE 10 By A SRR SE A X R 2210R 0.004%.
SV, [FI55 A% T Q16 FICHURE EE = T Q13 ST HARIRFrAE A M, RS T Q13 FITH

R 5y, PO LT AR PR BRI /D 7 5 T T 64 A Q16 HAITTHR TR IR S5 M 6 B Pk T
(H AR R IE X R 573 64 ERIT).
®6 FEIEMIRIAT 10 B HRIESE(HET 016.09.Q8 FI Q4 HiiT)

Table 6 The 1st 10 natural vibration frequency parameters of an annular membrane ( based on Q16 , Q9, Q8 and Q4)

element type

016 Q9 08 04
N N,=4 N, =8 N, =12 N, =25 N, =36 N, =64 N, =225 N, =225 N, =400  cpaul”
Ctrger =22) (g =46) (g =85) (g =196) (114 =289) (1140 =529) (g =841) (ugyr =616) (uyy =361)
1 6.8422 68422 68141 68138 68138 68138 6.813 9 6.813 9 6.826 0 6.814 0
2 83003 83000 82671  8.2668 82667  8.2667 8.266 9 8.266 8 8.291 6 8.267 0
3 102331 102289  10.1906  10.190 1  10.1893  10.1890  10.1898  10.1896 102570  10.1890
4 124126 123559 123178 123200 123144 123119 123145 12.314 1 124672 123110
5 13.2670 132671 129294 128557 12.8556 12.8555  12.8562  12.8558 129168  12.8560
6 141142 141141 138150 137426 137424 137423 13743 1 137426 13.8094  13.7420
7 14.6670 145497 145227 145749 145161 145051 145116 145110 148020  14.5020
8 15460 1 154570 151823 151111 151103 151100 151114 151107 152078  15.1100
9 17.101 6 167622  16.8039  16.8233 167929 167152 167279 167270  17.017 1 16.706 0
10 172709 172201 169175 16.8488 16.8439 16.8417  16.844 7 16.8438  17.2160  16.841 0
lime cost /s 72.13 144.05 214.37 444 51 66142  1176.72 447.65 333.32 104.52 -
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(d) %5 4 By
(d) Mode 4
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(b) %52 By
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Fig. 7 The Ist 6 modes of the annular membrane
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