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Abstract: The vertical vibration control of nonlinear viscoelastic vibration isolation systems with time delay
feedback was studied. Based on the viscoelastic nonlinear Zener model, a time delay controller was introduced
to establish the mathematical model for time delay feedback viscoelastic vibration isolation system. The approxi-
mate analytical solution under the condition of primary resonance was obtained with the multiscale method. The
stability conditions of the system were obtained based on the Routh-Hurwitz theory. Finally, the correlation be-
tween the time delay parameters and the vibration behavior of the viscoelastic vibration isolation system was an-
alyzed. The results show that, the time delay controller can effectively control the unstable behaviors and vibra-

tion amplitudes of the viscoelastic vertical vibration system, and the time delay parameters can be used as inde-
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pendent variables to regulate the vibration characteristics of the system. The work provides a theoretical guid-

ance for the application of time delay control to improve the vertical vibration stability of viscoelastic vibration
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Fig. 1 The equivalent mechanical model for the viscoelastic isolation system

2 RGN

21 ZREZXITE

22 U 1 B AR JE AR 5 | AR A [R] st 1 RURE Ay s [ A8 S oK 3K S s (1) A gt 5 A o 7 728 i I XoF s [i]
P4 5 B8 RN 45 AN [ s T RS B 22 0 B PRI 580, SR 5 35 T DTG 2 (e 2 45 B B i 7 i ok
HEAT IR A4

i F
£=w§,f<x’x) =ef,(x,%), i=2,9§, L =eF,
m m m m
' y 0<exl.
&1 &> 1
Sgp=;,8gd=;,y=&\/,b=z,(2=w0+80',
£ (1) 5K (2) AT T

i+ wgx = &(Feos(() — fi(x,6) = 20(& —5) +ga(t—7,) +gui(t—7,)), (3)
y + bogy =% . (4)

B 1 AR Y f(w %) Bmh ax’, BIf (x,4) = e’ TR, FETHBR AW 2504, 1] 15
- 2bAw? + 2iAw,

‘wp + 1

e = 2w, + = 3aA’A - 2iw DA + ig,wAe " + g AeT" =0, (5)

. 1 ; MR P b o
ﬁA(TO’TI"“> :?G(To,Tla"'>ela(T0'Tl' )a ;H\:EP a(TO’Tl"”> ,0( TO’TI"”> ﬁ%u%]‘lﬁ%’i%fﬁ%ﬂjﬂ’fi.

K EAACA, 70 B A I A K05 1 P 25 3004 SR MR 6 , 7+

2 oy .
Fsi wyal X ag sin(w,7,) ag,cos(w,7,)
Dya = sin( ) . 02 - g, o), & 072 ’ (6)
2w, X wy + 4L 2w, 2
S 3 2w,a X ag cos(w,T agsin(w,T
aD1¢:a0+Fcos(lﬂ)_3aa_2; §2+ g, cos( 01>+ g sin( 02), 7
2w, 8w, Xw, + 4L 2w, 2
Hp, ¢y =To-90.
W Da =aDpp =0, 1FEHEM N T FRUAE
F? a)(z)a{)(z agpsin(wOTl) agcos(w,T,) z
_— = + —_
40)(2) XQwé + 4{2 2w, 2
3a’a 2‘00“)@2 agpcos(wOT]) ag,sin(w,T,) ?
ao — - + + . (8)
8w, X’w; + 4 2w, 2

AR5 AT A R U3 — AL PP A e i S 05 X R 0 2R 9 1 1 i 2 AR 17 L o 5 A T R Bt S
B MRS FL P AR A o 0 ARG 3 (8) T A3 JE I 1 ) 2R e iR s e (193531



202 A I G I | A B = 2025 4 5 46 &
| F |
amax = 3 2 ) (9)
2wl X .
m + gpSIH(wOTI> - wyg,cos(w,T,)
0
| F|(Xawqy + 42%)
- %0 2 (10)
2wyl X
R, AT 808 R R
a"lﬂx 1
P s (n
Qs - [gpsm(wo’rl) - wogcos(w,7,) ] (X w, +4°)
2 X

M SR ER R, 3R/ | 2R G0 IR S48 il /KT8 5, AT G 3k 8 5 s S 0K 3045 fie /MR FE I
BN TRIESHT, 1, = 7,0, =& + 7 JASCHR[ 21 ] 745 SOBE ARG LU AS 5 /2 AN ERA, R DL R AR A 22 R
/2,53 (11) Al E Ny

@ s 1
R = - = . (12)
@ ax (gp + w,g,)sin(w,T) (szé + 4{2)

1+ T
2w, X

22 FTHEMERTEHEEH
DR AEE R TR (6) A7) " E
Fsin(i) B (uga{Xz _ag})Sin(onl) . ag,cos(w,T,)

2w, Xw) + 40 2w, 2

=0, (13)

. Feos() . 3dla ) 20X . gpcos(a)UT]) . gisin(w,7,) _o. (14)
20 8w, X'y + 47 2w, 2
T FETFERRIRE Y B 0, Py RERTIOR A TR NS o, Al g, EIREORRIOTT i
4

{a=a10 tay, =, +i,, (15)

a=a,, IL=I,Z/“.
B (15 RAK(13) . (14) MU ELETRIT o, Fl g, , SEUT RIS RS .

a S, S\ (an
o)l 56 0

Wl X* g,sin(w,7,)  gycos(wyT,) Fsin(i,,) 3aa,, Fcos(i,,)
/\EP,SI:_ ) 2 * ’SZ:_ ’S3 == ’S4= .
Xwy + 4 2w, 2 2w,(a,, +a,) 4w, 2w,
F 4 L3R Jacobi HiFE , ATA5 2 LLUT R 7 2 .
)\2_(51 +5,)A + (5,5, - 8,8,) =0, (17)
FR4E Routh-Hurwitz #EI) 20 J7 B2 (13) FI(14) fldiE e & i FE B 4y
S, +S,<0,S,S,-S,8, >0. (18)

3 Hhr RO AE M PR IR 2R S AR B0 4 il

N TR RIS R AR ARG S m =1,k =4,k = 1,0, =0.3,c=0.02,F,=0.2,6 =0.1,g,
=g, =7, =7, = 0, FERAM R B B R () B0 e A DL AR A7 % L Bl 2 s, = 2R G R ) 1y 1) 501 i
S @M ) S AR UE T a2 R A e .

A (12) el 3 Fir s 1Y 22 0 5 Dol 25 Bifd sl s A8 TR A RS, AT 5 s Xof 28 6 138 ) 41 2 ) 4 il RO DA
3 A WREE ] | Hh i X 28 29 6% i 4% 4 AR 2 R PR AR Ak | LR IX sl A s R RO S AR s i R L 35840
X S P AR RSN, 7 = m/20, NIREITHZ — 76 7 € (0,1.5) X% ¢, 5 g, FIHEK,



552 EESTR P b R PO (2 e R A RN M R A TIE e st L 203

TR/, 45 SRR 25 SR 5 SOk [ 13 ] 455 — B, NN s i 2 I DX T] P AL

FIHZ(8) I E 4 BRI ER S H F, = 0.035, 43 BIBIESE 5 7 B i 60 8 8 I ok 2 40 9% I £
S R IR G — AR SE T LIRS HT R A5, A0 B IR s AR08 U 2 % 2R 0 i i S R S 4 s, FE
P vt (T 0 g AR A B RN R A A8 i ik sl i

3

*  numerical solution 247802
analytical solution

R
0 2 4 0 2 4
0 T
B2 e AT B3 RGEFEWEHEIHRIEL (¢ = 0.07)
Fig. 2 Comparison between numerical and Fig. 3 The decay rates of the system varying
analytical solutions with the time delay (¢ = 0.07)
0.20 0.20
— g,=05 —_—g,=05
- - -g~10 - - -g="10
- = g,=15 - = g,="15
0.15} ! 0.15 !
I I I\ \ A ) A
a a /
I I°\ g H . L e
NN RN
4 Nt W/ M A VAVAVE
3 = & v </ N7 N7
0.05 : . : . 0.05 .
0 4 8 0 4 8
T T
(a) gg =7, =0
84= 0.4 g2,=-04
020F - - - =06 020F - - - 8=-0.6
— — 8038 - —g=-08
0.15 A 015F A
" ‘\ " "
a ‘9 I, I\ a I"\ | ‘4 |
) \ "~ . 0 1 Ing l \ 4
" \/\/\\/\ 0.10 /\\/\/\/
N )
S = N 3 \-7 <7 z
0.05 . . . . 0.05
0 4 8 0 4 8
7, T

(b)g, =7, =0
B 4 TR A5 4 R 0T I - iR i o 2%
Fig. 4 Delay-amplitude curves under different feedback gain coefficients

E OO TR BB, B T LIS AR S I SRR J T

2P 5 A 6 o iy P BMR o3 M AS ) s i S 4530 £ 28 A UL R et i ok 28 S i sl A 52 i ] v 5
LR TRE M RN AT E MR 5 SR T AN [R] IRy S5 539 4 28 OGS 28 8 MR Al 2 4 82 ) A2 (XA T A A
Pt s ELIH i B NG B0, (A% A S 1510 2 2R KO SR MR (E R/ N A S, SUR A A A T k% Bl



204 VA I G I A = 2025 4F 45 46 %

L IR B A5 A 2R R (A 08 DR, 20 DX S et/ N 28 9 2 | AR 0 8 s/, L I 45 25 1 U2
IR S A £ 2R SOBCSR(ELINS I B0 R Fe B, 18] 5(b) s SR i RIAR T 70% Zc 4.

—_—=0 —g=1.0 —g,=0 —_— =10
Lok=— =%=0 - =g=10 Lok— =&=0 - =g,=-10
— =05 —g,=15 —=-05 —g,=-15

[ — —g,=05 - =g,=-15

a a
0.5F 0.5
0 0
=2, 0 2 -2 0 2
g
(a)r, =15,g,=7,=0 (b7, =-15,g,=71,=0
—_— =0 —_g=0
-_— - Z=0 —_— = 2=0
1.0 & 1o} &
—_— g,=045 —_— g,=045

()7, =045, g, =7, =0 (d)r, =-045, ¢, =7, =0
B 5 AR A5G a5 R BT iy iRt Lk
Fig. 5 Amplitude frequency curves under different feedback gain coefficients

&l 6 S T AN [] s i X0 2R 98 M 0 4 () 52 i DL 6 () AT LAOUREE 3], 78 I 48 B iy S 3 o, R aiR MR A
SZALRE (Lt ) I S A 25 2R B WE B R I A A I e 13 0N, L 22 (E DA /N 2 R
ML 6(b) AT LIRS 2, 258 B i iy B 15 25 2R B00R A B, 7 T 32 B JR 80 P, M i 15 i o sl i £ P 498 K
B/ | HL 28 X A, 2 28 Vel /I 12 T 2 T > 3 32 i S 15t 39 2 2R 5K B I 7 BT B SRy SR A o, e
WL P 5 P e PR 8 DRI 84 C [] s o2 3 1 300 22 {1 IX 0l DL b, ZE A TR IR 1 ), m) DAGE 2o 86 5 B 7 %

P ¥ AR 32 i 2 R ) 3 R G PR S AR

1.2 1.2
— 1, =0 — =0
- =7=0 L — =71=0
— T1=(.04
0.8 —_ — 7,=0.04
| —7=0.08
a - — T=(.12 a

(a) g, =15, g4 =7,=0



55 2 3] EESTR P b R PO (2 e R A RN M R A TIE e st L 205

1.2
—T,=()
f=— =10
—_—1,=0.85

08— —1,=0.85

(c)gg =045,g, =7, =0 (d) gg =-045,¢, =7, =0
B 6 AN [ b dk N 2k

Fig. 6 Amplitude frequency curves under different time delays
KT RIRSE AN o i SR I i e o i AR E R RS B S B o = 0, 2RI 7 B iR TE 7,
7y BISZMRT 353 DXCIRAAE A SR A RS RS, TR A0 DA AE 22 iR i B 22 (AR G, X 1 Y X
WO AT E LN 7 TP TR 2L BT Sk XN BB TE 7, -7, ST N BT BSR4 3 20 S AN R E DX
AR R TR 7 M r, BOSEIE T BRE XU AR E DX A A2 1, B IX Rt e e il 22 32 J 4 4
EX A COb ALY 2

(b) g, =- 15, g4 =-045
B7 57 F7, A RHEE X ERATE X5
Fig. 7 Stable and unstable regions related to 7, and 7,
K8 JE/R T o = 0 I, AN[RI Ny i i o 12 BE i I 0 A9 224, mT I S L | i i 2 1L 22 B R
WA R e AR AR A, B A BRI G FLFE F = 0.035 Bib AN [ I it A 1 500 B R e A e M A A



206

=
&
=
s

7 A 2025 4F 3 46 &

(4, 2510 7T 518 7 AR 45 e AR EL Ik,

2

_— =1
— 12:2
—_—=3

- — F,=0.035

£
(a) g, = 1.5, g4 =045, 7, =1 (b)g, =15,g,=045,7 =3
2
|
|
|
|
|
a a 1
—_— T, =]
Ll E—— 72:2
| —_—1,=3
- — F,=0.035
L 1 L 1 0 | L 1 1 L
0 0.2 0.4 0 0.2 0.4
F, Fy
(c) & =~ 1.5, g, =-045, 7, =3 (d) & =~ 1.5, g4 =- 045, 7, = 4.8

B8 AT S T SR -4k R it £k

Fig. 8 External excitation-amplitude curves under different time delay parameters
4 N5
4 4 e

ARSCAERE AR LA R IR R GE I T 5282 0 RE s i S A tE AT 68 o) i sl 2 il 20 B , AT 22 RORE k3
AT R G A LR A R AT [0 7 A2 AR Routh-Hurwitz #ENIERAS T R G MARE 4R R 5 558 T I &
Hooh 258 % PR SR RS20, A T LT 458

1) BRIk R SRR E k-5 A S BOBMEAT 5C | B 4 28 BOMIRH A 5wl 4 D ik S7 42 1) 2 00 1 R 48, il
FORFIRE RS

2) R S i 2T R B Uk R G S IR I S R R £ A KT A i N EE R T B 2 X
3, TR 400 o) o i 2 9 128 1 0 3l )

3) W Ao 2R 8 Nt e IR Sl L 10 5 i S B S0 P 728, AR T2 % I s, o B2 I 7 S 150 4 AR
B BB T R GRS IR Sl RO

BIFTE A5 RN A Rl s AR L B I 2 8 1) S ey 1 LA B S A IR B 5L, D it — 2B A B BAE Zener
B IR BRIk R e M il ] RS 1 Sy, 7T AR 2 51k Zener A4 784 7 ST BR TAE Hh A 1 T AROR , &
TTH5 LA B AT R4 T I LASE IR S0 , ik — 20 5838 A SRR AR AV BRIk R GO TE 45

Bt A SCVEE B0 = m W2 KR 5 1A I H (2023D41) FiE W3 TR % H SRR = 0 o8 5L 4
(NFEIH ) (241120230015 ) X 24 SC A% .

2% 3k (References)

[1] FAN R, MENG G, YANG J, et al. Experimental study of the effect of viscoelastic damping materials on noise



#

EESTR P b R PO (2 e R A RN M R A TIE e st L 207

[10]

[11]

[12]

[15]

[18]

[19]

[20]

[21]

[22]

and vibration reduction within railway vehicles| J]. Journal of Sound and Vibration, 2009, 319(1/2) . 58-76.
SOONG T T, DARGUSH G F. Passive Energy Dissipation Systems in Structural Engineering| M |. New
Jersey: John Wiley and Ltd, 1997 128-143.

FILHO F J, LUERSEN M A, BAVASTRI C A. Optimal design of viscoelastic vibration absorbers for rotating
systems| J ]. Journal of Vibration and Control, 2011, 17(5) : 699-710.

JalE, A8, Bk, R S B Sk RE I OF S L S HGRUN [T ). 54 AR, 2013, 29(1) : 83-91.(ZHOU
Ying, LI Rui, LU Xilin. Experimental study and parameter identification of viscoelastic dampers|[ J]. Structur-
al Engineers, 2013, 29(1) : 83-91.(in Chinese) )

MURESAN C I, DULF E H, PRODAN O. A fractional order controller for seismic mitigation of structures e-
quipped with viscoelastic mass dampers[ J]. Journal of Vibration and Control, 2016, 22(8) : 1980-1992.
JWEFH, WK, ZREEEHE AR RGN [ J]. I%2W, 2022, 54(2) : 495-502. (FAN
Shutong, SHEN Yongjun. Extension of multi-scale method and its application to nonlinear viscoelastic system
[J]. Chinese Journal of Theoretical and Applied Mechanics, 2022, 54(2) : 495-502.(in Chinese) )
BRENNAN M J, CARRELLA A, WATERS T P, et al. On the dynamic behaviour of a mass supported by a par-
allel combination of a spring and an elastically connected damper[ J |. Journal of Sound and Vibration, 2008,
309(3/4/5) . 823-837.

WANG X, YAO H X, ZHENG G T. Enhancing the isolation performance by a nonlinear secondary spring in the
Zener model[ J]. Nonlinear Dynamics, 2017, 87(4) . 2483-2495.

SILVA L D H, GONALVES P J P, WAGG D. On the dynamic behavior of the Zener model with nonlinear stiff-
ness for harmonic vibration isolation[ J]. Mechanical Systems and Signal Processing, 2018, 112 343-358.
SHAHRAEENI M, SOROKIN V, MACE B, et al. Effect of damping nonlinearity on the dynamics and perform-
ance of a quasi-zero-stiffness vibration isolator[ J . Journal of Sound and Vibration, 2022, 526. 116822.

LIU Y J, LEE S M. Synchronization criteria of chaotic Lur’ e systems with delayed feedback PD control[ J].
Neurocomputing, 2016, 189. 66-71.

TSIOTRAS P. Further passivity results for the attitude control problem[J]. IEEE Transactions on Automatic
Control, 1998, 43(11) : 1597-1600.

LIU CX, YANY, WANG W Q, et al. Optimal time delayed control of the combination resonances of viscoelas-
tic graphene sheets under dual-frequency excitation[ J]. Chaos, Solitons & Fractals, 2022, 165; 112856.
INFEIE, R, SFER, % AR MERRR R IR R s b R [ T ], ik, 2023, 53(2) . 308-356.
(SUN Xiuting, QIAN Jiawei, QI Zhifeng, et al. Review on research progress of nonlinear vibration isolation
and time-delayed suppression method[ J]. Advances in Mechanics, 2023, 53(2) : 308-356.(in Chinese) )
R, R, AR M Bh R AR B AR HLEE[ ], J2fsA 4, 2008, 40( 1) 98-106. (ZHAO Yanying, XU
Jian. Mechanism analysis of delayed nonlinear vibration absorber[ J]. Chinese Journal of Theoretical and Ap-
plied Mechanics, 2008, 40(1) . 98-106.(in Chinese) )

SUN X T, WANG F, XU J. Dynamics and realization of a feedback-controlled nonlinear isolator with variable
time delay[ J]. Journal of Vibration and Acoustics, 2019, 141(2) . 021005.

BTEIR, XU, 2R BN SRR T I A iz Sl Ak g S & DU SRR [ ). W R #2021, 42(7) « 713-722.
(HU Yuda, LIU Chao. Double resonance of magnetism-solid coupling of in-plane moving thin plates with linear
loads and elastic supports[ J]. Applied Mathematics and Mechanics, 2021, 42(7) : 713-722.(in Chinese) )
WERHE, Tk, JKE. SRR SN PR IR R G AR L IR SRR R [ I ). PR3 S bk, 2017, 36(1) : 102-107.
(SHANG Huilin, ZHANG Tao, YONG Peng. Nonlinear vibration behaviors of a micro-gyroscope system actua-
ted by a parametric excitation[ J]. Journal of Vibration and Shock, 2017, 36(1) ;: 102-107.(in Chinese) )
LIU C X, YAN Y, WANG W Q. Primary resonance analysis of a nano beam with axial load by nonlocal contin-
uum theory under time delay control[ J|. Applied Mathematical Modelling, 2020, 85(2) : 124-140.

JI J C, ZHANG N. Suppression of the primary resonance vibrations of a forced nonlinear system using a dy-
namic vibration absorber[ J]. Journal of Sound and Vibration, 2010, 329(11) . 2044-2056.

JIJ C, LEUNG A Y T. Resonances of a non-linear s.d.o.f. system with two time-delays in linear feedback con-
trol[ J]. Journal of Sound and Vibration, 2002, 253(5) : 985-1000.

LIXY, JIJC, HANSEN C H, et al. The response of a Duffing-Van der Pol oscillator under delayed feedback
control[ J]. Journal of Sound and Vibration, 2006, 291(3/4/5) . 644-655.



