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[8] Wi FR G ( discontinuous Galerkin finite element method , fij#% DG ) i i /&1 Reed Al

Hill 7F 1978 442 R K fif b Fiviz 77 F2. M 80 AF-ALAEE , Shu Fl Cockburn %8 A T K1 T
VBB KRR T WA BROCTT k. AT5e 242 T TVD A1 TVB 4 Runge-Kutta [8] Wi £
FRIT /7 ( Runge-Kutta discontinuous Galerkin finite element method, & # RKDG) SR R Lk
TR, 2Z 05 XA R el WA BR T 75 52 (local discontinuous Galerkin finite element method , ]
PR LDG ) KR At i B i o35 R 55 0 [R) I 8] DB A BR 5T 07 325 78 [ UL i 4, O IR fifk ke
TR E A ] B P I AR IS DG i A R A p A
ZEME IR R Y TAEMAS DG Jr iR fift 52 2 TR ) BUSE fin J i, (81 KR OT 7
e A 158 A2 1B 73 F 22 0 s TR0 Ayl AL e a6 e s T ) — oAy BR T 5 k. X oy
V2R R 8 e AR (L A O VR A 3 ik e B, B AT SR TG A 3L ) W 1 52 2 0 SR SR PP R BE ) L ELA v
2 ORAR AE AL 20T SE IR T — AT BRIC 5 12 AN T [ B ) R e, kb 1 — AT BR AR
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T BTG S Y RBAR AT B AR R SR RS B R A 2.

Fe IR R BBy it 2 1960 AE4R 1 Adams-Moulton 7535 , 3CR J5 TR 4tk o 4 B0
[#] 2243 ( exponential time differencing method ) 7772, J&5 2K & J& i 455X Runge-Kutta F143 5 15,
1967 4F Lawson & #8E0FR 43 I ¥ 751 (integrating factor method ) , R fif P W PE G 43 J7 2 [n) 5
I TR S BOE R TSR SE PR R BELAST 1 e — 2D . B BI040, B A s 153 i 4
T BACREL I e R ST i 48 A 1] AR 43 O 25 EOR 5 | S A R SR SGTE, TF IR PR E R gL 1999
4, Munthe-Kaas $2 H T 483005 J7 #2748 Tﬁ%?ﬂ@é PE Lie 10403 (8] 1) Lie FEFLS> 715, BEJS , Celle-
doni 252 1 commutator B Lie #7751, 2005 4F, Trefethen 1 Kassam''* {87 FH 4§ $ it 7] 2243 5
RN B3 PR 125K Atk DA s Gl 4 8 ) R, 45 SR 3 W] 3k 2y vk W) b AR T4 48 U vk,
Rosenbrock HIFEHFR 3 i J& Ostermann 7E 2009 4F- 45 H 8T A48 B0RR 43 7 12, 3D 5 6 1Y
SRR AR R AR MR IR L, 2010 4F, Hochbruck F1 Ostermann 78827 7]« Acta Numeri-
ca” &R T B B I ER R S

ASCOKEHET Rosenbrock B8 BUFR 43 J7 vk S WA FROC k45 &, 25 a) LA H 1Rl W A FR oo
VAT B, B ] SR X Rosenbrock FH8 B FR 43 7 B R4 7 BF (] 36 | $2 HY T Rosenbrock 74

RO 342 R S N () 4 1) ) A R ST 7 1.

1 —4EElBrA R IC

TSR A2 b b U AR A 5 R ) 2 T WA BT ik

du(x,t)  of(u) _ _
Ll LB 2o, e [LR] =0 (1)

4 0 Hh K A EES T
nN=0, ﬂg DY, D" = [« &',
AR FE PR 3T Legendre-Gauss-Lobatto 9 5 %) Lagrange i {E %5 PRER. & 2 B0
D' =[x ] BA NAT R WA LIS BA BRIC2S )
V,={l:l e P"(D"), Yx e D", k=12, K} .
TERRAAIE DY b R AT AR

uy(x,1) = Zu,(x L) (%), x e D', (2)
Hf(u) AT R ﬂﬁfﬁm%ﬁ@mlﬂ%rﬁ
fﬂwww)—quth) xeD'. (3)

4%T(2)7FD(3)4JC/\7T7F1(1) FERE 35 R BT 2 7 AR P, AR 25 (R #EAT B3, 36 25 18] fil 70 T8
H Gauss BUFAZ, Wl RRINA FROCTE RS IE

[ (25 0y - ity ) an = [ ) 13 )
L P8 4 HTE ) 3, B
(2 D) ke = (i) -1k T, ()

Hrp 7o REE R B RO R S L jC@([ 1,37, R 3% Lax-Friedrichs i &, 753
i i e S 5 AR SN B, (EE i B T LLR R, 55T 20K e iR e i ik
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KRR, BT L R BB A5 AR 1R — DI DY EARA S8 B s R4l

Ml spi ) = [ =) 1) 1] (6)
Hrp
1= [FQa)) () o o) 10 g = L (a) g (8) oo (o) 10
.fliC = [f‘/f(xlly) 5f/{f(xé) ,"',f,f(%ﬁ;) ]Pa
JRy R AL
dlk x
Mf;.:fmlf(x)lf(x)dx,sz—f (x) L ( U
WD, = % » JH r FORPRUERRTT Y Legendre-Gauss-Lobatto 77 5., i i3 #E 5 AT A1

(MD,) ; ,=8,;, 045 MD, =S ,FiLAD, =M"'S, firLiX(6) \T S5 N
Sub =D, fliu) - (ML (7)
XA, BRSBTS A — A S IR DG B H s R, BERs AT LA TVD-Runge-Kutta By
] 36 79 SR . A3k, Shu 1 Cockburn 48 HY, TVD-RKDG 7515 B CFL 45 14 %02 52 5 BR

B, ] DLSCHR[ 3 .
2 Rosenbrock BI85 0 7 s

AR X A1 A B TC 8 B ok =X (7 ) At e s k. #X(7) B 1o R e X
dU
dt

XHE, U= ()", (u))" -, () ") uy FRTERIBAA BRI RS kAT B A R F(U)
J& U MREL, BT DRI, o n] ORI PRI, AER ) 7 1) ARG 5. 0 =4, < ¢, < -+ <
t, < - h, =t —t, . HU Fox e, BN U(e) PEMEE R 76 ¢, .., ] BFRIIXRI
&M

CZTU—JU+g(U)

=F(U), (8)

Hrh J,lz%U",g"(U)zF(U)—J,IU.
Xt b 200w SR 80 RK A% 28, T LIRS0 F i) i o X— 2 k.

-1
U =Y 3y J)g (U, 1SS,

U™ =e"hU" +h, Zb(hJ)g(U ), )

H, a,(2),b,(2) ¢, BHL, ﬁﬁU URTE G, R BUEENT , U R T, + ch, BEZIY)
FBUE. S8 e, BREEL0<c, < 1. 3%800b,(2) MIBBIEFRE 0, (2) E’Jéﬂé@éﬂAVJJﬁ,%(z) £
FRUE .

on(z)—f oz 0 do, k=1.

(k-1)!
2 PRI R B AHESC R
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0,(2) = ®,-1(2) ; ®,-,(0) ROETE
MZH a,(z) & @, (c;z) WEMEHE. XFE, JrFE(9) #FR A Rosenbrock RIFE By it
(RE method ) . AN[RIBY4CAY Rosenbrock BY48BFR 4377 B0 AN R BY 254 (L3R 1), N4y
th BRI B 450 D) Bk =X
WAk g, =0, F(U)=J-U, J & FEBEER. e Bl @[, e, ] BA
v' =e"hur, (10)
ik g, # 0, WATTE 2 B Rosenbrock HYF5EUFR 4345 (RE2) F1 3 Bt Rosenbrock %45 %R
s (RE3).
2 kgl (RE2)
U™ = U+ b, (hd,)g,(U") .
3 Birk% X (RE3)
Ut =u",
U = U e, ()R, (U)
Ut =e""U" + h,(¢, - 2¢,) (h,J,)g,(U"") +2h,e,(hJ,)g,(U").
&1 Rosenbrock BUHEARIT I EL BT A1

Table 1  Order condition of exponential Rosenbrock-type methods

No. order condition order
1 Y b(hd) = ¢,(h]) 1
i=1
i-1
2 Yoay(h) = cio(e;h]), 2 <i<s 2
j=1
3 N b.(hI) e = 205(h]) 3
i=2

3 MOH %R

FATHE Rosenbrock I 4R 434 J) fi s ) i () (] W A7 BROT 7 VA 18712 REDG 73k,
o1 e St
u, +u, =0, x e [0,2w],t e [0,T],
u, =sin(2x) ,
A A B o5, AR XA T BRI w(a,t) = sin(2x = 2¢) ARG T = 10, 53 51RH
REDG J7 31 RKDG J5 K g il )5 #2. 76 RKDG Jy i, B ] F ] 2 B A9 TVD-Runge-Kutta
D7 R ANEA Y YR BN T — 4L 7 AR, AN SO0 1 AT LA SR .
Fo —EMET A, Av = 0.012 5 LR

Table 2 Numerical results for 1D linear advection equation while Ax = 0.012 5

REDG RKDG
spatial order
CUP time t /s error L, CUP time t /s error L,
2 0.0313 0.002 3 0.2813 0.054 5
3 0.140 6 3.840 3E-005 0.593 8 0.046 6

4 0.3125 3.834 0E-007 1.093 8 7.137 1E-005
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R3 —ARENENR IR, 25 2 B RS R

Table 3 Numerical results for 1D linear advection equation while spatial order is 2

REDG RKDG
mesh number
CUP time ¢ /s error L, CUP time t /s error L,
40 0.0313 0.011 8 0.1250 0.099 2
80 0.0313 0.002 3 0.2813 0.054 5
160 0.359 4 5.311 1E-004 0.6250 0.028 9

2 BRI RN EUEOL T, PIF TR 75 19 CPU B ) FSR Mg 25 R 12 25 L, B9 LL
B3R 3 JRANF S (8] A B LT, WA 7 R A B3 1) CPU B[R] FSR g 25 R m i 25 L, 1Lk
B NF 2 FI5R 3 AT LA REDG Jrik By rd (1) CPU B E)/N T RKDG J5 %% CPU K], [7]
B TR R Z W/ NTF RKDG J7ik it E RS, B2 5T —ZE 2 s fE R [R]85 | Rosenbrock Y45
OB 42 Jry . S ) A2 9 ) A R 76 77 3 AT AR TG b oK i

BHH2 —YETCHY Burgers R

1 2
u,+(7u)x:O, xe[0,1],te[0,T],
uy =0.25 - 0.5 sin(2mx) ,
S FA . X R — AR ME R RS 0 0T ik 2R ) T LAk 6 25 ] XA 4
1 800,7 WS [BRGEE 4 BB [ADRS BE 1Y) RKDG J7 v i 45 SR ks i k.

B, ZIEMANROLI M. £ 4 2 T = 0.15, 80 MR R, IFIE] 2 [ 25 16) 2 Brid
REDG 7751 RKDG JriEAEAIE] CFL 254 T i iR e R4 X R 22 %0 He. 18 Ny, A CFL 4544k, )
At = Ny x Ax . N, = 0.4 [UBHE  RKDG Jrik Mg R e 400 45, ()& REDG Jrik g B8k
fRYF. 3 4 OSSR X TARZRME N S, REDG J7 3k AT LATE ARIE T 30KS B B TR A, 386K N, , 38
KK, 2 5 A2 B AR EUEDL T, Ny, = 0.2 BIEHHE 2 Br REDG J59%HI N, = 2 [T
[ 2 B RKDG J5i i L, 1225 DI SR 22 B 1 FeAss, Bl 25 1] A% B 385 I, 9 7 125 7y a3 22 440
SRV AR PR 7 3 Z [ iR 25 R 22 I A 22 T AN K. 6 5 ZE SRR W] REDG T iIkFER K
B[R] ST T3 2 AR Y R [ 3 N E.

R4 T =0.150,Av = 0.012 5, KA CFL 4504 T il 09 i K 4wl 25
Table 4 Maximum absolute errors for different CFL conditions while 7 = 0.15, Ax = 0.012 5

Negr, REDG RKDG
0.2 2.260 6E-004 4. 864 TE-004
0.4 2.258 4E-004 —

1.0 2.279 8E-004 —

3.0 3.969 9E-004 —

5.0 0.001 2 —

K5 —Y4ETIOKG Burgers H#&, T = 0. 15, z5[0] 2 P B2 B 45 SR

Table 5 Numerical results for 1D inviscid Burgers equation while spatial order is 2, T = 0. 15

REDG (Ngy, = 2) RKDG (N = 2)
mesh number K
error L, order error L, order
40 0.002 3 — 0.001 4 —
80 6.929 SE-004 1.730 8 3.455 0E-004 2.018 7

160 1.921 7E-004 1.850 4 8.746 3E-005 1.981 9
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WK, % S A B WIS &L, X8 T = 1/ B, f#AE 0. 08 Ab i BR[EIWT. 4 T = 0. 55 B, i 7E
0. 14 AbH BLE]Kr, BUAE SR 80, Noyy =2, IS IH] 2 By REDG J7 ik, & 1 A& 2 4351 &
T=1/m M T=0.55 &R NG APAT LA i b B W 205 OS8R T CFL &4,
AT58R AT LAAR g () 4 2 1 [ 1K

1.0 1.0 -
— exact solution
0.8+ 0.8F o numerical result

u

-0.2 — exact solution
o numerical result
-0.4
0.2 0.4 . 0.6 0.8 1.0
B1 Ny =2, T = /7 BEEM B2 Ny =2, T =055 FHUESH
Fig.1 Numerical result while Nopy =2, T = I/7 Fig.2 Numerical result while Ny = 2, T = 0.55
+ >\
4 én §4

ASCHE I FETF Rosenbrock FIFEEUFR 43 B[] W Galerkin A FRIT 777, F Rosenbrock 745
B )R R T TR A BRIT s, DTk ZR 1 7E %S 18] L 2 A T WA BR T 7 ik Sk B, Be R
TG AL PRI W AR A, AR ) b BA e SO S AR i 48 st [m) R 20 9 e L FE BB S 3 v
W 127 X T — Y P Ul SPAE A 5 A, T DA PR R A 3 X T — 2 R G e XUt <SP a7
FRTEHE K CFL 2R OLT |, ATH SR RE S AR G 45 412 1] W, AR SC Y 7 1k & AR 4 Hb 7 FH 31— 4
B0, 34— 20 () T AR 2% b s 2R L Pk A sk o3 R IR 4 T L] DX - A S5 A 13 iz .
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1D Discontinuous Galerkin Finite Element Method
Based on Rosenbrock-Type Exponential Integrator

CHEN Ye-fei', LI Wen-cheng', DENG Zi-chen’
(1. Department of Applied Mathematics, Northwestern Polytechwical University,
Xi’an 710072, P. R. China;
2. Department of Engineering Mechanics, Northwestern Polytechnical University,
Xi’ an 710072, P. R. China)

Abstract: A new Rosenbrock-type exponential discontinuous Galerkin method was developed.
The method used discontinuous Galerkin method to discretize in space, while Rosenbrock-type
exponential integrator method in time. Therefore, it not only has high accuracy to discretize in
space, but also has excellent ability of explicit time marching with large time step. The numeri-
cal tests demonstrate that the method is effective for problems of 1D hyperbolic conservation

laws.

Key words: discontinuous Galerkin method; Rosenbrock-type exponential integrator; explicit

time integration; large time-step



