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A SOR AR RS A5 BEAE R 2 580, N 2 R 5 98 210 #56 van der Pol R F
ARG kAR S HEIR AL Hopf 4372, 79 81 R i 77 #& , Hx HE IR A BRI i 30 01 2447 R i A7 IF
Prfnsrk.

1 3 4R A5

TEA SO B3R — N n > van der Pol I TAH M RS, BEA U T I FE .
iy (1) +u, (1) = (a = uj())i, (1) = Aiy (1 = 7)
ihy (1) +uy (1) = (@ = uz(0) )iy (1) = Ay (1 = 7)),
: (1)
i, (1) +u, (1) - (@ -u>u, , =Au(t-1),
ii, (1) +u,(t) = (a—u(t))i, (1) =Aa, (1 = 7),
Hrt ) no= 1 MRFEANELA IIREREE , » ARG E S B — MR FEEE 5 — DR Ir e ot
AR TE] R As T

J T TG, B w, (1) =x, (1), 0,(t) =x,,(2), MRS (1) A]E Ny

&,(1) =x,, 6,(1) == x, + ax, + Ax,(t = 7) - x}x,,
6y(1) =20, %,(1) == x5 + ax, + Ax,(1 = T) - x5, ,
(2)
G 5 (1) = %5, 0, &y 5 (1) == %5, 5 + @y, + A2, (1= T) =23, 3%, 5,
Uy, (1) =y, , %y, (1) == 2y, + Qy, + Axy (1 = T) = 23, %,

BAR R 2, =0(=1,2,---,2n) JERG(2) W— AT 5. REE(2) TEIZ VA i Ab iy 2tk
ARG TT FE N

(A —aXr +1)" = (Are™)". (3)
WRFFME TR ) A HER +io, M +iw,, W RS ATRE K 4N Hopf 437 , ILE, 7] 5

(-0 —iaw, +1)" = (Aiw,e ™))", (4)

(- —iaw, + 1)" = (Aiw,e ™ 7)". (5)
24

W, w, =k k, (6)

B, R AT RE AL ki ky, WX Hopf 4375, BUBT, TR (4) ~ (6) DA =M REZ MR, 3R]
A DG S BUE DT A R RGN 3 IR A SEUE (LR 1),
R Y n BUR AR — 2L 55 3648 X Hopf 4372 54,

Table 1  Some double Hopf bifurcation points with different n values

n W, a, A, T, ,

2 2:3 -0.132 648 0.429 258 1.539 060 0.816 497
3 3:5 -0.516 398 0.730 297 1.013 940 0.774 597
5 2:5 -2.527 760 2.699 920 0.567 691 0.632 456
7 2:5 -3.617 740 3.740 060 0.405 493 0.632 456
9 3:7 -4.106 540 4.198 280 0.319 924 0.654 654

BN, 25 n =7,k k, =2:5 B, ATFRAF R GE(2) 193 DIGASEIIER o, =— 3.617 74 ,A,
=3.740 06,7, =0. 405 493, IR K w, =0. 632 456 ,0, = 1. 581 14. J T EUFLE NG F S HUE
b, RGeS A HAT T B R 205 AR AR | T HL & i R AR LA B0 S0, FRATT N H 8h 7 2%
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Fig. 1 Distribution of eigenvalues of system(2) at the resonant point of

a, =-3.61774, A, = 3.740 06, 7, = 0.405 493

2 Ik & 7 AR

TEAT S 0 22 RUBE D08 R GE AT mi Ak 225 AR Hopf 437 B0 Y J7 FE JF
L5 20 s B 30 12547 oh.

TESCHR[23 ] Hp B 2 RO kit A7 THE) 0P TR & R Z A 1:3 iR
Hopf 4375, 1277 15 [RIAE T A5 B 55 14 55 L4 W Hopf 4347,

Brx = (0,05, ,05,x,) , WAL (2) B Hm &AL

¥ =F(x.x, ). (7)
RG22 RIETE O (7) g BA I Mg
x(t) =ex (T,,T,) +&°x,(T,,T,) +&’x,(T,,T,) +0(&*). (8)
A RN T IR RS 24
a=a, +ea,, A=A +&A,, T=T_+e&T,, (9)

XFI A4 T Taylor EH, Al 15
x(t -7)=ex (T, -7,,T,) +&x,(T, —7.,T,) +
&' -7.Dx(Ty - 7,,T,) —7.D.x,(Ty —7.,T,) +
x, (T, -7,.,T,)] +0(&"). (10)
BHRE(8) ~ (10)fCANHE(T) , Taylor JBIF F(x,x, ,u) , 5354 05 B2 Wi & (R45 U R 1)
FEORAE AT ISR A0 48 8h e .

Dyx, -Flx, -F)x_ =0, (11)
Dyx, - foz - Ffrxzf = %fox% + F)gc,.xlxlr + %Fix,xi ) (12)

0 o _
Dyxy - F,x; - F, x5, =

0 1 0 3 0 0 1 0 2
Fxp,gxl Iu’s + 7F xl + Fxxxle + FXT/LExl’T Iu“g + 7Fxxx7x1xlr +

6 XXX’ 2
1 Fo 2 L RO LFO 34RO + FO
7 xx,.x,,xlxlf + xxTxlrx2 + 6 x,xTxTxIT + xx,xleT x,xfxlfoT -
0 0
T.F. Dyx, —7,F Dyx,  —D,x. (13)

HN ARG (2) ANEFEI, R (12) WA ISR T2 0, R, 7 (12) 7 DI .
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FRECL) B LIS R R IE,
X :Al(Tz>pleiwlTo + Az(T2>pzeiw2T0 +c.c., (14)
Hor A =1,2) REIRIE, p; AR THAE(E io, WA HRRAE ] &

pl = (15iw1’1’iw19".’lsiwl)’

. Sy, s s )0 s, )°
p2 = 1’1(1)2 77’1(02(71) ’.“5(4) 51(1)2(71) ’
54 S4 S4 S4
Hrp s, =cos[w,7,] +isinfw,7,] fls, =cos[w,7,] —isin[w,r, ], c.c. FF]TMHITA I

4,
KHRE(14) AR (13) I IS 22, W43 R 14 2 4 e 5 72

{AI = CWU“SAl + C]]]_A%A] + C 34,454, ,

, B} (15)
Az = Cz;uu“gAz + C A A A, + sziAgAzs
Hrb R¥C, M C, WEFEGHMEIT .
C,, =(0.197 516 - 0.035 770 9i)A, + (0.200 13 + 0.015 499 8i)a, -
(0.084 613 4 + 0.467 208i) T, ,
C,, =(0.343 08 +0.042 44i)A, + (0.342 632 - 0.045 973 7i)a, +
(0.250 971 - 2.028 86i)1,,
C,; =—0.033 3549 - 0.002 583 29i, C,; =— 0.066 709 9 — 0. 005 166 58i,
C,;, == 0.114 211 + 0. 015 324 6i, C,,; =- 0.057 105 3 + 0.007 662 28i.
W
1 0 1 i
Alzjrle‘,A2=7rzez, (16)

B (16) ARA S HRNE I FE (15) , 43 25 SEEB g 3, AT LAAS: 30 PR A 55 0 A0 722 S i s 1 e it 7
T, RURLE A 7 A
7, = (0.197 5164, + 0.200 13, — 0.084 613 47,)r, -
0. 008 338 73r; — 0.016 677 5r,r5,
7, = (0.343 0874, + 0.342 632a, + 0.250 9717,)r, —
0.028 552 6rir, — 0.014 276 3r3 .
A =0, =0, AT LIS EIPRIE D FE(17) B-F A s an T .
E,(0,0), E,(./23.686 6A, + 24a, — 10. 1477, ,0),
E,(0,./24.031 94, + 24a, + 17.579 57, ),

E,(./8.125 764, + 8a, + 15. 1027, , ./7.780 44, + 8a, — 12. 624 57, ),
Hirp MR TR R G APIREAS B x 1 Hopf 70 7 S PRI AR & r, ry HOERASIT 20,

3 hidiseort

M s IRE AR e R 2, P ERIE T R (17) v, BARS A 3 S8 HJE L REE
B AAE R 3 B SEL FE S a = o (W14 «, =0) BRI HLEOC O B 7 RIS
BRI A VR BAR X RGN AT B B 12 AT AT 3 2o Al N IR i 7 e
AP s S HRRE PR 20T, FRATT AT LT 7-A 5328 6 A DX, FE RS XA 1 i 4>
BORAS 2 PEARASAR TR ARSI 2 OFZ WA 3) B9 T ~ VIR, X T N, R —

(17)
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Ey(0,0) ME, (r,,0) V3RAFHE P H53 E, (1, ,0)
AN ATEE WY, [A] i — S ANFEE 1P 1 E, (0,
ra) L PSRN T IR AR EIR N 0, B
Wi, MSEIETEIR IV, — AT IS ES
TR Ey(ryy ry) HBLPHE(0,0) FE, (1,
0) PREFRENEANL , AR E,(0,r, ) 2 HFEE
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FEASCH  BATIE T —HA 7 HHEA van der Pol 4720 B ¥ 22 48 Hh A& A= 1 55 2
PRXU Hopf 7375, 183 B 22 ROE J7 ik A58 1 2:5 55RO RSB 75 7. T8 i P58 HOMYE Y O
e, AT R GEAE AR SRR AT 1) 3 S 22 AT M BEAT 12328 AR L A B E AR AU SR IE 1 45 R A9 TE 1
PSR BN EZABA G Y van der Pol #RF R G0 , H 85 LR i ML A EIRIRAEIX
JR AR RN R S A BN 1 4, [N AS SO A 58 K B 4R 1 Y 8R4 Bl g 2 A7 4 ik 1 T
AP IR

i A SCTAEZ RN TR 3435 H (D2012021) I B, FR it EGsT
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Weak Resonant Double Hopf Bifurcation of n
van der Pol Oscillators With Delay Coupling

WANG Wan-yong, CHEN Li-juan
( College of Science, Henan Institute of Engineering,
Zhengzhou 451191, P. R. China)

Abstract.; Weak resonant double Hopf bifurcation of n van der Pol oscillators with delay cou-
pling was investigated. With an extended method of multiple scales, the complex amplitude

equations were obtained. With the complex amplitudes expressed in a polar form, the complex
amplitude equations were reduced to a two dimensional real amplitude system. The equilibria
and their stability of the real amplitud equations were studied, and the dynamics around 2:5
resonant point unfolded and classified. Some interesting phenomena are found, such as ampli-
tude death, periodic solution and bistability, etc. Validity of the analytical results is proved by

their consistency with numerical simulations.

Key words: double Hopf bifurcation; resonance; van der Pol oscillator; method of multiple

scales



