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u(x,0) =Ae”?, (2)
Horpr w FoRNHE SR, o 7R 73 B 3003 i UL ax BUR T T EARR 4 HTRY Caputo 3 5B 5
B, A AR R

BT k[ 23], 481 FAYHELRPET wu, BOH w’u, , ASCHR H— B0 R 535U Forn-
berg-Whitham J7 2

SDfu - u,, +u, =uu,, —uu, +3uu,, t>0,a>0 (3)

Ha=10f, FFW J5RE( 1) M1(2) 288 221 E Ltk Fornberg-Whitham J5 2 , X4~ J5 2
FE RS TS o HLA 8223 . Fornberg A1 Whitham "> $R158 T —Fh 40 FIE XA P06/ w(x,0) =
Ao O M0 <o L Bl R T FEW BSOS RS, 0 Abidi
H1 Omrani'®’ | Gupta F1 Singh'*’ | Saker %7 | Merdan %52 il Lu'®" %,

SR AR S T 53 2 AR P | Lagrange T T 10 B 5 A 56 . 72300 1) STk o 2SR FH
B T FE RS B AR 433647 Y Lagrange 361, 1X & AN A Y4 1. 5T Laplace 2% # 7 — L&
4 AT A DA ST AR A it RO B e RS 0 W (R E R ) B S 3T Laplace 728
Pt — P T BRI A R T R T A0 BN o3 T Y Lagrange e+ 1938 HIE .

FEFICHK[ 34 ] $2 H 1Y Lagrange 3 7, A SCHH A FVIM J7 %K i FEW J7 B2 S %) FFW
JiRE SRARE FEW R a = 1 10 < o < 1 502 IFFEA B 100 HA k.

1 B AR Ak Ak Lagrange T 1A E

HAEL T 3 IR IIEEAE XL
X1 KTFRE () MR R 1 T .

I:,tf(t)=#ft(t—7’)“"f(r)dr, a > 0. (4)

I'la)
EX 2 FKFrRES(1) BY Caputo BRI FEAE LANTE .
010 = s
t>a,m-1<a<mel,. (5)
EX 3 XF oD u PP RAR AT .
LIiDu] =5%u(s) - ’ium(owsa*l%, m-1<a<m, (6)
Hp L BRREF, Ha(s)=L{u(t)].
BB h(s) =L[h(1)],H g(s) =Llg(t)], MBEREMIT .

h(t) #e(0) = [ 1= 7)g(r)dr (7)
H
h()&(s) = LLR(1) *g(1)]. (8)
IR AT ST A B B T B
EDfu + RLu) + N[u] =f(r) (9)

Forpr R w] R, N[ w] R AL,
g RL AUMG2I50(9) XL HA I T2 PR e
o =u, +oliA (6, 7) [§Dfu, + Rlu,] + N[u,] - f(7)], (10)
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HAFR[w, ] ,N[u, | EBRHIHAES.
XFEC(10) PR 2 ] Bk B QAR e =0 an T

i, (s) = ,(s) +LLITA (4,7) (GDfw, + R[w,] + N[u,] =f(7))]. (11)
EE
A (t,7)Diu, =F(1a)f:(t -7) A (e, 1) Dfu,(T)dT (12)

Bt Lagrange &1 A (1,7) = A (X) | (_,_., 20 (12) 225w %R ) RL R4 200 ] BE A — Fh 4
BLBEDRRE a(t) = (A (e, 7) /T (a))t* " HIEDu, (1) AT

ARIEIZ R (11) KT u,(s) BATEE, JFX(12) Wi FEHSAE s 5, TS a(s) =
- 1/5%a(t) == (1/T(a) )", MIMiHHE Lagrange 3T AT .

Ale, 7)== 1. (13)
A (13) A (10) 15

w, =u, = JI*[5Du, + R[u,] + N[u,] —f(7)]. (14)
SEBR b 2R ARG R A (14) vl H LAY Riemann FR5045 5

s =u, + [ A7) [$D0u, + R[u,] + N[u,] ~f(r) ]dr, (15)
HA T R w, ], N[ u, ] XN FBREIEAE 5389, T Lagrange 1 T =22

()
A(t,T) = I'(a) . (16)

ZEaR(15) M(16) BT o MEEIELE BT,
2 FFW I RE 893 B0 A8 4 L AR

T B AR 4 A (AR RN FVIM) SR T7 (1) R E FEW 5 2
Xt Bk 18] B R4 IR PR B RAE, B L o THS 1 IR/ TS @ = 1T HIT0 < « < 1 BEFR
THL.
21 o= 1K FFW AR

Moo= 1E, R B— BRI EO TR, 2B IR « KT &
B FHOT u_, (x,0) BB R LARIE (15) FI(16) , a8 0 AR T .
_ NGNS
w, . (x,0) =u,(x,t) 0 I(a)

u,(x,7)u,, (x,7) +u,u, —3u, (x,7)u, (x,7)]dr. (17)

K (2) BB BERIIPIARIE uo(x,0) = Ae™?, FIHZERARX(17) , IR AT UG A .
uy(x,1) = Ae”?,

1
u,(x,t) =Ae"/2(1 _ a] ,

I:u::T(x’T) _u’m(xr(x’T) +unx(x’7-> -

— t
2I(1 +a)
1 1 !
tY=A /2 1 - & - tZu—I +t2aj
uy(x,t) = Ae ( 2I'(1 +a) 8I'(2a) 4r(1 + 2a) , (18)
1 @ 1 2a—1 1 2

:A,x/2 1 - -  —
ua(%,1) = e [ (1 +a) "8I 2a)  Tar(i+2q) "

1 t3a72 + 1 t3a71 _ 1 t3aj
32I'(3a - 1) 8I'(3a) 8I'(3a) ’
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At 4 A7 ] 45 B A5 38 B AR A5 . 4518 20 (18) 5 3CHR [ 25,31 ] FR A 2518 A ).
Feild 2%« = 1,4 = 473 B8, 3 (18) WY w,(x,0) Al uq(x,0) fBFRTHN

4 5 1,
u,(x,t) =?ex (1 —gt +§t J ,
4 21 3 1 (19)
uy(x,t) :e’”(l -+ - t3).
3 32 16 48
Ieal S5 ek 28 ] g A s —Ek.
22 0 <a < 1B FFW HFERMRE
M2 iy FW 7 RRASR  ARAE R E A5 0F X (2) rT s el (1) M AT I H B,
u(x,t) =Ae0(t) . (20)
e, R (1) AT
gD;lu—%u, +tu, =uu,, —uu, +3uu,, t >0, a>0. (21)
I (21) "B N
u, — 4D%u = 4u, - 4(uu, - uu,, - 3u,u,) =0 (22)

RETFEPER o BRI ESE, BT o < 1, FE(22) &5 T iHa] g — B i 7 FL.
TEL MR 535 Lagrange & T A =— LAJASUNT AAS S0k A%

o) = () = [ L (er) = 45D%(,7) = du () -

4(u(x,ux,7) —u(x,7)u, (x,7) = 3u(x,7)u, (x,7)) ]dr. (23)
YR IA 2 (20) FRTER, FRAE 32k Ak 2 T Ak iR
w, o (x,0) = u,(x,0) - f(:[uT(x,T) 4D (x,7) - 2u(x,7) Jdr . (24)

FIEAA3C(23) FMWMEANF(2) , FIAS A0TSR A% -

uy(x,t) = Ae?,

w,(x,0) =Ae”*(1 + 21),

8
t) =Ae”*| 1 + 2t + 217 + e
uz(x, ) € [ I—v(3 _a> 9

(25)

8
1) =Ae”?*| 1 + 2t + 7Y+ 2 +
u3(xa ) € ( F(3 —OL>

32 3-2a 32 3-a 4 3)
£+ P+
I'4 -2a) I'i4 -a) 3

S P R T £ AT 53 A
3 PR FEW 5 #8200 A8 4k AR it

Pt Y B TR] 3 B8 ) Fornberg-Whitham j:ﬁ%j‘ji—tt(?)) ,HH a IR BN 1 Bk, 1
HA IR 5%
u(x,0) = Asech’ex, (26)
H A e HHE L
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3.1 o =1 K¥i# FFW FEKME
Mo = 1B, JrRE(3) ATEER R TR 4 BN o R B T B IR o KT
R SR ST u (v ,t) BIBTIR LARHEZC(15) F1(16) , ATAAR 43 A A% 0 F .

c(t-T)
ieat) =, est) = [ EE D 007) = i)+ ) -
0T (7)) (57) = 3 (r P (e b, (20)

WA=3(/15 -5)/4,c=+10(5 - /15) /20, H=(26)15
uy = (3/4) (/15 = 5) sech’(ex),

A (27) H 38

u, =u, + 1_,(;:1)0/1tanh ex[ 2sech’ex + (24 = 6 /15 ) sech'ex ] . (28)
[li&AT IE VN

u, =u, + P;(tanh cx)t*, (29)

Hop Py(x) FRKT x 1Y 5 WEIAL
HF(29) Mk s (27) , 1%

w, =u, + Q,(tanh ex) ™" + Q,(tanh cx) ™ +

Q;(tanh ex) ™ + Q, (tanh cx) ™, (30)
Hrp Q(x) FRXET « i RETAX (H i =7,12,13,16) , BARIEARE 2.
BT wy uy, -, FEEARF ARG 2 s 2.
W, =f(x) +g(x)e*, P g=f + 3L, = - f JUEALERRL (30) 1T i FRHE
'l +oa)!
u2 = ul + gx T A N
T T'(2a)
R r(1 2
(2eff, +g, +&.f =3¢ fu — 3¢S S8 —&[u) F(“:az)at) -
) I(1+2a)i™ L T(1 + 3a) ™
(2gfg, +f.& —38.8. ~ 88u) I'(1+3a) +g.8 (1 +da) (31)
o= 1, CHR[29 1 45 Bt FEW 7 RE RS B A dn T
u(x,t)=%(«/E—S)sechz[cx—c(5—m)t], (32)

Hre=4/10(5 - /15) 720.5X(32) H i p%sech’[ ex — ¢ (5 = /15)¢] #E ¢ = 0 7] Taylor ( Z&
) JeIt e .
sech’[ex = ¢(5 = /15)1] =
sech’ex + 2¢(5 = /15 )sech’extanh(ex)t +
(5 = /15 )*(cosh 2ex = 2)sech*(ex) i +

2
?03(5 - /15)*(cosh 2¢x — 5)sech*extanh(ex)® + O(¢*) . (33)

TR, 45 o = 1, AT DABSHIE , 2B A8 i ARE 45 2 (27) M BRELim, ., u, [AI5X(33).
3.2 0 < a < 1B FFW Fi2R0f%
M0 <a < I, HE(3) AT — AN ) BB o T R, A0 BUR T IR o /N T
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i e A I A SO w,, (2 ,e) BB 14BN (3) k5 h

w,, — [§Du +u, — (uu,, —u'u, +3uu, )] =0, (34)
Pl =x, ARV TRR, 0 (34) Xt « AT PIIRFR S35
u, +u, \HO - f f [§D'u +u, —uu,, +u'u, —3uu, |dedx =0, (35)
9(0 .YO

HRAE(15) FI(16) , AT R (35) W BLAE Sk AR T
o) = () = [ {ueor) = u () -
J:J:[ngu(x,T) tu(x,7) + (uz(x,T)uX(x,T) -
u(x,m)u,, (v,7) = 3u(x,7)u, (x,7)) ]dxdx}dr . (36)

A1 (26) X RLARIME u, , RAEAK(36) , THRATRA BT S R x, = 0,00 u, BE5SRA
u, =u taA[[z - JFJ tanh cxsech’ex —

+
" I'(a+1)
(21 —5/@)tanhcx+[19—9gﬁjcx], (37)

H A =3(/15 =5)/4,c=~/10(5 = /15) /20, HAWK I RU#H i T ik 208 Zeming 2.
4 &

BI1 X FFW oy dr R (1)  WIES&RM(2) L4 A = LEIA
v.(t) =u(w,t)/e”. (38)
Boa=1.5K1%104#%016) 120 v,(¢) BERRIZEXH e [0,4] 19222 (i =2,3,
4,5) , Hrh o, (1) 5 o(¢) AT, T v,(2) Flog(t) HEATES.

1.0
0.8f
0.6
vi
0.4}
02f b2
3
015 i 2 7
l \/03
S,

Vs
B1 « = L50,FFW 58d o,(0) (0 = 2,3,4,5) BERTRIAYAS (L 4
Fig.1  The varying curve of v;(¢) (i = 2,3,4,5) in FFW equation whena = 1.5
Ze, B 2 4y s (18) BRI v, (1) TERFEIX Al ¢ € [0,8] WAYAEfLINZR (i = 10,11,
++,30) ,HH 0, (0) 5 vy (1) ARFHGE, WM 0,(¢) (0 = 12,13,--,30) XFRLAYAS AR HZR AT A,
B3 25 AR (18) 13BN us(x,0) BY2S ] 1T BTE.
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Uy
20F
Yy
1.5¢
1.0
vi
0.5
\
V5, Up355 Usg
0 "
0 2 4 8
t
-0.5F

B2 o= 150, FFW 5#d o,(¢) (i = 10, 11, -+, 30) Bl G2
Fig.2 The varying curve of v,(¢) (i = 10, 11, ---, 30) in FFW equation when & = 1.5
Bla=0.5,E42504%XK(25) 1580 v,(¢) Pl
s [] g A8 Al 2k (AR 8 = 10,20,25,28,30)
Horp 1)20(15) 5 vzs(t) fEE B & Hﬁﬁ*ﬁﬁ, 11}
y5(1) 055 (1) Fl 0y (1) FEARTEHE AL B S 45 4K
(25) 192N u,s(x,t) FYZS 8]l T EDE.
B2 Wiy FEW 5 R (3) FIRE AR
(26) I
A=3(/15 -5)/4,

¢ =+/10(5 = J/15) /20.

XTElHE FEW 7R, o = 1, B 6 45 4k B3 o= 150 FFW R ug(x,0)
(30) 52N BT L w,(x,0) BT EL, DL &L {975 [ h T L
%ﬂ%ﬁﬁ%ﬁ( 32) fgfﬁj E@HHEE-X?[‘ [:[:Z%Im , Wj%% Fig.3 The curved surface of us(x,t) in FFW
$#§i- equation whena = 1.5

Vs Vg
3500 F \/
3000 F \Uzs
2500 F L v
v, 2000 f
1500 F
1000 F
Vio
500 f //
OO Otl 0.2 0.3 Ol.4 OZS

t

B4 o =050 FFW FRH 0,(0) (i = 10, 20, 25, 28, 30) Bt 945k 2k
Fig.4 The varying curve of v,(¢) (i = 10, 20, 25, 28, 30) in FFW equation when = 0.5
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5 « = 0.5, FFW R uys(x,e) AY2Sa]#H i K2
Fig.5 The curved surface of u,s(x,t) in FFW equation when & = 0.5

6 o = 10, FFW 5B uy(x,0) SKEH0R A EDE BI5T L

Fig.6  Comparison of the curves between the accurate solution and u,(x,t) in FFW equation whena = 1

B7 = L5H, S FFW R uy(x0) 5 ug(x,0) XERIEDEBIX

Fig.7 Comparison of the curves between u,(x,t) and us(x,¢) in FFW equation when @ = 1.5

Kl « = 1.5 0, & 7 4 48 (31) SR B i RU# u,(x,0) 5 =Frin OU# u,(x,0)
A T R B R B, R AR

VI b5 5B T 3 B A8 i AR SR AR 0 B Fornberg-Whitham 77 2 M Hkt it 7 #2 (1A
k.



1244

EUN Fornberg-Whitham J7 7 S L BCE 7 F A0 28 43 134X it

5 4%

e

BETHL AR B g 138G o0 Y ) 1 AR 3 AR R TR Y Lagrange 31 748 7 kAU
KA FEW J5 R R B D5 R, W% B0 ik o 5 1 RIRNR R, fEa =150 <
a < 1 PO OA smB Rak g A,

A EC 1) 1 B A8 AL (FVIM) 45 3] T 20 5B JE 26 vk Fornberg-Whitham J7 % M ek
HETTRERYAE T DA BT IR 5 22 Y 728 03 3R AREE (VIM) AH LG, 230 B0 ) B Y 742 2k AR BE
SR A S5 A5 ) T8 40 B3 43 T Fornberg-Whitham J7 #2. SCHR o B A 19— 235K Fornberg-
Whitham [R]85 ) 25 58 A AR SCRAT 25 3R 5401 3 B B AS SO ¥R i T A7k,
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Abstract: The solutions to the fractional Fornberg-Whitham (FFW) equation and the modified
FFW equation generated by change of one nonlinear term uu, with u’u, were presented. The frac-
tional variational iteration method (FVIM) was used, in which the Lagrange multiplier was de-
termined with the variational function and the Laplace transformation. Two cases were dis-
cussed respectively for the FFW equation because the order of time differentiation was deter-
mined through comparison of the two derivatives’ orders in the fractional differential equation.
Finally, two numerical examples of the FVIM solution were given. The computational results

demonstrate the high efficiency of the presented method.

Key words: fractional Fornberg-Whitham equation; fractional variational iteration method; La-
grange multiplier; approximate solution; initial value problem
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