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i+ wix =0,
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Fig.1 Spectral radii and single-step phase errors of GLSRK and CRK methods
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wh <22
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Fig.2 The sketch of a rod and node numbers

11 FIRIZEHT RGN B BAIRSN, WILG 25000 AT A H i B0 467 5% ) Ih 3 B2 o3
S0 F 1 m/s, AT S5 SRR AR AR sl BE YR .

K3 44 T HOFE R 48 B RS, T B eh o 0 467 8 AL ML RE i 28, NI b al LUE
i, IE 4N Sanz-Serna®' 45 H BAREE , GLSRK J5 B AE # - 15 R G DL AE , SR 1M, CRK J7 I 2 #E
BRI 2t — BRI 2 )5, RGN RE R BRI, H R GE Ry mi R K3 T 05 B 45 i T
CRK J5 iIAFTE TR 19 TR i P 3A L2,

B2 N T LHE RN RK D7 iPEmT, 25 1EAT At om sz — B 100sin 50 000 ¢,
FIT A 25 s BRI IR RS R IR BE 2R 0. 18] 4 45 1 T B HOFT 2R 40 52 i IS b i, FF B A S A9
MRS FLS LB 2, NIRRT LA ZEX R OL T, JCIe 7E g M Bl 2 AR 7 SR Pl 1 I
GLSRK J5 i (A B s g 155 F CRK Jy ik (E AR B A2, FIH B 5 R IR I R AR
BRI ARTEEANR 22 A BAY (RAEARB GG BCT , i &AM 5 | 4 3h 25 mi B A
U ERRASYRS, i HAL & ARl B i 3iR3h , R L HF CRK J5 ok ik, HARf R 25 BRUL N
Ui

Efl2 RTH—BWSEEA RK D7 ik R BHEL M R G I BE M, B AT Ray-
leigh T,

i+ex(x’—1) +wox =0, (28)



LI weooE g 17
3.0%10° 1.20
s N
2.0x10 A /fd Y Li \
2 - , ! g 1.10
§ 10x10 N \/ 5 \
= )
g N M s \
& e 2 1.00
§ -1.0x10° 'k,\ -/ g \\
] S
& -2.0x10° W £ 000l ™
o ~ — exact = —o— exact T
-3.0x10" - - GLSRK 1 = + == GLSRK
- CRK —— CRK
-4.0x107 0.80 :
0.0990 0.0992 0. 0994 0.0996 0. 0998 0.1000 0 0.02 0.04 , 0.06 0.08 0.10
(a) #T A MR ALES (b) BHLRE
(a) Displacement at the free end of the rod (b) Total mechanical energy
B3 AT A mn i S GE
Fig.3 Free vibration of the rod
3.0¢10° 1010

8.0x10 "

6.0x10™ . \

2.0x10°" ﬂl
1.0x10™ ’f

free-end

53]
>
: A AWAVAIRE SO
5 0 Y 2 i \\\
7 = )
5 5 %i \,/\ /\ i £ 4.0x10Y r!
S -1.0x10 T F—\ — 8 -
2 \‘ﬁ \ / V = 1
= 5 — exact = 2.0x10 . — exact |
2.0%10 ) - - GLSRK| 2 o - - GLSRK
-=- CRK -.= CRK
-3.0x10° 0 .
0.0990 00992 0.0994 00996 00998 0.1000 0.0990 0.0992 0.0994 0.0996 0.0998 0.1000
t
(a) FFA MG (b) EHLMGE
(a) Displacement at the free end of the rod (b) Total mechanical energy

B4 SN A e AL SR AE

Fig.4 Forced vibration of the rod

N \
~ . ~ av /N
U 1.0 X e\ i\
0544 P h 05 ! ! ! !
” \‘ / \
1
x 04 L i “ /] i I T ;
4 \ i ' \ f
h d \ 1 \ !
-0.5 \ v -0.5 v ' \ !
\ \ [
-1.0 ‘\' — GLSRK -1.0 v /i — GLSRK ]
1

=

(=)
==
e
==

Ak ' = o\
1985.0 1987.5 1990.0 1992.5 1995.0 1997.5 2000.0 1985.0 1987.5 1990.0 1992.5 1995.0 1997.5 2000.0
t t
(a)e = 0.1, h = T/20 (b)e =1,h =1/20

5 AFSEI RGEMAIE
Fig.5 Dynamic system displacements with different parameters
ME w,=1,x(0)=1,H%(0)=0,T=2m/w, =27 EIRA R, T AT —L25 &
RSN ZH e BIBUENTTE T3E B3l 12 Rt BT FL T, B R 4 (28) HYAH IR — DR



18 S5RGBT R RK 7k

B, G006 2645 058 ELX B —A A 4R sh. il 5 1 00T, JLIERR B9 PUE REAS T8 i E AR O7
TER G /N B 254 b A28 5 R 6 45t T 35 AR ZePE MSRARZEMETE &0 F |, Rayleigh &
e N IR, XTI ARZMEIE B, 18] 6 [FIBT 45 T Rayleigh 4% A4 R 0 i i £ S HCAH
FLNE S AT LAE H #5R AR E 2B R, CRK D7k A R 25 B SR 3 S50 e (3 KM
WK & = 10(fURSRARLNER S ) i AR TR/ )25 4 b = 7760, FIH] CRK J59%
PIARRERIFIZ R GERYIERPLIE (S UL 6) HJ&id S GLSRK Jr ik 20l SR A4 1E 8 fige. n 5 24
FH CRK J7 kA5 REEEM PIAHE  ATR L b = T/60 BRI R,

: A—G}\SRK A——CX A,l :) - —:}LSRK» “;RK .
AU AT 12 U ANA

/ | :
A '
, [‘l \l‘ 05 ;
S /' -10

WANANAN
| F
IRV,

S
L———t=" 1

ad
I
!

I
\f

T

- |
=

\ \4
VUV i
-4.5 -15
0 20 40 60 80 100 0 20 40 60 80 100
t t
(a) % (b) HJE
(a) Displacement (b) Velocity
13 — GLSRK
1.0 I - - CRK
: ’—_ - -\
0.5 ™
y 0
— —
-1.0 = ——
-1.5
-45 -30 ~-15 1.5 3.0 4.5
x
(e) M

(c¢) Phase diagram
E 6 Rayleigh RN (¢ = 10, h = T/60)
Fig.6  Vibration of a Rayleigh system, ¢ = 10, h = T/60

4 4 i

ARLEW T s 9 2s BrFas GLSRK J7 3k 19— B =0 m 2 A% =X, R H 2 9 4 By
GLSRK JriksK g 7 A BHLJE Foh gty 1 2 F H E S e FIAE M3l 1% RGN, /T
GLSRK J7¥5H1 CRK J5 ik I3l A2 A a0 AR A 152 22 19 S ek =X, i 0k 17 1 e,

ASCR B IE R RENS 25 2 Mh T J 21| 45 A LA 28 U 1) SRK ik M2 A I R G
ELeME Rayleigh R 48 EE B FIFR I, X 45408 J122 RGN 5, SRK 7kt CRK ik,
TEIZ B2 R R B (R BC AT 7 T o B .



£ % ik ( References) ;

(1]

[4]

[5]

(7]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

de Vogelaere R. Methods of integration which preserve the contact transformation property of
the Hamiltonian equations| R]. Notre Dame: Department of Mathematics, University of Notre
Dame, Report No 4, N7-ONR-43906, 1956.

Ruth R. A canonical integration technique[ J]. IEEE Transactions on Nuclear Science, 1983,
30(4): 2669-2671.

FENG Kang. On difference schemes and symplectic geometry[ C]//Proceedings of the 5th In-
ternational Symposium on Differential Geometry and Differential Equations. Beijing, 1984 .
42-58.

Sanz-Serna J M, Calvo M P. Numerical Hamiltonian Problems[ M]. London: Chapman and
Hall Press, 1994.

Lasagni F M. Canonical Runge-Kutta methods[ J]. Journal of Applied Mathematics and Phys-
is(ZAMP) , 1988, 39(6) . 952-953.

Sanz-Serna J M. Runge-Kutta schemes for Hamiltonian systems|[ J]. BIT Numerical Mathe-
matics, 1988, 28(4) . 877-883.

Suris Y B. On the conservation of the symplectic structure in the numerical solution of Hamil-
tonian systems| C|//Filippov S S ed. Numerical Solution of Ordinary Differential Equations.
Moscow ; Keldysh Institute of Applied Mathematics, USSR Academy of Sciences, 1988. 148-
160. (in Russian)

Burrage K, Butcher J C. Stability criteria for implicit Runge-Kutta methods[ J]. SIAM Journal
on Numerical Analysis, 1979, 16(1) . 46-57.

Crouzeix M. Sur la B-stabilité des méthods de Runge-Kutta[J]. Numerische Mathematik
1979, 32(1) . 75-82.

Saito S, Sugiura H, Mitsui T. Family of symplectic implicit Runge-Kutta formulae[ J]. BIT
Numerical Mathematics, 1992, 32(3) . 539-543.

Sanz-Serna J M, Abia L. Order conditions for canonical Runge-Kutta schemes[ J]. SIMA Jour-
nal on Numerical Analysis, 1991, 28(4) . 1081-1096.

Abia L, Sanz-Serna J M. Partitioned Runge-Kutta methods for separable Hamiltonian problems
[J]. Mathematics of Computation, 1993, 60(202) . 617-634.

Sun G. A simple way constructing symplectic Runge-Kutta methods[ J|. Journal of Computa-
tional Mathematics, 2000, 18(1) : 61-68.

Grimm V, Scherer R. A generalized W-transformation for constructing symplectic partitioned
Runge-Kutta methods[ J]. BIT Numerical Mathematics, 2003, 43(1) ; 57-66.

Monovasilis T, Kalogiratou Z, Simos T E. Symplectic partitioned Runge-Kutta methods with
minimal phase-lag[ J|. Computer Physics Commumwications, 2010, 181(7) : 1251-1254.

Suris Y B. On the canonicity of mappings that can be generated by methods of Runge-Kutta
type for integrating system x = oU/dx [ J]. Zhurnal Vychislitel’ noi Matematiki i Matemati-
cheskoi Fiziki, 1989, 29(2) . 202-211, 317.(in Russian)

Okunbor D, Skeel R D. An explicit Runge-Kutta-Nystrom method in canonical if and only if its
adjoint is explicit[ J]. SIAM Journal on Numerical Analysis, 1992, 29(2) . 521-527.

Ramaswami G. Perturbed collocation and symplectic RKN methods[ J]. Advances in Compu-



20 GEHIE A1 T RN RK 7k
tational Mathematics, 1995, 3(1/2) . 23-40.

[19] Tsitouras C H. A tenth order symplectic Runge-Kutta-Nystrom method[ J]. Celestial Mechan-
ics and Dynamical Astronomy, 1999, 74(4) . 223-230.

[20] Van de Vyrer H. A symplectic Runge-Kutta-Nystrém method with minimal phase lag[ J]. Phys-
ics Letters A, 2007, 367(1/2) . 16-24.

[21] Iserles A. Efficient Runge-Kutta methods for Hamiltonian equations| J |. Bulletin Greek Mathe-
matical Society, 1991, 32. 3-20.

[22] Sun G. Construction of high order symplectic Runge-Kutta methods[ J|. Journal of Computa-
tional Mathematics, 1993, 11(3) ; 250-260.

[23] Hairer E, Wanner G. Scientific notes:; symplectic Runge-Kutta methods with real eigenvalues
[J]. BIT Numerical Mathematics, 1994, 34(2) . 310-312.

[24] Simos T E, Vigo-Aguiar J. Exponentially fitted symplectic integrator|[ J|. Physical Review E,
2003, 67(1): 016701.

[25] Monovasilis T, Kalogiratou Z, Simos T E. Exponentially fitted symplectic methods for the nu-
merical integration of the Schrodinger equation [ J]. Journal of Mathematical Chemistry,
2005, 37(3): 263-270.

[26] Tocino A, Vigo-Aguiar J. Symplectic conditions for exponential fitting Runge-Kutta-Nystrom
methods[ J|. Mathematical and Computer Modelling, 2005, 42(7/8) . 873-876.

[27] Van de Vyver H. A fourth order symplectic exponentially fitted integrator[ J |. Computer Phys-
ics Communications, 2006, 174(4) . 255-262.

[28] Gladman B, Duncan M, Candy J. Symplectic integrators for long-term integrations in celestial
mechanics[ J]. Celestial Mechanics and Dynamical Astronomy, 1991, 52(3) . 221-240.

[29] Kinoshita H, Yoshida H, Nakai H. Symplectic integrators and their application to dynamical
astronomy[ J |. Celestial Mechanics and Dynamical Astronomy, 1991, 50(1) . 59-71.

[30] Gray S, Manolopoulos D E. Symplectic integrators tailored to the time-dependent Schrédinger
equation[ J]. Journal of Chemical Physics, 1996, 104(18) : 7099-7112.

[31] Cary J R, Doxas J. An explicit symplectic integration scheme for plasma simulations[ J].
Journal of Computational Physics, 1993, 107(1) . 98-104.

[32] Dragt A J. Computation of maps for particle and light optics by scaling, splitting and squaring
[J]. Physical Review Letters, 1995, 75(10) : 1946-1948.

[33] Channell P J, Scovel C. Symplectic integration of Hamiltonian systems|[J]. Nonlinearity,
1990, 3(2) . 231-259.

[34] JWEWE, W5 3 J12# V65 B Buler i 2240 K igAg [ J]. J12454k, 2007, 39(1):
100-105. ( XING Yu-feng, YANG Rong. Application of Euler midpoint symplectic integration
method for the solution of dynamic equilibrium equations| J|. Chinese Journal of Theoretical
and Applied Mechanics, 2007, 39(1) ; 100-105.(in Chinese) )

[35] Bathe K J, Wilson E L. Numerical Methods in Finite Element Analysis| M ]. New Jersey, En-
glewood Cliffs.: Prentice-Hall, 1976.

[36] Hughes T J R. The Finite Element Method : Linear Static and Dynamic Finite Element Anal-

ysis[ M]. New Jersey, Englewood Cliffs; Prentice-Hall, 1987.



;o mwooE g 21

Symplectic Runge-Kutta Method for
Structural Dynamics

GUO Jing"?, XING Yu-feng
(1. Science and Technology on Reliability and Environment Engineering Laboratory,
Beijing Institute of Structure and Environment Engineering ,
Beijing 100076, P.R.China;
2. The Solid Mechanics Research Center, Beihang University,
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Abstract: An explicit and efficient implementation of the symplectic implicit Gauss-Legendre
Runge-Kutta (RK) method of stage s and order 2s, was presented for solution of the dynamical
ordinary differential equation with physical damping and external loads. The analytical explicit
spectral radii and single-step phase errors of the implicit Gauss-Legendre RK method were given
and compared with those of the explicit classical RK method of stage 4 and order 4. Numerical
comparisons through the dynamical solution of a linear multi-degree-of-freedom ( MDOF) sys-
tem and a nonlinear Rayleigh system were made to validate the present study and showed the
advantages of the symplectic RK method over the classical RK method with numerical dissipa-
tion, especially in aspects of the kinematic properties and long time numerical simulation.
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