N AN T 52 5 35 & 5 10 81 Applied Mathematics and Mechanics

2014 4F 10 H 15 H i Vol.35,No.10,Oct. 15,2014
M E4S :1000-0887(2014) 10-1143-08 © RFHBCEAER 2R 924 1SSN 1000-0887
T35 & iR K EIRE) Zakharov 718
R

(bR i N PR A=A FE T LI A BRI TR b O BT A 5230 %, B 200072)

WE. MWEANZRERE s EHESHEE A A, 38 B 1 X B Pk e AR AR 12
DT Hamilton” £544) , 32 ] Hamilton WF¥ 3 {8 & N 7 R2 | 1E W AR $ J2 HL Poisson $55- 551, 3145
B LMY 3-4-5- IR A T PR SE TE 55 20 T R T SAH EL A P A LR 25 1R 5 AH . b ik
FENT T RIS TS5 LR T AR Zakharov J7F2” LARE , Wt A d5c ELAR AR PE 33k 4= 110 i 1 U
TS T — b g JeA TR SE A I BB HESE,

X @ . Zakharov HE; LIRS, KIS BWEEERmI; R ShEAEAHETE

FESES. 0353.2 XERFRERG: A
doi; 10.3879/].issn.1000-0887.2014.10.009
5] =

IR P T 25 380 P AR e 522 -k AR B T 22 iR, 7 ok S U 2 4l 56 T
AR AL R SE R BT Fr A B4R ) RIS RS2k 4 L 2K X A fig L RR
TR, Tog5 A n R — T E AR S EL) | G S b 220 ) T DR e < IR TR
(PRSI FEEaR 120 8

AT DAHERT : 30 DA — 5 AT IR KT 2 4 AT AN 75 JH: 52 90T 1Y) e KT 7 3 T e R
%15 BT (freak waves) , B ALI% (rogue waves) , 5 FL % (giant waves ) , Do 28 125 I -I%
IEPRMUH], M R 2P0 2 T I55 2 M IR KU TE— A S RS SR T, Tt &
TE TR DX 3R SR 3T ot VK Y IR AT A S AR ke e 17 33X A AT it ) e R4 s 38t W 2

BUARKIEIE , TF R [ T R Y Phillips 22 4-J PR 1 LA N FEMLI
BEJE R I T LGS R R B Hasselmann 72 R AZ G, 50748 T E PERY LI
38 %) Hamilton %5 K9 2 4-3 2298 19 Zakharov 72 AT LASIEE ) . )\ Zakharov 77 2 i1 & ,HENS
BT Hasselmann J7 2.

FILAE T8 R 3 A SEAR AR A LUK B R A Jé T AR, Zakharov 5 B J& T rpuly
S HA B AR T Phillips 4-3 3R 508, )8 J5 T Hasselmann J7 2. 8 85 22, Zakharov J5
T2 H DA B Y3 KON ] BBk A S AL - Hamilton 5 FIRIFRYE ) 538, W] B4 30 Xt

« WFRBH. 2014-03-24; EiTHHEI: 2014-04-14
EEWMB.: ERHARBFEAS(11172157) ; LETTHTAA TR (12PJD001 ) 5 136 &4 A1 1 BA 2
B B A
EE® . HEIR(1964—) I B a i+ A, 202, 11 {14 S0l (Tel: +86-21-56332947;
E-mail; hhuang@ shu.edu.cn).
1143



1144 T %

i phe A 30 S —3 3 AR AR I 0

1ESEH T Zakharov 75 2 AR oy B L0 | I 24 H ARk $E T —HEA Wi 1) Zakharov-
Ry AR AR TR R BT iR 2 & SR R e A A SR, HLE RV FE AR A R T 58
e BEBR ], AR SCHLRF 2 ML 4-0 ik Zakharov-T A FRHET 2 T055 Z I XML HA“ T055 %
WIARAG A B4 WAl B E WE 7 5 4k 22 FH Phillips'® 24400 £5 2] 4-9% JL9R 45 14 1 41
SR WHE B UL ATATAY  (EAE S PR T IAT, PR 30K S Bl H BT R A s 5 TAE
i W Sy AR R, WA RS i O AR AR Y BB B i A ] S e E A, s L i
ST E A MR RS X BN A A IR AR R, AR SORE S ST b DA G
S ELACE &, A B RIE A 5 | Fe 2 50— b A5 B AR [R] A9« TR 25 020, NN st 22 7 655
Z IR A Zakharov 77 2.

1 XTFREAT Hamilton %544

MEEASKL T B RAKISAT , X008 2 PR AL R BoR. — R AR U5 IR 47 Y BRI 2%
YIS B K B SR SPE @ Hamilton £5447  Horp LA« g & | 3h & <78 1 & 1E ) o
B Sl FARbRA.

i1 Fourier Z8# FIAHLA I — > IE AR He | AT 55 A e MR VR T % Hamilton 254519 2 4
SEAE U R B AL R 1SS RN R a (ko) b o K 53] 3R I E) AN RS i T, AT
#431] Hamilton #5732 % 149 52 E 0 7 /2

da OH
TRV )
Hrr, H(a,a™) RV Hamilon REEIZ pR, & IUFIZ bR SR BUAE , nDREIEAS Y H AT BR B e
FEE SRR T R S — AN TE 55 2 B AU R, [ Bt DA T Y < B A e T T B
M(a,a”) FIEEHE ACa,a” )(12,151 .

H=leala,*dk, +

mtn=24+1=23 m=1

© Jj-1 1
| glmm gt
z Z mJUl,Z,m,an(a‘l a, 0,0, T

m+n=2/=4 m=1

@ j 1
(m,n) % ¥
|: 2 Z ;JUI,Z,'".mﬂt(al e, @t 4+ C.C.) +

C'C‘) :|8I+---+m—(m,+])—--~—(m+n) dk]~--(m+n) +

®
1
| gytm.m) gt
Z fUl,Z,m,Zmal a, a,. azms1+--~+m—(m+1>—~~-—2mdk1--~2m +
m=2 M

S 1 * ®
z 7J’U§Z!,(-)-)-,m(al '“am + C‘O‘)81+---+mdkl~--m’ (2)
m=3 M
M = [kaa” dk, (3)
A= Jaa* dk, (4)

HoP SCRBC U L R



TC5 2R 0 I LR ) Zakharov 77 2 1145

U('",”) — U(In,n) —
1,2,,p, gy ymymeA Lo e s oo omtn 1,2, ,q, -, pyeesymymA Lo s oo r o m4n.
(m,n)
Uyl s ot (5a)
U(m'm) — U(m.m) —
1,2,,p, gy ymymeA Lo e s e 2m 1,2, SpysmymA s e e 2m T
(m,m) (m m)
Up,'”,l,-",ln,' 3qsS,rymA L e 2m e Um+] 2m, 1, p e m (5b>

JEH, “c.c. " REBRTI S Er %/\I Wzﬁzﬂﬁ?ﬁﬁﬁaazg k,JﬁJﬂn o, =w(k,) fLE

AR EE K - I OHOE R AR o, =a(k,,t);3,,, , 778 Dirac RIS (k, +k, -

k;) ;dky, = dk, dk,dk, ; 2D FRI5 RORTEREA k- T S —o0 ™ B +00 " AYFH N 22 FEFH ST
HC(1), (2) F(s) , nfgt

da,

. _ (1, n)
1;—(0,(11 + z [jU 1+ @ 'a1+n81—2—~~—(1+n) +

(1,n) * *
nfU1+n,l,2,---,na2 a, al+1181+2+---+n—(]+n,) ]dkz---(1+n) +

J
(m, n) *
|: 2 2 j (Ul 2, ,m+n a, am Apr”” ayn+n8I+---+m,—(m+])—--~—(m+n) +

m+n=2j+1=3 m=2

n
— ytmm *eeeg
n+|,---,n+m,l,---,naz an an+| an,+m8]+--»+n—(n+|)—---—(n+m) +

® j-1

(m,n) *
2 2lJ‘(Ul,Z,“-,m*-naZ a’m Apir”” am+n81+--~+m—(m+l)—-~~—(m+n) +

m+n=2/=4 m=2

Un+l n+m,l,~-~,naz a, a,. an+m81+~~+n—(n+l)—~~-—(n+m) ) :|dk2~-(m+n) +

(m, m)
Z fU 2ma2 : am Ay ”” a2m8l+~-~+m*(m+l)*-~-*2mdk2“~(2m) +

m=

Z JU(nz ,0) * 81+ +mdkz,..m . <6)

m=3

2 SpfE ASHEASHR

W) FoR USRS P, FAT— 2507 51T P R ) RS 9 L
CER LR #6055 AR . LB R B RS ST A T3, BRI A7, 240,
SURTHMEINE, R TEIR TR 71, 2 S B 30 B 2 PR AP 16 P 8 e T
(1) TTHHE(2) (3) ((5) F(6) IEWT Yoz it B Rt sP e

oH

ait:()’ (7)

oM

E:O. (8)
A1) ((2) FI(4) ~(6) , AT

0A

ait:Ae +An’ (9)

Horh ) A ARFRE“A- RN 4- LA (R SR AN AR B, A, IR < 3k A 3-0% DL Y27
O B 4R 4-3 DAL B A S B0 EAE R B e A R Rl IE B« e AR H SR
A, =0 (10)



1146 T %

AP A AR
A, # 0. (11)
(7))~ (11) 2 HEATEEE” (1, BT AR e 25 AR, SE bR - &0mT L A i
WOk B  URER T 145 A A iz Bl B S A — TR A 45 4, 8 2 9 00 o TR L A < e
PR DL AR T G 2 L < 3 0T 4-g T ST R AR AR 8 R A Y —
ASERERY“ TCTT W LIR ST T 5 A 28 19 A ik
A= (7) A A

%’: [iwia,a; dk, + 4 +B] - [i[wae dk, +4+B] =4 -4=0, (12)

Hrb, 82T B A PTG A —1 8, Hid & A AT ABRIEG A d Tl A
HLARY 4- 555

1 . * *

) IJ’Ui,Zz’,z;Aal a, aza,(0, + @, — 03 —®,)8,,, 5 4dky, =0, (13)
IE R R 22 M VR S 3R T E 1 4-U R AR

0, tw, =w, tw,, k +k,=k, +k, (14)

h(8) , AT

M

67 =(C = 0’ (15)

ot
AU, N C AT 1 A SR 3-8 A

- ifUi,lz.,zg(al* ayay = c.c.) (k, =k, —k3)d,, 3dk, =0, (16)
BE RN R E

k, =k, + k. (17)

SR G SR AE 58] €5 BICIR A < A R RN RS B I AR AR B T B R R O ¢ 2B A [ —
P TR S A < SR SRR IR - T R 3D AR A
0w, o, tw,, k =k, +k, (18)
ME(10) Hr, AT FlER 1 S B A 695 55

1 . # * *
- ?J“?ﬁ?,z&,s,s% ay ay agasag(l + 1+ 1 =1 -1-1)8,,,5 4 5dk 5 =0,

(19)
I EN R
k) +k, +ky=k, +ks+kg (20)
TR LR LA R R D0
k,+k, +ky=k, vk +tky, v, tow, tv, =0, +o; +ov, (21)

BT BFR N 1A 6-P LR 7 X215 2 A0, o] LAFEZRN . BE AN s i Y R s,
M (11) Hr, AT4hE 1 A SR S ARG,

- ?1J’U§’22‘?3>,4’5(a1 a, aza,as —c.c.) (1 +1=1-1-1)8,,, 5, sdk s 0, (22)

M R —TJE R AT X HUER S . 20(22) Z 22 um B9 25 A IR B 4 B IR 7R S 28 L) 5-3
SR
0, tw,=0; to, to;, k +k,=k; +k, +ks, (23)



TC5 2R 0 I LR ) Zakharov 77 2 1147

PASE , iR R B Bl SR B BRI —.

e g ] bR R SR SR A A R SR S ARSI RS NS5, AN HEE
Wi i LU S598  ARI AR P AE S AL, Sy g B AT Y- IR AR KR SR ST E
SEFRE” RN AT A — 1k 2 0, A n] o 7 A5 380 - P IR AR 5 A < A T S AR RN ST
T AL, 45 & BB M S i S E 2 0F | I BERS  FHX IR S e i - - IR 4%
7.

BAE, th P B0 LT TE AT, BT 45 Hh LR R 28 055 20 v 3R Tl oA B Y
SLpR AR

(1) “ gk Ay -2 Ay P ol Feimi sk

w, =0, tw,+ -+, k =k, +k, +- +k,, n = 3; (24)
(i) FME )3
w, to, +tt+to,=0,,to,,+ - +to,
2<m<n-2 (25)
kl +k2 o +km =km+l +km+2 o +kn7

3 g 2 ILIRAY Zakharov J7 R

SEENTTRE (1) 86 1 JC55 2R A AH ELATE T, 28U - JLR I Fn e AR L4 19
MRS 1 5 AR O AR 253 it o M-I A FH 2R 8 (1) g LB i ke, i HLl

Uik EIWE? 5IAMBA 1S AE R AL o FEAL BT R AL R R b 19— ANT055 Z2 AR R
A IE T AR, IR I < LR (24) 5 (25) SRR A5 B JER TT 22280, LA BRIV AT Ay Bl — 1 58 2 2 1
IR R GL IR IE N Ay

— (0,m)
a, _bl + Z [IEl,z,u-,mnbz"'bm+181—»--—(m+1) +
2

m=

m+1

(m,0) * E
fFl,z,m,mnbz b 81+»--+(m+l) dk2-~(m+l) +

m+n

«©
(m,n) Y
z Z le,z,"',ﬂl+ll+1b2 bm+lbm+2 bm+n+l81+--~+m+1—(m+2)—-~-—(m+n,+1)dk2~-(/n+n+1) ’

m+n=2 m=1

(26)
v, A 52 Z 4006 R R FRIE «
B et B TE s (27a)
FU5 imet S et T F s (27b)
Gi7;”7.).,[,,.“,,{,A..,m1vm+2,..y,,“.,S,...,,,H,”l = Gif’;’,'f-)~,q,~-~,p,~-,m+1,m+z,~-~,.<,---,r,-~-,m+n+1 =
G e emn s 12,3 (27¢)
Gif';,’-n-?,m1,m+2,-~,2m+1 = Gmfz),m,znﬁ1,2,-~,m+1 . (27d)
I H., 7 (26) 70 /& “ Poisson F55 7 IE N 544 .
O 7L % A,

0by db,  db, 0b, dby b,  db; db;
RGP RIS LR 4 20 (24) F1(25) , 7] Ff Hamilton RETEIZ PR H(a,a ™) 4356 24 0« F1m
5K - i i R IR I Z H (b,b7 ) FI“RIEE W Z H (6,07 ) ANy



1148 T %

H, J’wlblbl dk, + 2jv<l " ]+n(bl* by-+b,, + C'C')8l—2—~~~—(1+n)dk1~~(l+n) s (29)

H, = [wbb; dk, +

{ > ﬁifWifz:".?.,m,,(bf--~b,:bm+.--~bm+n+c.e.>+
m

m+n=2j+1=5 m=2

2 2 J'W(mn) (bbb b+

m+n=2=Z6 m=

C’C‘) :|8I+---+m,—(m+])—--»—(m+n) dk1~--(m+n) +

Z fW<"l " 2m b,: bm+] "'bzm8|+---+m—<m+1>—---—(zm>dkl»--(zmq ’ (3O>

Horp A2 R BRI RE 6 X B -
VIS st = VA5

(m,n)
Wi,
W(m,n)
PR

(31a)

— V“'")
qyeapy 14 Lp,,

= pimm -
T2 g -

smamAl e s e r s mtn

2,140, g0
cymymA L r e s e mtn

(31b)

cmy sy mA L mAn ey

W(m,m) _ W(m,m) _
1,2,50,p, 00, q, e mymet L e eee s e 2m0 1,2, Sy mymeA L e s e r e 2m T
(m,m) _ (m m)
W([ smyes Ly poryees 2my s m+ 1, W/n+l 2my L, py g, ° (310)

e, W?EIEJ”'J”T@F%:EEW%TWE’JEIEJJJ?'T&*HT(29) ~ (31) IRy NSl
95 21 R T I LR 1 Zakharov J7F2E” .
(T) “FRrmisk -5 19" s R ifak Sk

Jab, 8H,
i o St 2 “V“ by by ¥

(1,n)
fV1+n 1, 2 ‘a, a1+n81+2+~~-+n—(1+n) dk2~~-(l+n) 5 (32>

(In) % 1 = 79
b, 3H,
1 E = W

=wb, +

© J
(m,n) * *
|: Z ZJ(WI.Z,“-,meZ bm bm+1'“bm+nSl+-~-+m—(m+l)—~--—(m+n) +

mtn=2+1=5 m=2

(m,n) ot
7Wn+l n+m,l,~-,nb2 o bu bn+l bn+m81+-~+n—(n+1)—--~—(n+m) ) +

Jj-1

(m,n) * *
f(W1,2,--»,rn+nb2 '“bm bm+l'"bm+nal+~--+m—(m+l)—---—(m,+n,) +

o
m+n =

n .
—lmem) Y
W/H—l,'--,/1+/rz,l,-~-,/zb2 b/l bn,+1 bn+/7161+-~+n—(n+1)—--~—(/1+m) ) :|dk2--~(m+/1) +

2j=6 m=2

Z JW(m " 2m b,: bm+1 "'bzma1+---+m—<m+1)—~--—(2m) de---(Zm) . <33>
(33) Eﬂ‘?&%?%ﬁﬂﬁ@“%ﬁij}ﬂiz 4-P IR Zakharov 7"



TC5 2R 0 I LR ) Zakharov 77 2 1149

R +fW<“> bl bb,d dk 34
1 9 = w0, 1,2,3,402 03040 1,5 3 40K53, « ( )

AWK Zakharov J7 BB RECH 9 E7 S WK IR, X BT HIER S H Z
FRIT R B B ARG, FCHR T 2 LA 3 1 14 22 b L TR S5 40 R KR TR S TR
K, 3 JEAT BROK IR, SR K .

4 4k 1w

TG H B R RIT R FRE 88 MBS I I (9 R A TR kit 20 i)
4-P IR Zakharov JT RS Je R 4k i — 291 £ 9 AR (1) Zakharov-R1 )5 #2111 B0 E ik — 4
VAT E 7 S o NSVl 125 W N i S L S (B O & TR O 1 N 7 O T (Y I E 2/ N
SRFEASE E A RN A A SE SO LR UE M AR T TR g 2 U R IR A E (24) B
(25)™, LA I d5c 2 A0 7 b A8 57 7 PR R 28 < TE 95 £ 1V 2R I i L 4R 19 Zakharov 75 R (32) FI
(33) 7 Aautk, WK 5 RS B VR )T 2 0 R | 405 SR AR 0% 3 U T Ui Hasselmann 7 2 3
W M E o — i IG5 22 W AR TE T, DA T A A5 e AR LA W R 5l T D i
T B R R

£ % ik ( References) :

[1] Dirac P A M. The Principles of Quantum Mechanics| M]. Oxford: Oxford University Press,
1958.

[2]  Weinberg S. Cosmology[ M]. Oxford; Oxford University Press, 2008.

[3] ™, xXV/has, &F0, FMST. NSRBI R S L IEL S S [J]. NHEEM T
2%, 2014, 35(1); 39-49.( YAN Bo, LIU Xiao-hui, ZHAO Li, ZHOU Lin-shu. Nonlinear gallo-
ping of iced quad-bundle conductors with internal resonances[ J]. Applied Mathematics and
Mechanics, 2014, 35(1) : 39-49.(in Chinese) )

[4] Kartashova E. Nonlinear Resonance Analysis| M]. Cambridge: Cambridge University Press,
2011.

[5] Dysthe K, Krogstad H E, Miiller P. Oceanic rogue waves[ J]. Annual Review of Fluid Me-
chanics, 2008, 40. 287-310.

[6] Phillips O M. On the dynamics of unsteady gravity waves of finite amplitude—part 1. the ele-
mentary interactions[ J]. Journal of Fluid Mechanics, 1960, 9. 193-217.

[7] Hasselmann K. On the non-linear energy transfer in a gravity-wave spectrum—part 1. general
theory[ J]. Journal of Fluid Mechanics, 1962, 12. 481-500.

[8] Zakharov V E. Stability of periodic waves of finite amplitude on the surface of a deep fluid[ J].
Journal of Applied Mechanics and Technical Physics, 1968, 9(2) . 190-194.

[9] Dyachenko A I, Lvov Y V. On the Hasselmann and Zakharov approaches to the kinetic equa-
tions in gravity waves| J |. Journal of Physical Oceanography, 1995, 25(12) . 3237-3238.

[10] #k 7. Pk 7 3CE[M]. L. BRI R ik, 1998. (YANG Chen-ning. Chen Ning
Yang’ s Collection[ M]. Shanghai;: The East China Normal University Publishing Press, 1998.
(in Chinese) )

[11] Stiassnie M, Shemer L. On modifications of the Zakharov equation for surface gravity waves
[J]. Journal of Fluid Mechanics, 1984, 143 47-67.

[12] Krasitskii V P. On reduced equations in the Hamiltonian theory of weakly nonlinear surface



1150

o i

[16]

[17]

[18]
[19]

waves| J |. Journal of Fluid Mechanics, 1994, 272 1-20.

Zakharov V. Statistical theory of gravity and capillary waves on the surface of a finite depth
fluid[ J]. Eur J Mech B/Fluids, 1999, 18(3) . 327-344.

R, T35 2R AR BAE R RE RSP R AR S5 4 [ T ] N BRI ) 4%, 2014, 35(5) .
565-571.(HUANG Hu. Energy conservation and resonance conditions for interactions of an in-
finite number of ocean surface waves [ J|. Applied Mathematics and Mechanics, 2014, 35
(5): 565-571.(in Chinese) )

Zakharov V E, L’vov V S, Falkovich G. Kolmogorov Spectra of Turbulence I. Wave Turbu-
lence[ M]. Berlin; Springer, 1992.

McGoldrick L F. Resonant interactions among capillary-gravity waves| J |. Journal of Fluid
Mechanics, 1965, 21, 305-331.

McLean J W. Instabilities of finite amplitude gravity waves on water of finite depth[J]. Jour-
nal of Fluid Mechanics, 1982, 114. 331-341.

Nazarenko S. Wave Turbulence[ M]. Berlin; Springer, 2011.

Newell A C, Rumpf B. Wave turbulence[ J|. Annual Review of Fluid Mechanics, 2011, 43.

59-78.

Zakharov-Type Equations for Resonances of an
Infinite Number of Ocean Surface Waves

HUANG Hu
(Shanghai Institute of Applied Mathematics and Mechanics
Shanghai Key Laboratory of Mechanics in Enerqgy Engineering,
Shanghai University, Shanghai 200072, P.R.China)

Abstract: Based on the fundamental wave conservation laws of energy, momentum and ac-
tion, together with the law of symmetry deciding interactions and the Hamilton structure, 2
main categories of resonance conditions for an infinite number of wave interactions and the cor-
responding 2 major Zakharov-type equations for an infinite number of wave resonances were de-
rived by means of the complex Hamiltonian canonical equation for ocean surface waves, the ca-
nonical transformation and the Poisson bracket conditions. The presented Zakharov-type equa-
tions, in connection with the classical conditions for the 3-, 4- and 5-wave resonances, there-
fore build an indispensable, advanced and complete theoretical framework for the most funda-

mental and universal ocean wave turbulence.

Key words: Zakharov equation; resonance condition; an infinite number of ocean surface
waves; conservation of energy, momentum and action
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