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Pii = (ki + ki )/ piy = ki / (L)
HHE D > nifk =0,
IR FFAEEA T a, =a,_ 0, b, =b, ., e =cp (0= 1,2, [n/2] = 1), MIFKA
R4 (B0) SR R £ R B
R ) B0 - T - B RSS2 ELA AT O o 1) S 0 B 22 4030 0L ph 1 R ) s H A A 7Y
) R 82 A SRR R R R R DRI SRR ) S ] R g S J 2 S X6 TR T £ R B () AR A A
)R R o R AR AR I 1) AR B e T i P2 7 AR SR B IR B ( =% #
TR RO A RS ) SRR AEAE S M) R AR 9 B BRI T — B8 L SR [ 8 1 4 T ) FH 9 4
TEXT RIS FATC ¢, = ¢, _,, KT8 A X Bk X 71 00 I 1) s 5 SCHR [ 9 T ISR T RO ik 0% 1
WA AE S TR) e i) m] 12 7 R P 2 AR RE S ) 3 U0 R T %0 LR 19 D7 4 5 SCik [ 10
Xof S X ot DR R B 338 R A ) AT T RIS 5 SCHR L 11 1008 T 3 ANARBR KT [l f X A 1 =
b KPR B A TR AL 5 SCHR [ 12 105 T Jacobi S B4 A — 28 ) SCRFAF (RS W) B85 SCHik [ 13 10 5%
THE 5 AN [E] B AR X AR 38 TR 7 4 PO S P A R — M Y ST 250 5 SOk [ 14 ] B T ik
PHRFOE T A SR HR 2 S IR EEA T T A9 s SCRR [ 15 1S T R A A R i X ) i = %o £ DU e 480
A [ L 2% B B AR X 2 1] X )RR T | A S P B X S X AR 6T 3 4 I v £ X8 2 i) L2
T4 (OBL) Xof ik 5% 7 6 B 1) g %o B () LR T T 1008 SRR A 28 1Y 3 AN 11 AR SRS )
It R T P R A R T SE A A D A n AN TE R RIFF A BE L 3 R AN Sl Y W
Bk 3.
@ AENEX,Y,Z,U,V,W e R K n fSEFRI MR A, #if5 AX =U, AY
=V,AZ=W.
BRI HENEX,Y,Z,U,V,W e R J1E—"1nBras(3) R AMHEREA (X,
U),(Y,V),(Z,W) ¥ A e (BAX =U, AY=V,AZ=W).
BN R,y FEAS SR X, Y, Z (BRI U= X, V=uY W=yZ) )
T R GE I EE AR B (n B SEXTRR B MRS ) A, fHi45
AX = AX, AY =pY, AZ =vZ,
HAWMEMALITLE R a, > 0(i=1,2,,n) KMALTEND, < 0(i=1,2,--,n-1),IK
W FALTTE e, > 0(i=1,2,--,n-2).
SRR AE T 4 AR ieS .
X =(n,0,,x,) €R,Y=(y,y,, ) €R,Z=(z2,2,",2) €R",
U= (u,uy,u) R, V=_(v,0,,-,)" R,
W= (w,,w,,w,)" €R",

S, Mk Gy O AL
e = |y (i=1,2 n)

Biz(eiaeiﬂ’eiu) (i=1,2,---,n—2),
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Bll—l:(en—l’en)7f;: Ui (i=1,2,---,n),

fi = (Ax;, wyi, vz) ', D, =det(B,) (i=1,2,,n-2),
B FXRHEFE B, 1) Moore-Penrose | S|
di(l) = det([fi b e, —c,e .6, ,€.,,])
d? =det([e,, f,

i

- b e, —c e ,,€,,]) (i=1,2,--,n=-2).

dz@ =det([e,,e,.,, fNL' —b_ e —c.e.,])
1 [A) B A e 25

T HEMEX,Y,Z,U,V,W e R", WAl T 47100 — A 75 5 42
D, #0  (i=1,2,--,n-2);

2) rank(B,_,) = rank(B,_,, f,_,
3) rank(e,) = rank(e,, f, = b, e, , — ¢, ,e,,) = L.

ERS XETI LR X, Y,Z UV, W AX = U, AY = V,AZ = W {4

- bufzenfz - cn*lenfi‘?) = 2;

a; w, =X by = x50,
B[ b |=|v; =y by —¥iaci (i=1,2,--,n-2),
¢ w; = z,b ) =250,
U,y = xn—2bn—2 T Xp-3C,3 u, - xn—lbn—l T Xp2Ch2
an*l
anl = Un,—] - yn—an,—Z - yn—3cn—3 ’ anen = Un - yn—lbn—l - yn—ch—Z
bn*l
W,y — zn—2bn—2 T 2,-3C,-3 w, — z/l—lb/b—l T %262
) (= 4E 151 H >
H1 LA b5 P 2H ] A5 (0] U i — i A SR SR A R 25 1) ~3) |, HLE—fif oy
a; w =% by = X0
— + — — L
bi —Bi v; yi—lbi—l Yi-2€i-2 (l— 1,2,~-',n—2), (1)
| Ci w, =z, b —z ¢,
— Uyy — xn—an—Z T Xp-3C3
n-1
—_— + — [
- B,r] Un—] yn—an—2 yn—3cn—3 ’ <2)
_bn—l
wn*l - zn*an*Z - zn*3cn*3
u’n - xu*lbu*l - xn*ZCU*Z
— + -— —
(ln - en vn yn*lbn*l yn*ZCn*Z ’ (3>
w, = zn—lbn—l T 2,202

Bi+ :Bi_l , B:—l = (Bl‘—an—l)_lBI—l, e: = 2.
le,l;

n

E)Z 1:16] &A = (aij) € R"X" "zﬁjiaij :an+lfi,n+lfj(i’ .] = 192a'“an) ’IJI‘IJ%A y‘jn Ig)ll\l:':“l:‘\
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XTFRFE R T n B H O X R AR B () 4 ARE N R .

A € Ry MRS VEZRMZEA =S AS, .

EX2W  —AAE X = (x,,x,,,x,)" € RTURLE X =8 X, WHK X RxtFrim & a0
TR X == 8, X, R X RO R Ta] 5 X SRR ) &2 ALY x, =« X O ROMFR ]
EYEAY x, = - x,, (0= 1,2, [n/2] - 1)

Gy UE P Ko TR L R P AR AL o) 5 DA X6 R ) i g s R [

EX 3 HHMEA = (a;) e R Wi a;=a; =a, 1, 0(i,j=1,2,,0) JUFRA Ry
RO BRI TG n B SO R B (0 414l Ry

51317 A e R MHMH A=A, S AS, =A.

S5IE2'7 FHA e Ry WA TERN

2

A 0
A :P PI, 141 = Rén—m)x(n—m), A2 e RVSn,Xm,
0

HrA Y p = 2m i,
1L 1,
P=— 5
218, -8,
Mn=2m+ 1Hf,

I, 0 1,
1
P=—10 2 0
3
Sm 0 - SIYI.

FE T OO PR RS0 B ) H o X R S FCARR AR 1 A X ok i i 8 SO0 ik ) ik

EIE2 RAEMB I H n=2m,X,Y,Z € R H¥HRIESE SRR, U, V,W e R
Shy X IO P X R ] g OGS R [ i, D) [ R T A7 M — i 119 8 B AR 2

1) X,Y,Z R &EDA—AXFFRI A RO FR ] (R W71 X AR (SRS FR) [,
Y, Z R (ERRR) ) U,V W R R R ) i s % R ]

2)D, #0 (i=1,2,,m~-2);

3) %, (¥oiZ = Yot ) 7 03

bm*
4) rank(ém) = rank(ém ’ j‘m - cm,—Zem—Z - Em—] { 1:|] = 29

m—1

bm—
ﬁ rank(gm) = rank(ém’ fm - Cm*zem*Q - Eml{ 1 :l} = 2’
- Cm*l
/\EFI
Xy Xy
€. =Y ~ W (k=m, m-1).
Z - Z;

UERR XKL AERE A, ATLARR

A, B
A =| ,
" |B" S,AS

m* = m™~ m
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Hrp
[0 0 0 0]
B=|0 0 0 01,
Cm*l O
bm Cn 0 B

i

Xl Yl Zl

X: 5Y: 5Z: ’ Xi’YisZiERm9i:1’2,
X, Y, Z,
U, Vi w,

U= , V= , W= , U.,V.W.eR", i=1,2
U, v, w,

é\

1 I”l I/VI
P=— :
/\/5 Sm - S"L

PP =1, 51,P NIEACHE,

(A, +BS, 0
P'AP= ,
’ | 0 A, - BS,
m 1 —Xl + SmX2 Gy 1 Yl + SmY2 ™ 1 Zl + SmZZ
P'X=— ,P'Y =— ,P'Z=— :
\/E _X] - SmX2 \/E Y] - Sm Y2 \/E Zl - SmZZ
Py 1 U, +SmU2} pr _1[V1 + S,”Vz} ’PTWZI{W] + smwz}
\/§_U1 _SmU2 ﬁ V1 - vaz «/E W1 - Smwz
HAX=UAPAX=PUYA RAR
_Am + BSm 0 ] 1 _Xl + SmXZ 1 Ul + SmUZ
| 0 A, -BS,|2|X -S,X] AU -S,U,
[Fizis)
_Am + BSm 0 ] 1 _Yl + SmYZ 1 Vl + SmV2
L 0 Am - BS:n_\/E_Yl - SmY2 _E Vl SmV2 '
A+ BS, 0 1112, +8S,2, 1w, +S, W,
L 0 Am - BSm_\/E _Zl - SmZ2 _\/5 Wl - SmWZ
1 X, Y, Z R R WA
(A, +BS, )X =U,,
(A, +BS,))Y =V,
(A, +BS,)Z =W,.
[lidibgE]
%@, + 2,0 F w0 =u —x b - w0,
Yt ¥ Yinby F ¥ =0 =y b = yie, (i=1,2,,m=-2), (4)
zia; + 2,0 + 7,0, =w; =20 =z ¢,
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X @y + %, (0, +0,y) = U~ X, 00,0 — X, 5,
Yoot @y ¥ 5, (b 0 ) =0, =¥, 00,5 ¥, 56, 5, (5)
2yt @y ¥2,(b, +e, ) =w, = 2,50, , =z, 5,
x,(a, +b,)=u, —x, (b, , +c,,) —x,,¢,,,
ym<am, + bm,) =v, — ym—l(bm—l +C01) T YaCoas (6)
z,(a, +b,)=w, -z, (b, +c, ) —2,,¢,,.

XTF R (4) W2 1 AL RAGME—fif RN T R4 (5) NFEEME—/ b, el
TR (6) WALELEME—IN a,, ,b,, .
[F BT X, Y, Z B R R PRI i A
(A, -BS )X, =U,,
(A, -BS,)Y =V,
(A, -BS,)Z, =W,.
[FIFEABEME— AR E b, ,c,_1 @, .0,
XY, Z R RRR I K RO FR A i NS X X PR R, Y, Z R ROFR
] 2, A

(A, +BS )X, =U,,
(A, -BS,))Y =V,
(A, -BS,)Z =W,
x;a; + %0, %0, =u;, —x,_,b,_, — x,_,¢;_,
¥ia; + ¥ib; Y. =0, =y bl = Y, (i=1,2,-,m—-2), (7)
za; +z,.,b, *z,,¢, =w, —z,_,b,_, —z,_,¢,,
X, @, +x, (b, +ec,_)=u,, —x,,b _,—x, 5, 5,
Y@y ¥ ¥, (byy =€) =0, = ¥0byy = ¥asCs, (8)
z, 1@, *2, (b, —c,_,)=w,_, —z,,b,, =2, 3¢, 5,
x,(a, +b,)=u, =%, (b, +c,,) =x,,,,,
Yula, =b,)=v, =y, (b, =€, 1) =¥, (9)
z,(a, =b,)=w, —z,,(b,.; —c,\) =2,,0,,.
N1 E5 IR T LIS B R AL (7) ~ (9) fEAFAEME— I SR B SRR e B 2 i 2%
F2)~4).

#r X, Y, Z T — AR ORI & H B AR, A4 X A RO FR I i, Y, Z XK
] £, A
(A, -BS, )X, =U,
(A, +BS )Y =V,
(A, +BS,)Z =W,.
[ AT A5y FR 2 A A M — e 1) PR B 2 3L 2 A5IE.
EE3 WHERENF n=2m+1,X,Y,Z € R”" JXFRIa el S SR i, U, V, W e
Rt Sy LT 7 A X6 TR 1 ks R AR v o, DU [ A8 T A7 A P — i ) SRS SR
1) X,Y,Z A AR R — A RO FR I (A5 X, Y RERR [ &, Z o R FR 1]
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) U,V W Ry H R XFR 1] e g Sz 08 k)

2)D. #0 (i=1,2,+,m-2);
3) xrn+l(yrn—lzn1 - ymzm—]) # yrn+l(xrn—lznl - xmzm—]) ’ zm(xmym+l - xm+1ym) ;é O;
xm+1 xm+l um,+| xm _xm—|
4) rank = rank , -2b, - 2¢,_, =1.
Ym+1 Y1 Ui Y L Y m-1
IERR HFE A FTLIROR N
A, B ¢ A, B 0 [0 0 C
A =|B" a,, B'S, |=|B" a,. B'S, |+|0 0 0],
¢ sB sAS,] |0 SB Sa5,] LC 00
/\r[_‘
— O -
0 0
B = ,C=]:
Cn-1
¢, 0
L b’" .
ic
[ Xl ] Yl Zl Ul Vl Wl
X = xm+] ’ Y = ym+l ’ Z = zm+l ’ U = um+l ’ V = 1]m+] ’ W = wm+] ’
L XZ i Y2 Z2 U2 VZ WZ
X,Y.Z e R",U.,V,W, eR", i=1,.
Im 0 Im
1
P=—10 2 o0 |,
N3
S 0 -8,

FAUEH 2 TR AR, ATASE B 3 A4 IE.
REIR 4 [l A7 ME— fff 1) ST B2 PR

1)D, #0,HD 5d",d” %5, 5d% #5(i=1,2,,n-2);
2) I‘ank(Bu*l) = I‘ank(Bn*l ’ fw*l - bufzeu*Z - cu*leu*3) = 2’ E‘
(eee,, —e,_e.e,) (fn—l —b,e,, —c,e,5) >0,

- b/L—Zen—Z - C/L—3en—3> < O;

T T T T 3
<en—len—leu - euen—len—l) (fn—l
cn*Zen*Z) = 17eI(fn - bn*len*l - Cn*Zen72> > 0'

3) rank(e,) =rank(e,, f, = b, €, -

JEMiAT
X _ X, n— n—
Ao e TR (A 0) e s b e T (y, £ 0),
X, X, Yn Yn
Zn-1 Zn-2
y > bn—l + Cpo2 (zn # 0) .
2, 2,
R HER L ALY U =AX,V =pY W =yZ I FEEME— RS PRI AR A B 7S
TR

D; # 0; rank(B,_,) = rank(B,_,, fyrl —b,,e,, —c,_e, ;) =2;
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rank(e,) = rank(e,, f. - b, e, —c, e ,) =1
FEHaE X AR (1) ~ (3) BTTE, il 4%
0, =dV /D, b =dP /D, ¢ =dP /D, (=12, 2),

1 ~
_ T T T T
an,—] - Z(enen,en—] - en—]enen) <fn,—1 - bn—Zen—Z - Cn—3en—3) ’
by = (el ie el ~ele, el ) (F oy = bse,s = e, )
n-1 — A en—len—len enen—len,—] fn—l n—Zen—Z cn—3en—3 ’

HrA=(ee,) (e, e, )~ (ee, )?, H Cauchy(FJPH) REEXH, Y e, He, | KT
B, , WF M 2) BF,A > 0.

1 o~
= le |2 e,'l(_fn —-b, e, —c,.e, ;).

IRAE i PR A

a

n

X1 Xyo2
a, =\ = b,_, -c,_, (x, #0),
%, x,
a =m=b e T (20,
Y Y
z,_, z,_,
a, =y - b,_, -c,., (z, #0) .
FH A B B 4 B 551
2 B fH BB
HE 1 HlimE
0.957 2 0.915 7 0.849 1
0.485 4 0.792 2 0.934 0
X=]08003|,Y=[09595|,Z=|0.6787
0.141 9 0.655 7 0.757 7
0.421 8 0.035 7 0.743 1
»
0.917 3 0.6359 0.125 3
- 1.136 7 -0.792 6 -0.439 3
U=| 1.2727 |, V=] 09213 |, W=| 1.4814
1.989 5 1.180 3 3.731 1
1.551 2 3.300 4 3.840 2

FH B 1 AT 3SR [ R SR [R) T AT P — i 1) SR 22 55, IR B MATLAB #8)% , #1lH 5K
(1) ~(3),3K45 5 B X BR A6 R Sy
0.8147 -1.3077 0.964 9
- 13077 09058 -0.4336 0.1576
A=| 09649 -04336 0.1270 0.3426 0.9706|.
0.1576  0.3426 09134 3.5784
0.970 6 3.578 4 0.632 4
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0.791 1
1.403 4
0.698 7
0.698 7
1.403 4
0.791 1

3.576 0
2.660 9
2.894 0
2.894 0
2.660 9
3.576 0

-

B2 4 SRR e e SRR 1]

0.502 8
0.690 7
1.105 5
1.105 5
0.690 7
0.502 8

2.728 9
1.584 2
3.510 6
3.510 6
1.584 2
2.728 9

0.151 4
- 0.485 2
-0.0351
0.0351
0.485 2
-0.151 4

-0.514 1
- 0.306 6
0.221 9
-0.2219|"
0.306 6
0.514 1

P B 2 AT rg X 0 A ) L T A M — gt X SR AR 0 R R T R A (7)) ~ (9) , R A% 6 Bir

KRR X A Ay

1.1658 1.344 0

1.3440 1.0586

1.098 6 0.030 6
0.129 8

1.098 6
0.030 6
1.182 5
1.393 2
0.129 8

0.129 8
1.393 2
1.1825

0.129 8
0.030 6
0.030 6 1.058 6 1.344 0
1.098 6 1.3440 1.165 8

BO13 AR RGEN 0 DTHTRENIFFRE [ = | Fln DB EANIE £ =2,
= 1,2, ,n, BB RGH n BYXTFRIT ARIEEAERE C,), o a, =a, = - =10,
a,=2;b,=b,=--=b_,=—8,b

B n =100,200,400,600,800,1 000 i, AR A =4, (Cy), m =A,(Cy),y =25,(C,)
(A (Co) FIRHRE C, (5 i DA ) BAHRN B X, Y, Z , HH o 384 A B0 R R A X 1 2 [ R T
A P — i () T R A P B 4 A TE R S AR PTSRAS IR B R G W EE R R C

IR R E M, 4 RS N 3 (107 e & RIXIE](0,1) WF45] 5310 B HL
%0 ,4 n = 100,200,400,600,800,1 000 i, 715575 2 24 2l 22 Ge O W BEHE R € AR R 52 22
(IC-Cy |/ I1Cy Il ), WL

1.098 6 |

=a,,=12,a

n-1

= - 4;01 :C2 = ... :C”_2 = 2.

R AT ARG L) B R B AT X e 22
Table 1  Relative errors of stiffness matrices with different orders under perturbation
n 100 200 400 600 800 1 000
relative error
1.8753E-5  9.828 0E-6  1.148 1E-4  1.361 2E-4  1.3454E-4  1.206 3E-4

€ =Colle/I1Colls

N HE R 4, R 3 ASFREXT A5 n (X FR FO0 57 NI BE AR C, 5 23K M n > = etk Ty
TR H Cramer ( FE3EME) 3L WK AR , 1258 68n FLOPS; i Gauss (54 {H 2215, i H &
N 17n FLOPS .25 J7 T3 2H 19 F 500 FE RN B AR DR 22 6, 5 R 20 A 19158 22 B T 2R RO e 11
FAPH; SR AT 2R 80 I 1) 25 0T T 0k 2 SR P A T4 B A S o o P b e B Y AR
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Wl DULRIE TS R 2 ) 28 BOB R ) 2R PO BUd R

e L AR AR, 13 Lingo BRI, AT SRAT JC B fk WIAT 91 B2 ARV 5l 980 38 ) 2

1) DIREE {7, 37 KRk, 3 R sy B b @ sr AR, 5K n A JC o W FT A
I n AN Bl R I BE.

2) S (ST 1 0 AN TSR RIFF AR BE (T, 35 Rl o ANMEES SRS RRIRE (k. 1,0k
KL 3 FIRIEE {k, 3 s s g, F hr e 8O

min z = Z<ki _Ei)z + z(li - Zi>2'
s i=1
3 45 B

ARG R H 1 ST R 3 A i e XA T S AR NS A R 4 i — Y SR A
1 B Sigp B I 3 6 T 0O BR TS AR, 73 i n S A ECRT 25 BT AP B AT T e
A BO FRAE R O FRIRES A R E BE 1 A94598, i 2 B 2 5 7 3 40 A T M — i FE 2 5%
T s BT SR Bl 2R S8 B W BE S R (SRR TN A1) BRE s EXFFAOCRT 0, IRX AT/ T 0,1k
UMAHTCR T 0, A 3 ANFFAEXS T ik 5 P 4 25 1 m) st I A i 1) 2% 10 R SR A O v ol i (B3
195 IEZE 1 B A R, R RO A AR5 ke o W BE R B | SR ZR GE 0 n A>T B B WA A9 1 BE A
n AFEE SR R EE TR A5E A R GLATA A A S BETE  TI0 -5 45 ) 5 A — s A A (L
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On the Construction of Stiffness Matrices With 3
Vector Pairs for Beam Vibration Systems

ZHOU Shuo, LU Xiao-huan, WANG Xiao-xue
(College of Science, Northeast Dianli University, Jilin, Jilin 132012, P.R.China)

Abstract ; The stiffness matrix of the discrete vibrating beam model is a real symmetric 5-diago-
nal matrix, so the inverse problem of the vibrating beam is substantially an inverse eigenvalue
problem of the real symmetric 5-diagonal matrix. The existence and uniqueness conditions for
the solution to the inverse problem of the real symmetric 5-diagonal matrix vector pair were giv-
en by means of the vector pairs and the Moore-Penrose generalized inverse, and the existence
and uniqueness conditions for the solution to the inverse problem of the bi-symmetric 5-diagonal
matrix vector pair were discussed in combination with the partitioned matrices. Then the in-
verse eigenvalue problem of the real symmetric 5-diagonal matrix, of which the sub-diagonal el-
ements were negative and the rest elements were positive, was calculated. Since the data re-
quired for the construction of discrete beam models are available through measurements, the
presented method is well suited to modal analysis, or analysis and design of system structures.
Furthermore, the related numerical algorithms and numerical experiments illustrate the effec-

tiveness of the method.
Key words: beam vibration system; bi-symmetric 5-diagonal matrix; vector pair; inverse prob-
lem; stiffness matrix
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