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S'(t)=A -dS(t) — f(S(t-7),0(t-7)) +8R(1),
I'(1)=f(S(t=7),I(t=7)) = (y +d +p)I(1),
R'(1)=yI(t) - (d +8)R(1),
N'(1)=A =dN(t) —ul(1),
L, S(e) 1) FR(e) 500h ¢ B 2 5y i3 Gedm# FIRE B AEGN =S + 1+ RFom A
BB A S BT I BT N I8 d A28 N R EARFE TSR [ B AR £ it s 2k
gy TR Y I R RN PR SE T2 5 8 K 5 3 I S ie Ik a3 s DB RN B0 11
R A SE N IEHBLRSE (1) E— B HA A DG a5 F A AR R st i SIRS 1%
YL,
A K =A/d, W RS:(1) ATH K FR A RYIREE 2590 = A
x(t) =S(e)/K, y(t) =1(t)/K, z(t) =R(t) /K, u(t) = N(1)/K,

(1)

Fid
f(x,y) = f(Kx,Ky) /K,
WZ G5 (1) WL MR 2 R 55

o' (1) =d(1 —x(1)) —fla(t —7),y(t —7)) +682(1),
y' () =fa(t —7),y(t —7)) = (y +d +pn)y(1), (2)
(1) =yy(t) - (d +8)z(1),
u'(t)=d —du(t) —puy(t).
WG 3 5 IR ARG (2) W R AN SRR 554
x(t) =, (1) =0,
y(t) =d,(1) =0, r<i<o0, (3)
z(t) = ¢,(t) =0,
u(t) = dy(t),

L, (0) (i =1,2,3,4) HIELLAT UM PR IE RS, H
¢4(t)=¢1(t) +¢2(t) +é,(1) <1, Vie[-7,0].

1 BEA A BRI A

RAE TR R GE(2) B EEAFEAE BRI o, e 4 i T X ik 55 1 3.
EX1 MTEXEU=[0, +0o) x[0, +o0) A2 CHELSLREf(x,y), WHREH
JEANTR 254
(1) £(0,y)=f(x,0)=0,H V(x,y) € (0, +2) x (0, +o),H
fla,y) > 0;
(i) f(w,y) 7o SN EAESDR 2 BriwTE, B VYV (x,y) e U, A
fulx,y) <O, f(x,y) 20, f (x,y) SO,
WIFR f BT 7eREE Lk f e 7.
M 1 Gk, ZoRBCEEA T 3 FAE R,
O E¥ Mo >0, fe AZWaf e .7
@ HWHB >0, f; € ZLHL(x,y) =f(Bx,By) W f, € 7
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@ #Hfe AMY(x,y) e UK, B
S(2,0) =£,(0,y) =0, f(x,y) =0, f(x,y) =0.

TESE SC 1 BIFERN L A BFSE 7508 A R8s

B H  BOLARLR LN SIRS ALY (1) IR L LR [ e 7, B &Lk
RIEBA 5 B S E A 0, [R5 SR A & i K 0, BLBEE 55 %3 i & 1
T3 0 ) 1 4 3R A 4.

B 25 H AT B A2 B G PRGBS 5L L A VR 20 12 ST s & A A
AR A 1, A0k 2 WG A R M & A2 R BST; SCHR[ 1 HE B AN R Bm L YL .

aS'l, a>0,0<b<1,
al(1 —e™), a>0,6>0,
bSI

—_—, a>0,b>0;
a+S

SCHR[ 7 THFFE AR R AR BSI(1 + al) ' ,a > 0,8 > 0; 3CHR[ 8] HRFIAIEAN BS I* HYPIH
REZR M0 < p,q <RIBS H; SCHR 16 ] B AR 2 A28 SF (1), 51 2 STk
[16] Ay 3 MBI ARt i JE BOR 25 1 |
511 XHFEA W FERAE .
x+ay=>b,
h(x,y) —y=0.
PUESTAHTE (I Lo
(1)a > 0,b > 0 HHEL,
(ih e .7
A c=h(b,0), MM e < 1B, HR4) EXED = {(x,y):0<x<b,0<y<bla} WUF
FERRE(D,0) 5 e > LHE, R (4) FEXIF D FETEME (5,0) , BAFAEME— I IEME (« ",y ) (x7 > 0,
¥y >0).
IERR P45 BT I AR (4) B LW R I 51 045, R (4) HE X D IR A AEAERR (b,0) .
RIS IE , R (4) FAAEIEfE (x" oy ™) A (v ,y") e DHy" < b/a.
B FE(4) 5 1 RATESL x = b — ay, {RATTFR(4) BYEE 2 X5
H(y) éh(b -ay,y) —y=0.
Hh e 7,48 H(y) TEXE[0,b/a] &2 Bl Sk, BA
H(0)=h(b,0) —0=0,
H(b/a)=h(0,b/a) —b/a=—b/a <0,
H'(y)=-ah (b -ay,y) +h(b-ay,y) -1,
H'(0) == ah(b,0) +h (b,0) = 1=h(b,0) -1,
H'(y) =a’h, (b= ay,y) = 2ah,(b - ay,y) +h, (b —ay,y) <O.
HH (y) <0043, H(y) FEX[EI[0,b/a] I M pREL A H S UETE 2 UE , AN AFAE X FE Y X
B Y y € [e,g]l(0<e < g<b/a) B}, 15 H(e)=0H H (y) =0 7.
FZIEFIH(0) = 0,H(b/a) < 0,5 H'(0)=h(b,0) —1<0,Mlc<1H H(y)=0rEKX
[[][0,b/a] EACAREy =0, NTJTRE(4) ACA#(5,0) 525 H'(0) > 0,80 > 1, H(y)=07E
X[y e [0,b/a] LAy =0, HAFEME—RIEM " BO7RR(4) BfE(b,0) , HAFTEME— K IE

(4)
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fR(x™ ,y") JIEEE,
F R LY E RS «(1) = 0,y(1) =0,2(1) = 0. RS (2) 5 4 AR nT1E
u'(t)=d —du(t) —puy(t) <d -du(t). (5)
M (5) JIHR A0 (3) Pl E AT, Vi =0, &
x(t) +y(t) +z(1)=u(t) <1+ (u(0) -1e” <1
7S
R.={xeR;:x=0},
R'={(x,,%,,,x,) € R":x, e R,,i=1,2,--,n} (Vn e N"),
AT 5 SCREHY 2R 58 (2) YA AT
O={(x,y,z,u) e R:u=x+y+z<1}. (6)

Gy X0 02 R GE(2) TR R AR 450 (3) T A B SRS L R, R 58 (2) 9 3h 127
17 AT DI, 0 ATV IR,

W FT I AL YA T (Y &2 Jy 3 1 AT AR B T A T AR Sl RN Ry FEAT
HBOEAE — DY A HEA AR 5 BCE WM b 7RI X B 1 D9 T 5 | 762 A0 4 e P G & Y
NEC— RV, 2 Ry < 1 G NS AW D B BB 4a K 5 2 Ry > 1 I, B9k # A%
SIANWTEE IS AR R e JRE b T € SR B (2) B BEAS FEAE RO

_ SO (7)
"y +dp’
BT ATAS  X R R GE (1) EEA A ECR
EO — fI(K,O) — -
vy +d+p

I TERBRMH T, REE(2) WA P s E° = (1,0,0,1) , HY R, < 11,
R (2) AT VA5 B 2 Ry > 1B, R B(2) I AEAEME— T s T A B = (x
y 2t HilRITF R,
x° =1-By",
(1 =By ,y" )/ (y+d+p) -y =0,

. . (8)
z =Yy /(d+6)’
w' =(d-py")/d,
A
_dP+dy +dS +du + S
B= d(d + ) > 1.
WERR 2 R5(2) WA N 0, F
d(l _x> _f<x,y) +62:0’
<x9y) _(’y+d+/“l“)y:09 (9)

yy - (d+8)z=0,

d—-du-puy=0.
M FERBERE H R, E° = (1,0,0,1) BUEC(9) B, BURSE(2) MR A AFAETONR - 11 %)
X (9) FATIHHH TS
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x+By=1,

(w,y)/(y +d+p) -y =0,
z=yy/(d +9),
u=(d-wy)/d.

SHE, TR (10) A Ef E WA v* e (0,1/B) , H41EAEME—) y " e (0,1/B) fifi
AFEC10) BOZEE, W5 (10) fAEM—RIEM E” HE" ¢ Q. 5%, %y € (0,1/B)
R (10) 5,5 > 0,2 >0HO0 <u” < 1LEVE® e 0.\, BIEH 7955 - 5 10 77
FEME—E AL IR AN R R

x+By=1,
(11)
fla,y)/(y +d+p) —y=0
FEXIE { (x,y):0<x<1,0<y<1/B} WFFAEME—MIEM.BHERAM H & 7REentE
B JFRIG IR L 545 25 Ry < 1, IFRR (1) AR (1,0) , TR GE (2) (A7 TTHR VA8 5 5 4
Ry > 1, (1) fE7EME—PYIEMR (27 v ") , NTIT R GE (2) IBAFTEME— 1) b )7 i - o £
Fi e R (8) dEEE,

2 JOH A LAY SR AR E

FEATS op  F HZ A T DL AR S8 R ARPAE D7 AR RIS R 8 R PR U8 I B BIFE 3R 48 (2)
8 I -8 5 ) R AR R

2 EREAMH T, SR, < 1 REE(2) BT E® = (1,0,0,1) S22 M
SRS E R 2 Ry > 1IN, REE(2) BITTIRFA R E° —ATRER.

R DA RSE(2) KA 3 AR, il R S8 (2) S U RRE TR S U0 T R
x' (1) =d(1 =x(t)) = flx(t =7),y(t 7)) +82(1),
y () =fx(t =7) y(t =7)) = (y +d +p)y(1), (12)
(1) =yy(1) = (d+8)z(1) .

R 2 (1) =2 (1) = 1,5(0) = () ,2(2) =2(2) FRARG(12) I 4L (0,0,0) £k
AR

(10)

&'(1)==dzx(r) +62(1) - f(1,0)2(t —7) = f(1,0)7(¢t = 7),

y (1) == (y +d +p)y(t) +£(1,0)2(¢t —7) - f(1,0)5(t - 7), (13)
(1) =yy(t) - (d+8)2(1) .

ZIEEN£.(1,0) =0, WIZMEALIE LIRS (13) X0 RHE 772

AN, ) A A +d)(A+d+8) (A +y +d+p - f(1,00e™7) =0. (14)
BRI A 2 DMATAHRA, == d, A, == (d +6), HRMMRA LT I RRIGE
AN T)AX+y+d+p-f(1,00e APA) +Q(A)e™ =0, (15)

X
P(A)=A+y+d+up, Q(A)=-f(1,0).

Hr=0M, HEASHMARA, == (y +d +p) (1 -R) MR, < 1, H A, <000
TR SE(13) BIIOHE A S Ra s 24 Ry > 1A A, > 0, BRI R 50 (13) 0P A
R R SR X R G R E MR R 5 X

F(w) & [P(iw) [* = [Q(iw) [* =0’ + (y +d +u)*(1 - R}) =0,
w e R, (16)
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MR, < VA, RE(16) B IESSBUR , Hihil RETH R M DI ET A7) R GE(13) ik
AN A A= AR D), BV B8 (13) BYTOHF- m XHE R 7 = 0 #f 2 Rl fs e 195 24 R,
> 1, 5 (16) 40— B A IE SRR, AR B 3 MR SE (7 = 0) BARRER, BLR S0
(13) BERHBA A AERRE PR DI, RERSE(13) IO TR 7 = 0 AR ATRE Y. UEEE,

3 KPR Rt e

AATHE—EHFTE R G (2) 14 T0I -5 50 R0 b 7 995 -5 5 1 42 R B . R A Lyapunov-La-
Salle ANASEEFHE #3415 15 2411 Lyapunov Z PR, 24 R, < 1 B GIERH T 248 (2) A T0 - i
ARMERSEN 5 R, > 1 5 T 3R56(2) M7 F 705 R R R TR 1 70 4 T

EIE3 7EMREAMEH T, 4R, < 1B, RS0(2) WICHG A5 E° = (1,0,0,1) FEA 414§
P14 RTERE B VBRI RS J0h 0 2 (6) 4.

R 2o, =(x(t+0),y(1+60),2(:0+6)),0 e [-7,0], Mgl FILAH Lyapunov
1Z PR ;

Vo(d) =y(0) + [ flx(s) () ds.
AR, V(o) TERTITE QPR ER M V(6,) 17 RE(12) 4 ¢ 19 e

1 ' d ! g _
V(o) =y () + 1 | fa(s) y(s) s =

fla(t=7)y(t=71)) = (y +d +p)y(t) +

fx(t) ,y(8)) =fla(t —7),y(t —7)) =
—(y +d+p)y(t) +f(x(2),y(1)) <
—(y +d+p)y(t) +f(1,y(1)) <
—(y+d+p)y(t) +£(1,0)y(1) <
—(y+d+p)(1 -Ryy(1).

B, M R, < 1B, B Vi(d,) < 07E Q2 NIEM. A My BES { (x(1),y(2),2(1)) :
Vi(b,) =0} BBARAZSE MM, = {(1,0,0) } J&H 24 H Lyapunov-LaSalle ANAE4E J57 3
15, RG0(12) (P 5 (1,0,0) 24 R s 19, T R S8 (2) I J0H T 25 E° J& 4 SRyl
FE By IR EE.

4 EEERAIEH N, E R, > 1IN AN AERE C I IEE R, RS (2) By i -F
W E™ = (x",y" 2" u”) 16 Q VRSN RGER, IR RS, (07 ,y "2 u")
HE(8) e, H.

N=0- {(x,y,z,u); y =0},

2d - 3 - f; 0 -6
C= 0 2d, - f; -3, -v|,
-6 -y 2d,

Xh
Lo =haT Ly ) ) =Ty )
W 2o ()=x(t) —x" ,0,(t)=y(t) =y ,0,(t)=2(t) —z" , [ RARG(12) IFFE(0,
0,0) L tEAbAG
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(1) ==do,(1) +dw,(t) - ffo (1t -7) = ffw,(1 —T),
0y (1) == dw, (1) +f,w,(t —7) +f w,(t-7), (17)
wi(t) =yw,(t) - dw,(t).

AR ARG (2) TS B = (" ,y" 27 u") WRELSMTRE(17) ES
ettt o, =(0,(t+0),0,(t+0),0,(t+60)),0 e [-7,0],EXLV(0,)=0(t),i=1,
2,3, 18 Vi (w,) IRERZE(17) X ¢ S

Vi(w,) == 2dw;(t) + 28w,(t)w,(t) -
o o (Nw (1 —7) =2ff o, (1)w,(t —7) <
- 2dw’(1) + 28w,()w,(1) +f (0](t) +o(t-7)) +
fi(@i(1) +@3(t-7)),
Vi(w,) == 2d,w3(1) +2f; w,(t)w,(t = 7) +2f w,()w,(t —7) <
= 2d,03(1) + [ (03(1) +@i(t = 7)) +f (03(1) +o3(1 -7)),
Viy(@,) = 2yw,(1) wy(1) = 2d,w3(1) .
TE S
V(o) =2 [ wi(s)ds + 27 [ wis)ds,
HEV(0,)(i=1,2,3) IFERS(17) X ¢ B FHAE
Vilo,) =2 (0](1) —wi(t=7)) +2f (03(1) ~o3(t -7)).
g5 b, Mg an MBS Lyapunov 12 bR .
V(w,)=V,(w,) +V,(w,) +V(w,) +V,(o,).
WK, V(o)) BIEEW BV (w,) ERG(17) 5 ¢ 1505
Vilw,) <= (2d = 3f] ~f ) wi(1t) = (2d, = f] = 3f] o3(1) -
2d,w3(1) + 28w,(1)w,(t) + 2yw,(t)w,(1) =
—(@,(1) ,0,(1) ,03(t))C(@,(t) ,0,(1) ,w5(t))".

AR C MIEEMETR, Vi(w,) Z2HEMNS M, HESG{ (0,(1),0,(1) ,0,(1)) :Vi(w,)
=0} PR ARAZE, WM, =1{(0,0,0) } ZH 55 H Lyapunov-LaSalle NSRS =gy
(17) BFA 15.(0,0,0) S22 R W A2 19, T R 58 (2) BT P4 5 E° 78 2 N2 4R
RS E B IR R,

L1 AEBREAMTH T, AR, > 1,HFRC, >0,C,>0,2d,C,C,-Cy* -C,8 >0,
MRS (2) BTG S £ 78 Q W RS Rnnfaen, ik

C =2d-3f,-f,C=2d-f,-3f,,
X
fo=10,1/B), [, =£(1,0).

R BT (x,y) e UN A £ (x,y) <O, f,(x,y) =0,/ <O0;XHT=x" € (0,1),
y© e (0,1/B) ,lif(x",y") <f(0,1/B), f,(x" ,y") <f,(1,0) ,Htk2d - 3f; -f7 =C,,
2d, - fF =3 = CAWE 2d - 3f —f =C, +AC,,2d, - - 3f =C, + AC,,l| AC, =
0,AC, =0, ' 4

e, >0,C,>052,CcC,-Cry*-C8 >0,07
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b=

2d,C,C, > C,y> +C,8° = C,y*, 2d,C,C, > C,y* + C,8° = C,5°,
C, +AC, >0, C, +AC, > 0.
T 2d,C, > y*,2d,C, > & MU C 2 B EFA(C, + AC) (C, + AC,) > 0, H3 By
Frh
det(C) =2d,(C, + AC,)(C, + AC,) - (C, + AC,))y’ - (C, + AC,)8 =
(2d,C,C, - C,y* - C,8°) + AC,(2d,C, - y°) +
AC,(2d,C, - 8%) + 2d,AC,AC, > 0.
DR HE R € R IE A2, T AL 2 B 4 B 2500, TR B2 (2) WM I V-5 s E ™ 1E O P4 SRy i
IR AE IR S,

4 28 R iE

YR LR 2 — MRE e W MR R Z M EY IS, T 2O LA AL O 3 AR SR
Ja R 7 AR W SRR Y 3 7 22 AT R AR SCIFAY T — ARG P i SIRS A% L A
IZBTRE S T8 T HAT H B AR N LG RN, 5 T8 T 25 Z W I sty R R 5 A 6 5
PREGAELAE K A= 3 b — M A e A A0 2% SR PR 3R T 22 | 0 A 4 DT, 1A 180 B A 4
P AR TINS5 B, BE TR A b S N 1 AR AL LB AR AL, B B A AR e Ll
TEPRIS AT AR TR B BEAS FEAE B R, | TONR VAR A I A A AE YR RN b 7 A R B AR
W — 1 308 Ao 53 AT X IO ) A A ABL R 8 B REAE J R, 1 B s 2R 6 A A M U046 s 3 ik A
TSR B TC s YA A5 A A s SR S R Lyapunov-LaSalle ANAREJFEIH 5 R, < 1, iEW]
T ) TR VA A A R I AR E Y, BB R AR A Ry > 1, TEB TR —E AR AT
T AU 7 P R A R AR 1, BB R S A ARl Y R TR Bl R )
W 18545 M e VA 45 L BRT /KO- A5 A 7 R it LA 48 158 93 114 4 26 25 RN 3 i s 25 1 e
SRR R 2/ T 1 REGREGRAL Y22 S Jre Bk 7, AT 5 K PR 2 b 9 /D52 i iy >k 1)
R R, A SCAO AT AR B S AT TR 24 A8 355k T 87 42 il A% G A% 4% B AR A 5L A {1 ) B
WA, I B e SRR Y B A 98 B — 2 I 2 28 3L
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Global Stability of a Class of Delayed Epidemic
Models With Nonlinear Incidence Rates

XIE Ying-chao, CHENG Yan, HE Tian-yu
(Army Officer Academy of PLA, Hefei 230031, P.R.China)

Abstract. In view of the demographic effects, the latent period and the complexity of disease
spread, the dynamic behavior of a class of delayed SIRS epidemic models with nonlinear inci-
dence rates was investigated. The characteristic equation of the corresponding linearized ap-
proximation system was analyzed to prove the local stability of the disease-free equilibrium. By
means of the Lyapunov-LaSalle invariant set principle, it was proved that the disease-free equi-
librium was globally asymptotically stable when the basic reproduction number was less than 1;
and the sufficient conditions were obtained for the global asymptotic stability of the endemic e-
quilibrium when the basic reproduction number was greater than 1. Consequently, the conclu-
sions provide a theoretical reference for the effective prevention and control of the spread of

communicable diseases.
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