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WISHOT 3T R G A R A 2SR IS 1 15 D AP A BB G Hh i R E

ARICHE Zhong %5 B4 Hamilton 857U 45 1 AF 1) REUHE 3 (ks A B 43, 4 21— i
ARGt B R GE AR SF U A 2 AR SR, B 1 17 AR BR AR 57 R T 7 RS 240 AL T
VRN ST DX B (DB MR ) e ) ST SRR T U A3 () R SR AR iy
L EAR R BT PEAIAL B FEACAF B SAG A s AR5 A 2 SCHK L 16 ] Ab BEA) (L )R F 5 I Y
D BRI TR X BT RS AR 2 05 0, T AT 2 TR B R ROeR B IR/ AR T PR
L CAH 5 R B0 AR TR, 1] RLAS RN RS B 5 X T — OB XA AR S ] v e
Ao PR RSO AR ). e e A RSB 96 1 53 P P AR E T

1 [n] gtk

AEFF R R 5 ZR G0 1) W pst 0L ) ] LR Sy
q=Aq +Dp +f, (1)
p=Bqg-Cp+f, (2)
ot g Flp A3 n, Mln, 4ER91A 5 A DB, C I AT KIZS AR HOAERE f, L, 5B n,
il n, AERAEFF R 5 20 (1) F1(2) FERMAEFFIRAERE T LA n(n =n, +n,) THFR
FAEABEIEA TR A, X6 T PR ALAE ) B RTE ¢, 0, PSSR SE , B0
q(t=1t,) =4q,, p(t=1t;) =p;. (3)
MIRD TN BT R Z R AL R SR AT B 5, 5 2k v) A 8 1t 17 FH T At
e F A
A DL W AR SCRIFSE AR FF PR S ) R — e, g R p B ZEEICRT AASAH S5 T HL
ARG A,D,B,C HF5 20 R 4B 55T, AR RT Hamilton R4,

2 T IX B RsR A HESL

21 MARKEREHITER
TR (1) ~(3) BEMRS, HIATEIX B [1,,1, ] MSaPRE q,,p, 1 q,,p, ZIHEZE
PEICHR AT LR N
q,=F(,,t,)q, +G(t,,t,)p, + rq<ta’tb> , (4)
pa:_Q(ta’tb)qa+E(ta’tb)pb+rp<ta’tb)’ (5)
Ho 01, ,1,),G(1,,t,) ,F(t,,t,) ,E(t,,t,) BESERGEA,D,B,CLEXE1,,t,] FAIEHL
DCBLFERE r (1, ,1,) 1, (1, ,t,) WORAEFFRINL, , f, TEX B[ ¢, ,¢, ] b AB LI B e, b I
RS T LM AR RS8O T ik AT AE N SCA S IRIG TR QG F E r 1, R
T Q(1,,1,),G (1, ,1,) F(1,,0,) E(t,,1,) ,r,(t,,1,),r,(1,,0,), BEEEENE X B,
EHULIXBUR Q(1,,1,) ,G(1,,1,) JF(1,,1,) E(1,,1,) Flr,(1,,1,) ,r,(1,,1,) SEZRGH
A,D B,CHIf,, f, ZIAJ&X R, TR I RHE R T EMZmmsR" .
aQ(t,,t)

it

= EBF, (6)
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aG (¢, ,t)
o =D + AG + GC - GBG, (7)
aF (t,,t)
=(A - GB)F, (8)
ot
dE(t,,t)
=E(C - BG), (9)
ot
ar,(t,,t)
TR S (A - GB)r, - G, 4, (10)
ar,(t,,t)
ot =-E(Br, +f,). (11)

W (6) ~ (1) ik TIX Bt Q,G F E,r,,r, SRSHENF A,D,B,C MALFFRILS,, f,
ZIREX B 1, 1] Frdm AL AR,
WAER (4) F(5) ATLAER] Q,G F E,r, ,r, BIRIE A, HD

sTgstp
o(t,,1,)=0, G(z,,1,) =0, F(s,,1,) =1, E(1,,1,) =1, (12)
rq(ta 7ta) = an><17 rp(ta ’ta) = 011,,><1 d (13)

Hﬂﬁ(6) ~ ( 11>mu%tﬂ ’ B:‘E%%E% Q(ta stb) ’G(ta st[;) ?F(tu ’tl;) sE(tu 5tb) Hﬂ%é%éﬁj%ﬁﬁ
A,D,B,CY5E NI T W RS0, KB FUEXBRE 1 =1, -1, FeRELRICH Q(n) ,
G(”’]) 5F(77> 7E<77) .B:-E&Fﬂ%rq(ta ’tb) 7rp(ta ’tb> mu%%i”jk%ﬁklﬁfq(t) ’ ‘fp(t) E@%ﬁﬂ[’ﬁj.z’ij{
553 R I IX BOE TR Y AT AR 7 ik

BERA 1 TR DX B B DB R A o B 3R 5 RS2 9, il U TIs 58

2.2 EKSH
FEDCBE [ 1y, ] S5IR050 0 N DKBEARICH tg, 01, by by s oo by s AN TV IRBEAS X B
X By B R E(6) ~ (11) Kol (12) M 13) TFEA RN b XEB [ 1,1, ] X BRI
H40,,G, ,F E HMr, ,r, .
WX (4) B (s) R P RN TIXEB (¢, ,t, ], BP
q.=Fq,, +Gp, T, k=1,2,---,N, (14)
P =—04q,., +Ep, +r,,, k=1,2,--,N. (15)
FINT XA g, = [qy,q1,,qx]" P, = [po.py .-y ]", HA(14) FI(15) AT LATR 2

o, )]

) = e (16)
- Q{é Eé% pg - rP-z‘%
H %FEF,,G,,Q, F1 E, {48510 Non, x (N + 1)n, ,Nen, x (N + 1)n,,N-n, x (N +
Dn, M Nen, x (N + Dyn,sliftr, Fr, B4 Non, B N-n,, HERIKUWTF .

F, -1 0 G, E
F, = o _“14 . 6= " ?2 3 =]
L F, —Iq 0 G,\_ _r{.\_
(Q, 0 -1, E, 1 _",,,1_
0,-| < JE, - b E =
L o, 0 -1, E,| L7,
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AR A | RIVEE AR A AQBOT FR L A LA AN T30 S A5 0, IR o 17 AR () 230 5 2% A1 R 5 (L )

3 XBrEARAITA

FRAE L5 25 0 38 T X B (AR AR HEZR AT DL Y 3 F X B s B 4L (16) IR K,
SEBCA ALY PR I DX B AR A 8 A S5 IR S M PR 320 {1 ) 0 v s R B Y O B
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G. =G, +F2(Iq + Gle)_lGlEz, (17)
0.=0, +E, +0,G) 'Q,F,, (18)
FU=F2(I(,+G1Q2)_IF1, (19)
E, =E1(IP + QzGl)flEz, (20)
r,.=r,+F,(I +GQ,) '(r,, +Gr,,), (21)
r,,=r,, +E I, +0,G) (r,, -0, ). (22)

I interval¢: Q. .G, ,F, ,E, ,r,. .1, |
| |

Q,,G,FsEisry5ry; Q,.G,Fy,Epstyss Ty

t, interval 1 t, interval 2 t.
B AER P X B A
Fig. 1 Combination of 2 adjacent intervals
3.2 REMEEMBHARITE
X RG, KBRS N5 B B O, PR AR &R A5 X B DX B [ 2 AR 45 ), B

o(r,2r)=0(0,7), G(7,21)=G(0,7),

E(7,2r)=E(0,7), F(7,27)=F(0,7) .
RO, B2 (23) ARAR (17) ~ (20)  BIAT i [0,7] AU BUEMESRI[ 0,27 ] KBRS, 1% 5t
JEIX BEERER g e BT iRz i =K.

ik g FRAEAS FRATT AT LA 3E 2k 15 AR DX B A A 4400 53 Sfe 4 v BR(EKG BE H BEAR IX B mp W)
I3 0 2% 4y AR BRE AN IX B 7.

T =n/2", (24)
Horp Ny IASEL, AT LR Zhong %51 (W7 SRARSFIEEL N, = 20, th AT DU 1522 e £ 1k
W T RAERAS AN X B, Q(7) ,G(7) ,F(7) ,E(7) W5 LR AL 535U
D5 ¥R AR, W0 Taylor ZBGIT L Pade TS A THEMXBHE Q(7) ,G(7) ,F(7) ,E(7), F
W ERMAAN (23) BEEHATXEA I (17) ~ (20) N, RS2 TIHAXER Q(n),
G(n),F(n),E(n).

SR, (EAF TR 2 7 AR/ F (7)) FE(r) 2350 T8 fe 1, AT, B0 =
(19) F1(20) H5 F(27) ,E(27) BF, IS HLA BRI 15 22 2 00 HG BE 7= A e m i ) X ik
Zhong 55 "R T HERAEAERR K6 F (1) E () TSR SRR S A I AEA B

F=1 +F E=I +E, (25)
Hrr F' ME' 502 X B F R E W38 i o 420 (25) (RAGT F ME X BeA 1 (19)
F1(20) A ECFHME F M E &AL, W,

F.=F\+ (F,- F,G/(I, + 0,G,) 'Q,)F,, (26)

Ei-:E,2+ (E/I_EIQZ(I(, +G1Q2)_IG1>E2° (27)
HE AT A I B TR 4 DX B i SRR T 152 22 A S e, X T GRS A IX B 7 Y IX BB
O(7),G(7) M F'(7),E'(7) BEPITXEAIFA(17) Fi(18) L&A (26) FI(27)N, IR, 15
FIEAXBEMXEEQ(n) ,G(n) ,F'(n) ,E'(n) Wi F'(n) E'(n) EARME/NNYET
PATF(n)=1,+F'(n) ME(n)=1I+E'(n) % F(n) ME(n).
3.3 REEEMT REBEARSFZE

SCHR[ 16 ] 51468 2l 3B TA] B4R 1 Al S 3 e 1 6 B A 4 JRom A AR 43 0 vk ANMB B A K

(23)
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SRS RV RE G R B2 | O T A b S T AR GRS SR I8 T B T SR MR R T
7 P90 FBL AR SO 352y ey B IO P T 94 52300 1 1 A 1 35 U0 g A
3.3.1  FEF R A EE A X B B 4E 4
APt , B FF R TTAT AR F HiB X
£ =X, f, (1), f,()=X,f, (1), (28)
o, X, X, WTRRZNAEFERI L, (1), f, (6) BB e {91 4028 e D 2 W) R e v, — IS
£,() = Bou(t) % Ho B, BRI (o) VRO R
X Bl gt r, o, 6 AL HO B 7 B2 (10) 1 (11) LR 3R 5% , 3k T . PR, 2
—MOIE TR S, (1), f, . (0) FUFHE S0 bR BT IR (SO M) | H 5 X Sk
SHE BRI B 7 L7, O 22, DX 5 0 T L,y 7 o 0 T 28 404 45 75 B
£ = f0.00(0) + f,.0,(0) + -, (29)
o, do(0) (1) -+ FRIBIFRISLRREL, £, f1 - WS, (1) BRI GEM) RELKR
(10) FI(11) B RS bR b (o) BB SEAE M A 5 7
R’ =(A-GB)R’ +X,(1), R’ (0)=0, (30)
R’, =- EBR’,, R’ (0)=0, (31)
Horr, R BRIk R A B DX B R, 85 1A AR g 5 p S IX B r, e, 69 F bR
B85 24 F bk g dp SAEFERTLS,  FF, I FBRARE, bR 3em SEp Bl =0 H it R?, Fom
L, (0) B b (e) PH A, I B o
T I B R AR RSO £, L (¢) 7 R X Byt e, R e, 7T LA (29) ORI 2 441
xEE
=R RS (32)
r, =R fO + R fl o+, (33)
R I , e A7) i35 R, 268 i IX B o 5 o L 35— K.
FURE AEFEURIR S, (o) XF r, o, () SR 1 FT L b 35 550 6 A 28 G i o 4 3 A2
TR

R’ =(A-GB)R’, -GX (1), R’ (0)=0, (34)

R’ =-E(BR’, +X (1)), R’ (0)=0. (35)
WA r, e, BIXERIEE(21) F1(22) 15 21 X B B 4 695 91 X0

R! =R ,+F,(I, +G,Q,) (Rl., +GR ), (36)

R). . =R’ ., +E(I,+0,G) (R ,-Q.R). ), (37)

Ho ) RIEE3IA TR 1,2, ¢ 43 B RAHIE S 1 KB 56 2 KBORGIEE M IXBE, 55 2 A~ T iw
(=) FRXF q 3 p AR

AT LU Y, AR S5 ORI A PR 1 S B 7E T i bR RO N 13 DX B ) oy R B 1) 138 R, 5 IX BE AR
BEAIPEIT (23) ARSI , B T AL R ECEEAE X BE [0,7] FI[0,27 ] MOMEASTA], 08k S EOP A4
2 AR DX B P o g R R AS [ A1 0, S S DX O 6 I P9 O S L P s X B g g R 2 s
U5 T ME AL R TS Y IR PR b () S 2T PR B 18 PR B IE/ A 5% PR A L R st
PRECI AL A TE 20 7= (1 DX B W 46 R? R R R? ,R? Ik e B,
3.3.2 X vk R 4B Mg An ik 5T

Z 12X PR AL FEBORE  1E/ 4% 5% PRI LA Bk 48 R U2 A TF =X A 36 R B0RT DU Tl P A
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A,/
d.(1) =e"t", (38)
¢, (1) =e"t"sin(wt) , ¢, (1) =e"t"cos(wt) , (39)

H, n=0,1,2,- RRZIXAINIK o EFEEREIRE, 0 JE E/ R L RE AR,
25K 1 X BER S R R(0,7) FTR(7,27) BAAARE (HZ(30) F1(31) LAK (34)
F1(35) %M, R? ,R* FIR' R’ il R R i IR (0,7) FIR(7,27) ZIAIHE R
AT DL AR R B R A X B[ 0,7 ] B[ 7,27 ] ERYSCRTGH,
I =(23) %MW 0,6, F ETEXE[0,7] Fi[ 7,27 ] BfEE—FER, HILR? R? FIR?
R TEIXEL[0,7] FI[ 7,27 ] WRRIULHHEREL & (1) PiE, 15 T3 g il p TR R, 7T
M R? (0,7) MIR? (7,27) ZIEMKFAKGE AR, R’ FIR? | RY TEAHESF KB F Y
KART L (38) F(39) FrsHE R BRI | AH 1% 45 DB 1% e Ly 4R B 22 ] 1Y) 6 2R
BF1 ¢ (1) =e"t"
Yire [r,2r] B A ER =1, +7,1, € [0,7], 153
o, (1) =0¢,(t, +7) =
em(T"‘i’o(tl) + T"_lcyllqbl(tl) + T"_ZCi(bz(tl) +oeee t qb”(tl) ), (40)
Hep ¢ =nt /(R (n = k) 1) R 0RURIF R B, i S B A 2] T 0 g e HL
R (1,,1,) PRCIEPREL &, (1) TEXBE 1, ,0,] 7= rE i X B 1 40 B AR R 2k 1 R G210
Z=3)1) L e
R™(7,21r)=¢"(T"R™(0,7) +

T CIRT(0,7) + T PCIRTN(0,7) + - + RT(0,7)) (41)
T LRI, FEAIHT o= 0,1,2 0 R (7 27) ByRkIRLR, 1)
R™(7,27) =" R™(0,7), (42)
R (7,27) = & (TR™(0,7) + R7'(0,7)) (43)
R (7,27) =" (7°R™(0,7) + 27R™.(0,7) + R72(0,7)) . (44)

&/ 2 ¢, (1) =e"t"sin(wt) , ¢, (1) =e"t"cos(wt)
Mie [7,2r] B R = +7,1, € [0,7], 135
b, (1) =d_ (1, +7)=e"(sin(w7) -, (1,) + cos(wr) -

-2

()

b, ()=, (1, +7) =" (cos(wr) -, (1,) —sin(wr) -, (1,)), (4
Heir g, (1), (1) FmT
b, (1) =e"(t, +7)"sin(wt,) =
T, (1) + 7 Chb (1) + T TCD (1) + e+ b (1)
’ ’ ’ ’ (46)

b, (1) =€ (1, +7)"cos(wt,) =
T'boo(0) + 70 (1) FTTCh (1) + e (1)
T A A R B 2 pR R A A 2K
F R FR" 4y BIARICIEREL (1) Fl b, (1) TERBE[ ¢, 0, ] b7 A 0 DX B 1 e,
RAGLNE RGN, TT AR B 7,27 ] WA LA -
R(7,27) =" (sin(w7) *R(0,7) + cos(w7) "R (0,7)),

¢ N (47)
R (7,27) = ¢ (cos(wr) -R(0,7) = sin(w7) -R(0,7)),
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Hop BIATHRE R2(0,7) R(0,7) , FoRat(46) 11 ., (1) .6, (1) TE1, € [0,7] 0
L
R™(0,7) =7"R(0,7) +
T CORIN(0,7) + T TCRI0,7) 4 e + RI(O0,T),
R“(0,7) =7"R“™(0,7) +
T CR(0,7) + T PCRI(0,7) 4 - + RI(0,7)
S TR, R4 T 0= 0,1,2 1 R (7, 27) R (7,27) (R, 1)
{iefifi"(o,r) =R (0,7),

(48)

N (49)
R°(0,7) =R(0,7),

{fcfiﬁ'(o,ﬂ:TRffjlf%o,T) +R(0,7), (50)
R (0,7) =7R*™(0,7) + R (0,7),

{ﬁfip.2<0,r>=72R%%ﬁ°<o,fr> +27R(0,7) + R™(0,7), (51)
R“*(0,7) = 7°R“™(0,7) + 27R*"(0,7) + R*™(0,7) .

ST FRGR, i [0,7] BB BRI RS | BT LA S [ 7,2 ] 191X B0 I K
R, SREAIKBA A (36) F(37) BEAT LIS EL 0,27 ] FONIRRRE R® | FEHRFTICEL
HIPERIA I (17) A(18) BUER(26) F(27) N, Y, AR RISAS X B 7 11K B BRI T

BERR 3 AR SORHE FF UL B AR (T B TE/ AR PR H AR B FE A A B R X B
M 7 6 AT B 4 T A, AT D e R R B pR B E A X B L T R AR 4 5% g ) X B i o7 s o o
e B AE AT AN AR T B i B IR Z IR ok 7w,

4 5 B

AR SR WA WIS 5104 B IE AR SCH H 47 FREA 2 BR 75 0k 4 v A 2 IR S 1k
B SRAIDCERL 4] TP AY—A> 2 ENIPE R, SR 0T .

H:{ 998 1 998 MqJ N [1}%)
p -999 -1999]|p 1 ’
IR R G A A 22 AR RAAAE(E, A, == 1, A, == 1 000, FE H AR 58RI R PERRAE.
YERWIMET L, 5 f(¢) R R B AT A5 BN IR G(¢) ,p(¢)  FRATRAZ AU Ak S 7 X [H]
[0,1] FR W8 s R, 30 R 5 45 08

q(0)=q(t=0),p(1)=p(t=1).
R A SCER ) EPIM A T35 DTS5 R S M AT i 47 L o T Uil EPIM |2 i 3&
FAYE ARSI T 6 R ek EOE L £ (1) TSRS TLEL

(a) f(1) =05 (b) f(1) =1; (¢) f(1) =475 (d) f(1) =e;

(e) fle)= (1 +t)-e™5 (f) f(1) = (1 +1¢) e sin(t) .

1A TREANXEL0,1 ]R3 — X (n = 1.0) BHAFRIB AR (e = 1),

p(t=0) PIEUERRARAT R LT LA AR SC EPIM R — 2 (KK st iT LIRS AR =k
BECLO7 LA b)) BT HEEZE IR U] EPIM J7 IR AE SR BE PR e PE IR 2~ T S5 T m =
0.1 I B XA [RIE 2 pRER £(¢) EPIM 7530 (0 BO(E fte 00 A AT e 1) 2 X308 22 1 WE R o3 A | 4 %)
BRZEH/INT 107 J2 5 BEAE i 1.
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R WIS A B

Table 1  Numerical solutions to the stiff problem

analytical solutions numerical solutions (n = 1)
(2) qg(t=1) 0.735 758 882 342 885 0.735 758 882 342 885
case(a
p(t=0) 0 —1.435 296 326 23E-012
qg(t=1) 2.204 279 647 028 65 2.204 279 647 028 66
case (b) N
p(t=0) 0 —2.240 208 019 08E-012
gt =1) 1.789 729 346 971 35 1.789 729 346 971 35
case (c¢) -
p(t=0) 0 —1.877 387 134 64E-012
gt =1) 2.206 171 903 962 07 2.206 171 903 962 07
case(d) N
p(t=0) 0 —2.868 483 228 72E-012
(o) gt =1) 2.940 827 149 087 29 2.940 827 149 087 29
case (e
p(t=0) 0 -3.345 768 107 01E-012
gt =1) 1.853 530 174 585 39 1.853 530 174 585 39
case (f) N
p(t=0) 0 —2.112 310 326 65E-012
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Fig. 2 The logarithmic distributions of absolute errors for form (a)
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Fig. 3 The logarithmic distributions of absolute errors for form (b)
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Fig. 4 The logarithmic distributions of absolute errors for form (c)
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Fig. 5 The logarithmic distributions of absolute errors for form (d)
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Fig. 6 The logarithmic distributions of absolute errors for form (e)
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Table 2 Numerical solutions approximated with finite intervals of different lengths
numerical solutions
analytical solutions
=2 tp =21
y(0) —2.366 025 403 784 438 —2.375 068 475 799 152 -2.366 025 403 784 439

y(o) 0 -3.239 515 418 743E-02 0
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Fig. 7 The logarithmic distributions of absolute errors for form (f)
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Fig. 8 Evolution of the interval matrices
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An Extended Precise Integration Method for Solving
Inhomogeneous Two-Point Boundary Value Problems
of Linear Time-Invariant Systems
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(1. School of Aeronautics and Astronautics, Dalian University of Technology,
Dalian, Liaoning 116024, P.R.China;
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(Dalian University of Technology) , Dalian, Liaoning 116024, P.R.China,)
(Recommended by ZHONG Wan-xie, M. AMM Editorial Board)

Abstract. An extended precise integration method ( EPIM) for solving inhomogeneous two-
point boundary value problems (TPBVPs) of linear time-invariant systems was proposed. First-
ly, the interval quantities of the interval matrices and vectors were introduced to describe the
discretization of the differential equations for the TPBVPs. Thus a general framework for solving
the TPBVPs was established, where the interval quantities for different intervals were computed
in parallel, and the assembled algebraic equations for global analysis were independent of the
boundary conditions. Secondly the interval response matrices corresponding to the interval vec-
tors were used to deal with the inhomogeneous terms. The addition theorems for the interval re-
sponse matrices were derived with the inhomogeneous terms in the forms of polynomial func-
tion, sine/cosine function, exponential function and their combinations. Then the extended
precise integration method was proposed in combination with the incremental storage tech-
nique, of which the accuracy approached the machine precision for the inhomogeneous terms in
the above forms. The general forms of the inhomogeneous terms can be approximated with the
mentioned forms. In comparison with the analytical methods, two numerical examples of stiff

problems give results showing the high accuracy and stability of the proposed method.

Key words: two-point boundary problem; inhomogeneous term; response matrix; precise inte-
gration method; addition theorem
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