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Sze Fl Yao 5" = ZERIE 1 %, () B 25 BB 1) B9 D1 1] 16 I ), R 4% 38 B ) A R
TR R R A SR EA T T RUE ST, U T ARG A ROR. Yin i Cao S5 ) INA S5 A2 1l
SAE B TC AR J7 120k — A R RBUHEAT 1 0 A A AR 45 20 1 A A O T 0K E LI ARk AT
TER FITE WS 5301 2 B AR TS5 H 5 B IS T A B Cao FT Yao 551 36T EFG JEMA% 7
T I 2 FE ) R0 AR R EE AR 1 A5 AR TR HEAT T 43 M7, Xiao 5511 ) A28 11 ik o K0 L 11
MLPG 2 L) % e B B DU E RS B 0BT 1 )R 2 B AR I 5 8B . Ferreira 4511 SR A2 ] ik b
BN R SR AT TR A AR )L SCHR[ 13 ] H SR 3 T — B 35 D) B8 19 JC A% Kriging
LT HTE B AR Bl 1R SCRR [ 14 ] JF T 4% [l s4f{ELVE (RPIM) 7E I RERS BEAH R b i B .
SCHRL 15 1K RPIM T TRG 45 i 525 4 RHZ B B i SRR 04 2545

RICHET HOSNDPT M = HEA7 AL Hi K3 4% 1] S P J2= 4 A 1) 257 R IR 3l 1) AR E AT B0 E
A K = AR L B 5 i JIC 52 JEE T TR A (2% Y3 AR, 758 5 17 il IE 52 Legendre 22305041y i
PREIC, ZEAR A TET PN WN-RPIM SRAS 8 R, O 38 i SO R () 9000 1 AR SCOT ik HORS JEE
TE VRIS

1 TCMIEIE R A A i
1.1 f2[[ S &% (radial points interpolation method, RPIM)

F R AN E AR Q R u (X)) TR QN S R F AR A TN A,

FIH A X SN 0 AT SRR EUE w, (i = 1,2, ,n) 3G pREL

u"(X) = iRi(X)ai + ipj(X)bj =R"(X)a + P"(X)b, (1)
Kb, R(X) SRR M B R EL, P(X) B2 IR REL, a, , b, 7002 E R AL, m 2 2 W LR 4L
PRI 5, A DR E BT A (B FRA BE S RS e Mk, R B m < n FE 2D (R R OR et
P(X)=[1,x,y] Ml m =3,X" = [x,y] AR W KE(RBF) N

multi-quadric(MQ) :  R.(X) = (r +¢°)7, (2)
H o= (v =x) + (y = y,) 7 ,e,q BIRHSECITFE(D) PR a, b, 8T (1) WL
M3 PN n S B E AR AR 2, R A

U, =Ra + Pb, (3)
Hrp
US=[u1,u2,---,un]T,
R(X,) Ry(X,) -~ R(X,) o
B e ,PT{% .o - }
R(X,) Ri(X,) - R(X,) S
K3 TG n + m ARHE, HEA 0 ADHRE, KRG LR FRAT G m AR
P'a =0. (4)

e (3) MAHTEAF (4) A —E TS B

o1= 1 o lhael).

AR (1), 15
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uW"(X)=R"(X)a + P'(X)b=[R"(X) P'(X) ]G‘l[lﬂ = @T{US} , (6)

0
Hrf o' %7 RPIM JE 5%, i R A
=[(X) (X) - (X)) ¢, (X) - ¢, (X)].
X R éa\ajj S ST R, ek
=[d(X) ¢(X) - ¢,(X)], (7)
PEH Y TE bR @wﬁiﬁ & PRELPERT .
1, i=j,
$(X) =821, £
1.2 T SZ2 | K EEE(WN-RPIM)

BRAR ] AT I (RPIM) J2& T6 W& i v b T BB S0 ik 2 — (R i 6 4
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3 /\iﬂ 1) R QWD F BRSNS 2) BE(6) 4

TR ST TR S T A S 3) RS Gauss s MR N AT A, 4
%/l\*ﬁ S B R IAGE |, 138551 Gauss 1519 WN-RPIM JE bR L.

X TR M N — A1 1, AR (6)

uy(X) = [R;(X) P)‘(X)]G,{US}[R}‘(X) P',F(X)]{a(x')} (8)
0 b(X) |’
e
a(X,) vl [R P '[U, o
=G’'l "= =G''U.,
[MX)} [0} {P,T 0} [0} rEs
G, JE55 1 A4 K5 % I B
IBBE— A T X SRR BT | 17 0, 3 kAT 06 11 A 2R A R
w(X) AT | A5 B K
Zw,<x>u,<x>
u'(X) =2 p
;“ﬁ(x)
Y w(X)[RI(X) Pi(X)][d"(X,) b"(X)]"
SN0 D, (9)
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Y w(X)[RI(X) P(X)]6;

=[d,(X),d,(X), -, 0:(X) ], (10)
ZWI(X)
XH A Eﬁ?ﬂ’]LﬂilﬂéﬁE’Jﬂ sUAVER, PR THARL A X SRS PN B s R SR e S P )

M E. T G R EUER, AR 5153 WN-RPIM JE pR 81 554
XFF WN-RPIM H B4 PR, 18 5 m] B AR PR

3 B SRAT PR
2 d; ? d, :
| iy I} [ d, < 0.5r,,
3 T, T,
(X)=14 d d\?  4(d)\® 11
w,(X) ooy Tl wal T -2 o5, <d <1, ()
3 r, r, 3\,
0, d, >r,;
4 BB SRR PRAL
d)\? d? d\*
1 - G(L] + S(l\] - 3[tj ) d,<r,,
wl(X) = rw rw r“‘ (12)
0, d, >r,;

/H\:EP’ di = ‘X - Xi ‘ 5Ty, yﬂ*ﬂ%’z&ﬁi?ﬁiﬁﬂgmﬂ“.
2 (= BBy U A ) AR T AR S

2.1 Legendre &Ik
XFFFEXE [ - h/2,h/2] LY Legendre 223X, SFrUELI AT 132055 @ AR MEIE L Leg-
endre ZI15 L.(2) JLH HT 7 BrIE3E Legendre 221050 N

1 3 z 1 /5 z)’
Ly(2) :ﬁa L(z) = 2\/; Z, L,(z) =? h(lZ(hj - 1) .

(13)
11 2\’ z)® 15 z
L“*’h@”h)‘mhj+4h)
13 z)°® z\* 105/ z)* 5
wa= [plo5) -G]S )
5 z)’ 2\ 315(z)° 35 :z
L,(z) = h(3432 hj —1386(hj +2(hj _8hj,
CEA DL R PR
J,7/2 L(z)L(z)dz =3, i,j=0,1,2,-. (14)
-h/2

55 i 1 Legendre Z23i 19 0] LIFRAR NHT i — 1 1> Legendre Z2HIX LR 4L &, B
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L(z)—ZdL(z) (15)
Hohd,; XT?K 7H
0 0 0 0 0 0 0 0
30 0 0 0 0 0 0
0 J15 0 0 0 0 0 0
2| VT 0 V35 0 0 0 0 0
Y B P o o ol (10
Jir o0 /55 0 3/11 0 0 0
o V39 o0 91 0 J143 0 0
0

/15 0 553 0 3J/15 0 /195
2.2 EHEYIMEETRRER (HOSNDPT)

X1 ASZRE BT g BIEG R, BTN R ZHEAAPR R O-xyz, YK RN Q =
{0sx<a,0sy<b,-h2<z<h/2}.

YN AL PREC AT DATE ST AR RS [a AT AR 1 A B, O HUEE J7 17 R I IEAE Legendre 2
T, WALRS AT eom N

u(x,y,z,t) w,(x,y,1)
u(x,y,z) =1v(x,y,z,t) = Z v(x,y,t) v L(z), (17)
w(x, y,z,t) B (x,y t)

Hfr K & Legendre 23030 AL, 2 ARBHS AL, 24 K > 1B FCOh S By i bl BLie.
2.3 RIEEFARL A
g LA L, Iia A8 HOSNDPT i #82(17) IR AR - B 56 2Rl
du,(x,y)
ox
o, (x,y)
dy

« ;)wj(x,y)dﬁ K
g=1 = 2 - K L(z) = z(,)mLi(Z), (18)

awi(%)’)
+ zvj(x’y)dji
£, dy j=0

ow,(x,y) &
& i ’
+ ) d.
P ;)u,(x,y) ,
w,(x,y) du,(x,y)
+
ox dy

™
1]
(=]

Hrfrg, R 6x1 Hri &,
XF TR E A4 ] AT RL  FE AR AR 2R A OC R
o =Ce, (19)
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[ 5 R AR [f] i, € = TCT" Ry )AL KR 22 T BRI BE R, € bR bR R T A RIBESE I, T
FHRHAR R 2R 5 R RR A bR 28 22 18] BB B, ol T 3R i

¢y ¢n ¢35 0 0 O
Chh €p» €3 0 0 O
Co €3 €y ¢33 0 0 O
0 0 0 ¢ O 0]
0 0 0 0 ¢ O
0 0 0 0 0 ¢4
[ cos’6 sin’6 0 0 0 ~ sin(26) |
sin’6 cos’6 0 0 0 sin(26)
0 0 1 0 0 0
T= 0 0 0O cos@ sinf 0 ,
0 0 0 -sinf cosf 0
1 1
7sin(20) —?sin(Zﬁ) 0 0 0 cos(20)
o = 1 —vyvy o = 1 -vyry o = 1 —vyvy o = Vo T V3V
11 E2E3A ’ 22 E1E3A ’ 33 EIEZA ’ 12 E2E3A ’
o = Vy TV Vs o = Vy T VY3 B L =v,vy = vy vy = 20,50,
" E,EA TP EEA EE,E, ’

Cu = Gy, €55 = Gy, Cop = Gy,

E, N5APERCR v, O Poisson (TAFY) LE, 0 JAH N JZ R REAR b3 2 55 R RE AR R 28 18] Y I £
3 RENEWE
FeF i/ NFARE L AT DS B AR 3 )BT Galerkin (111 4:) 55122
[de'od + [ 5u'bd + [ su"tdl, + [ sufid + [ du'pud = o. (20)
0 0 I 0 0

A AT LSS A A e T 1, B LATE L Z AR 130 4 2K (9) WN-RPIM I L) R EX A
ghE R (20) RIS w BT LA

W [e 0 07 (u R

"= U}Z 0 ¢ 0|lnt=YoU,. (21)

W) "o o e ]lw]

B (18) L (19) FI(21) LA (20) 15 2 FF 22 m 1Y s e 2=t

SU'[KU, + CU, + MU, - F] = 0. (22)
o dU! AR, T4

KU, + CU, + MU, - F =0, (23)

FI B4R 3l 75 R 1) — Mg ] 5
U=W-e", (24)

Horp i SRR ¢ AR R], WORERRE ) i 0 2 H SRR (24) R AR (23) ,JFEC =
0,F =0, nJf52E R
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(K -0’M)W =0, (25)
LR A RRAE TR N LIS B R S8 A ARSI AT AR o FIAR 4R 6T T 4544 2l g i [
7] R 3 R FH B RO 5 46, AR SR Newmark LA 7k

4 B {E =

41 FRELH

VIR 32 1E 38 SR B2 7 MR 2 X 50 3 AR 3 ¢ = 100 kN/m® /EAL K @ =20 em , JEES H h/a
= 0.1, ZAMAREFE R v =0,a Bl w=v=0;y=0,a 0t w=u=0MESEHE E  E,: E,
=25: 1: 1,E, =1 GPa,v, =vy, =v, = 0.25,G, = G,, = 0.5E, ,G,, = 0.2E,. 5 ATt 40 ki%
JE IR T

100¢° £ £
= w , 0, . =—0 T =—T

ax 2 an ’ zx 2 2% >

4
qa x=a/2,y=b/2,2=0 qa x=a/2,y=b/2,2= ~h/2 qa x=a,y=b,z=-h/(2N)

XHL N FORE A2 R

=

1.1 . : ; 1.1 - - - - -
: —+— WN(w4)(K=5) x=0,y=a/2,z=0 —— WN(w4)
-&—- WNW3)(K=5) 1.0t : —— WNWw3)
; —&— MQ-MLPG A -%— RPIM
1.0+ : i -#- RPIM(K=5) 0.9} i B mRIama ~¢ - TPS-MLPG
\ﬂz‘—*’ﬁgf\ﬁff?f P e g = ad \\‘\;
| # //@*""‘P— M __S_ T 0.8—————-—-;-5—/———— i —
S 0.9heoTn il due A ] i 4
1= ,(Jy/ : 3D-FEM Wt &7 --+- MQ-MLPG |
L &\g:—qh_uﬂﬁx‘#ﬁ.__ﬂv_FxAL__v- — 3D-FEM
- ‘/&_g ——————# # 0.6+ ~=~FSDT-exact |
0.8F i PO RO S /J ] B
g G
L/ ; E _ 0.5¢
o8 |
0.7 i : ; i ; 0.4 ; i ; i ; H i
0 50 100 150 200 250 300 1 2 3 4 5 6 7 8
regular node number » K
B 15 MR 7 R AR T AR 2 BSEM TR h/a = 0.1
L BB o LARR R L JEAR( 0°/90°/90°/0°) [
M) o, HE BEmBIUIN ] 7,
Fig. 1 Deflections w at the plate center point Fig. 2 Transverse shear stresses 7, of the
and stresses ¢, at the lower surface (10°/90°/90°/0°) laminated plate
center point with 5 calculation methods under uniform loading for h/a = 0.1

for 7 kinds of node densities

BT WN (03)(K=5), WN(wd) (K=5) X w3, wd 535 F - AR B 3 Yoke
S 4 WRESS) , MQ-MLPG!™ [ 3D-FEM'" 1 RPIM (K = 5) 5 MR [EIE X T 7 FOA [E 35 5
SR 5x5(25) ,7%7(49) ,9x9(81) ,11x11(121),13x13(169) ,15x15(225) ,17x17(289) iyit
AR R 1 s R S A R ITH A R (3D-FEM) |, B 3R LR AR R 4511 07 15 3]
IR O R TC B NS w, T R AR N R I PO s T E NN ) o, B 1 Z5 R LA
B, WN(w3) (K=5), WN(w4) (K =5) PIFMEIEZE RARF 1, 78 9x9(81) 15 Fi % BE Tl
E U SO AR BT 3D-FEM fi# ; B9k MQ-MLPG fifti 75 9x9( 81) 35 5 %5 B ik FF LR Uk 8, (H
JEWARBAPIFE WN (K =5) fIIEEL: ;i RPIM (K = 5) fi#5 3D-FEM f#AH Fo s, e sier: fil
K R HSAS ARG R, f & 1 AT X0 AR WN (K = 5) %822 RPIM (K = 5) FIl MQ-MLPG A H 4
WS FIAS BE IR 2 45 8T K = 1~7 Bf WN(w3) ,WN(w4), RPIM, TPS-MLPG'" | MQ-
MLPG ,3D-FEM, FSDT-exact'" 7 Fh 7 B8 2] 1 JC B MR ) 510 1y 7, &5 SR I0HeL hE 1,2
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ALL WN (w3) FIWN (w4) 558 L-F-HilF, -5 RPIM f##48/T 3D-FEM f# fll FSDT-exact fft 2
6], 6 K 3800 T 2 8 M IT 3D-FEM fi# 26 3% 1] $2 T FSDT-exact i , A8 fk ol 1 7 2. i
TPS-MLPG F1 MQ-MLPG W #E K B 1,3, 5 B sl K. i st nl & B, WN-RPIM %2 TPS-
MLPG F1 MQ-MLPG Hf#XT T K 2SR 25 B i RS e PR AIAG 2.

4.2 BHHIR3
T 1A A LA A B8 AR S 2 % iR 1 TR) A8 ) FH R AT 50 L 15 TG 1 R [T A AR N
. wb? p
o =20 P

h A E,"
4.2.1 BEEWAGER M

T 1AM THE 1 PR IESEHER (h/a = 0.1,0°/90°) TEARH T8 AT 6 i )7 &
N WN-RPIM(9x9 FA% ) 3155 H 19 J6 2 44 B G 0% 5 CLPT 53k (FSDT J53k' " [ TSDT J7
AR BT A R T A I S R S BCR B, Byt E, =25 10 Ly, =v,, =,
=0.25,6,, =G, =0.5E,,G,, =0.2E,, p = 1 g/em’.

SR B REMR LT (b/a = 1) B A SRAXT RN, WN-RPIM BB 25 1 5 HE
JUR 5 2 B 45 R 22 LU (i (55 FSDT JriE IR 222 18% ) 5 MR LA (b/a = 3) W, A [
F AR R, WN-RPIM #3345 58 5 FSDT 7 kiR 24 2%, 5 TSDT J7 iR 22 4
3% ,5 CLPT J5 ik iR 2524 21%. K A AR LK B B R M 25 R 4R T FSDT J5 . 1A
Ff 2 BRI R A R AT HAA R A 25 R LT 38 2251, 1R 25 /N T 0.01%. 85 LT #8434 H 2% 18 w3
1 L.

£ 1 WN-RPIM I8 H B (h/a = 0.1,0°/90°) AY TG4 H A TR
Table 1 The WN-RPIM solutions of non-dimensional natural frequencies for the cantilever plate (h/a = 0.1,0°/90°)

WN (w3) WN (wd)
b/a CLPT  FSDT  TSDT
K=1 K=3 K=5 K=1 K=3 K=5
1 26250 25334 25610 2.1405 21342  2.1310 21345 21342 21310
2 104588 9350 1 9.5988 8.5594 85341 85209 8.5594 85341  8.5209
3 23.3775 18.849 1 19.8325 19.2564  19.199 1  19.169 5 192564  19.1991  19.169 5

422 KF EAEMFREREILT B L 2R E A RE S

2 45 WN-RPIM (9%9 % ) THE H B9 7E 3 FPZ G 72 (0°,0°/90°/0°,0°/90°/0°/90°/
0°) fl 3 FRES L (h/a = 0.2,0.1,0.01) FEA AT EA MRS CLPT 35" Al FSDT
EUI AR MRS RS B O AL 2 2 BRI, A LB A LR, LR
B () 235 SR H AT 29 FL AR B B, WN-RPIM 3145 (025 5 5 FSDT J7 kAR %30T, CLPT
()25 F i B 4t (oA CLPT HaE PG AL ) .ol WL WN-RPIM & FH 4 MR LR TR 2
G 77k,
4.2.3 ARRAFREHFRE RS LT ESME T E R EHRESH

3 AT WN-RPIM(9x9 M%) 7153 B A [F R B L, 76 A 7] 0 30 A 55 0 (il R4 v
“STFRML,“CTFRE L, “FT R A M) T E TG A RS FSDT i1 CLPT 31
TSDT i (AT LA RSB BN E, - B, E; =40 10 1w, =v) =y, =0.25,6, =G, =
0.6E,,Gy =0.2E,, p =1 g/cm’ FUALEHR B/ LAIE BN 5 WN-RPIM fif5 FSDT fi# A1 TSDT
fiff LA, CLPT AR 2E BRI T A SO AN R I R 25 4 AN TR S5 LU T Bl FH R
A,



1282 GIMT A BERHZE B AR R 3 1 — A RO S Tk

&R 2 WN-RPIM P55 YA R JE RS L AIA 625 05 58 T A2 A W A T 4 [ 3

Table 2 The WN-RPIM solutions of non-dimensional natural frequencies under different schemes for the laminated plates

h/a method 0° 0°/90°/0° 0°/90°/0°/90°/0°
FSDT 8.909 8.766 9.215
CLPT 14.750 14.750 14.750
0.2 WN (w3) (K = 1) 9.405 0 9.089 5 9.6319
WN (w3) (K = 3) 8.963 4 8.2153 8.992 6
WN (w3) (K = 5) 8.959 3 8.127 2 8.8314
FSDT 12.452 12.227 12.633
CLPT 15.104 15.104 15.104
0.1 WN (w3) (K = 1) 12.793 7 12.525 6 12.892 7
WN (w3) (K = 3) 12.462 1 11.747 2 12.475 6
WN (w3) (K = 5) 12.461 8 11.617 0 12.374 8
FSDT 15.190 15.184 15.192
CLPT 15.227 15.227 15.227
0.01 WN (w3) (K = 1) 15.217 2 15.211 6 15.218 7
WN (w3) (K = 3) 15.210 9 15.194 2 15.211 0
WN (w3) (K = 5) 15.210 9 15.190 3 15.209 2

3 WN-RPIM AR 50 26 (0°/90° ) Al 5 922 45 M %) TG 18 40 [ M3
Table 3 The WN-RPIM solutions of non-dimensional natural frequencies under

different boundary conditions for the laminated plates(0°/90°)

h/a method SSSS SSSC SSSF SCSC
FSDT 10.473 12.610 7.215 15.152

CLPT 11.154 14.223 7.636 18.543

TSDT 10.568 12.870 7.277 15.709
01 WN (w3)(K = 1) 10.573 2 12.843 3 7.283 0 15.604 3
WN (w3) (K = 3) 10.419 7 12.513 5 7.173 2 15.604 3
WN (w3) (K = 5) 10.331 5 12.336 1 7.106 3 14.706 3

FSDT 8.833 9.882 6.213 10.879

CLPT 10.721 13.627 7.450 17.741

TSDT 9.087 10.393 6.387 11.890
0-2 WN (w3)(K = 1) 9.080 9 10.224 6 6.077 3 11.470 6
WN (w3) (K = 3) 8.708 1 9.658 7 6.073 3 10.714 1
WN (w3) (K = 5) 8.521 7 9.423 9 5.954 1 10.449 2

5 4 ®

AR SCRE B B YR 1] AR TE BRAE 5 TJC RS A S A BB T2 A A 25l AR sl
o7 [0 L, A AR P TR 5 ] R FHIE 2 Legendre 2235 20AE S ik pR K, 7E MR 19 T YR F WN-RPIM 3T
1, ek T RPIM s =42 /N BR 3o 25 i (e R Y 43 B, &2 3 WN-RPIM #2 RPIM Fl
MQ-MLPG A3 B 4 (oG B AR e P 5 Sl TS A oA [ 5 5 AN )2 & 4540 (AN [R) 5 B
O 2544 Fh S0 2 A AR O IR Bh IR) A8, WN-RPIM $5{EL A 5 H e 3 (0 58 0 B (EL At L Sk 6 i
T WN-RPIM #E K Z1E0L T 5 FSDT J7k U EHER , J2 43 17 45 i 2 4 Al n) R A8 A %007 ¥ 6
PRl SRR B T LB R M2 R FR AR LB T MR R B M i 22, T B — 2D X
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An Effective Meshfree Method for Bending and Vibration
Analyses of Laminated Composite Plates
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Suzhou, Jiangsu 215006, P.R.China;
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Abstract: Numerical analysis of laminated plates’ bending and vibration problems was presen-
ted based on the high order shear and normal deformation plate theory ( HOSNDPT) with the
meshless method. For the usual radial point interpolation method (RPIM) , the inverses of the
moment matrices are required for each Gauss point or calculation point, and are limited by the
radius of the domain. For the weighted node radial point interpolation method ( WN-RPIM) , the
number of the inverses of the system matrices is equal to the number of nodes in the problem
domain, which is far less than the number of Gauss points, so the WN-RPIM can greatly reduce
the computation complexity of the moment matrices and overcome the limitations on the RPIM.
First, the 3D plate displacement was decomposed into the product of the thickness-direction
and in-plane displacements, and the orthogonal Legendre polynomials were used as basis func-
tions in the thickness direction, the WN-RPIM was employed in plane to construct the shape
functions. Then, the numerical calculation of the bending problems of laminated plates verified
the accuracy and stability of the WN-RPIM. At last, the proposed method was extended to the
numerical calculation of the vibration problems of laminated plates with different boundary con-
ditions, different thickness-to-span ratios and different laying patterns. The numerical results

show the applicability and effectiveness of the proposed method.

Key words: laminated composite plate; vibration; high order shear and normal deformation
plate theory ( HOSNDPT) ; radial point interpolation method ( RPIM ) ; weighted
node radial point interpolation meshless method ( WN-RPIM)
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