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- Lu' gdx+ .LKu'nkqu— Lp- (g B)dx +

[ bomprgds = | eqe. (3)

(2) (3 (u p) (v.q) VxQ
=Sy €LY vk EH(K), VK €1, 1<L<d}
EL(Q).qux_ 0, ¢glk €EH'(K), VK € 1}.

(1) , . 1= (K)
Q , I , I's ,h= I+ 1. KW K
I non . x e= 0K NOK

(u.p) K* e (% () AL

x €e
{n)= 2= )= 1= ey
[[u]] = u'*n'+ u n,[[u]]—u+n+u+n,
e € T {{p}}z p.[[u]] = un, n 00 . [[u]] =
SV oat - uignt, cffu))? <[lu]]>
(1) t (m,pi) € VX Q)
{a(uh, )+ Ca(un v)+ b(v,pn) = (frv), Vv € V.

V=
Q:

~ b(mw, q)+ Co(pn.q) = (g q) Vg € Q"

wtan= com o [0 g [ (g
(i )+ Lh{{-"'h"}}-’ [[u]]ds - Ir,,{{""h'”} L[ o]ds +
J-ic”[[L]]:Mds,

vovp == (wmvpre [ LB rroras = o) - [ LD irpnna,

Ca(u,v)=— (u, “n*(v = a)) + J.r Cr a nk o vds,
h -

Co(p.q) == (p. "w(q*B))+ Jr\ o Bemcp™qds,

R:{x €O0QBx)en< (} . a® p" , [1,
26] :



160

{Lilrr(}u(x— ea(x)), x €OK\ I,
0, x €oK N1,

CllmaX{h[_{+5 h;(l‘ s x € <K+, K ),
x €0K* NoQ.

K, K :
K. K )= {Jca meas. 1(0K N K ) = 0,

oK N oK ,

v €LY Q) vilgk €EPK), VK €1,1 < <d},

4=
0= q € L°(Q: qux = 0,¢qlk €Pu(K), VK €17,

P K l L 21L,m 20,1 2m. hey
K €1 e v, Sy .en> 0 h

K L
(<o b)=(Spob), VEEW,

Wh= {<b € (L Q)% d1x € PLy(K), VK €1, 1< <d}.

S(pwq) = s(pw, q) + e(phn, q),

s(ph, q) = h( “hph— hph, hg— hq),
e(ph q) = J.FDII[[Ph]]'[[(]]]dS,
Du(x) = dnmax{hK*, hK’}, x €K', K ),

Il=1Lm=20 |, S(pn,q) = e(pr q),

(un,pi) € V' x Q'
aluw,v)+ b(v,pr)+ Ca(un,v)= (f,v), V(v q) € V' x Q'
- b(w, q)+ Cs(pr,q)+ S(pr,q)= (g, q),
: (uh,p/l) E Vh X Qh
unh,, ph; VY, q) = F(V, Q)b V( v, (I) E Vh X Qh”

Wun, pr; v, q) = a(un, v) + b(v,pr)— b(w, q) +
Cﬂ(u’h V) + CB(p/U (I)+ S(Ph,, q)a
F(v,q)= (f.v)+ (g q)-

Y

(11)

(12)



NavierStokes 161

2
I (ap) VP = (1w G+ 0w UG+ TN [ G, ) +
( ||p ||%+| p |2)+ Rl ".hp— Tp”%:
W wt W Hpt %+ R ILp = Tap 113
v 5= D w g, LI fog) WG, = L,c“[[vn.-[[v]]ds,
g1t = [ Dt ans.
{1l w € HKEIHZ(K),VE V',
L{{..-'hw}};[[v]] <c[ S owiic+ B2 wI%,,J Prppenn o (13)
| [27] ,
2 nv. oV :
(u- T, ) =0, vVoeEw (14)
u€v
fu= T o <Cllully, Nlu- Tl <Chllull. (15)
3 h C C, (v,q) EV'x Q' »€E W,
w € vh

v, g w,0) 2C ||q||0—
Cot M v I Y41 g 12+ Rl hg+ dUG), 1wl lly <Cllglle.  (16)
inf-sup : uEH(l)(Q)d:{u EHI(Q)d:ulagz (}
- ng.-"-udx Zhllg 15, Nulli < lig o, (17)
E> 0 Q . Qe; v
Aqv,q T, 0) = a(v, Tu)+ b( T, ¢) + Co(v, Tt) .
&= u- T, 1 (17)
La(v, Th) 1= 1 a(v, &)1+ 1 al(v, u) | SC3llgliglt vl Ily.

a(v, Tw) > C3a llqg lli- (c/ey I vi 1%, (18)
2

b(Tw, q) = b(u,q)- b(&, q)-
(14) - €W
b(&,q) = (&, “ng+ ¢ - L{{gﬁ}}[[q]]d&
(17)
- b(&q) | S Csgllg 15+ (C/e) (b1l g+ oG+ g17).

b(u,q) =- J-Qq e udx,



162

2
b(Tuq) Zkllq Iho- Creallg N3 am CE2 Sy gy 013 (19)
1 Ca(v, T)
Ca(v, Th) S Co(v, &) 141 Ca(v,u) ! .
Ca(®, *)

Ca(v, &) == ((“wea)v, &)= (v,(a* ") &)+
ZL(“’“ = a): (& = n)ds+

4

ZI (0" = ): [[&]]ds = DT,

eCF =1

: F+:{x €Co0Qa(x)*n /(» ca= 0, T =
Poincar
I Tl S lalleollyllogh & llo <C Naulli Il il
Poincar
| Ta+ Tal S Hallwh v llg iV I1E g, +
o b2 W& Mo o T [[0]] 1 Tar, S
C ||u||1( v o+ [[v]]] ||0,1‘h).
Il
| Caf v, T) | < Csesll g 13+ Csf;”% Csea ll g 13+
Cslli[[v]]] ||o,rl
(18 (20) , (et

Ay, ¢ T, 0) 2C Nglg= Cof N vI N+ A1l hg+ ¢lG+1g1%).

N Tl y < Te- wl v+ allly <c llully < gl

w= Il 2. 2 O
1 h C,
Plun, pr; v, q) S
(thI)Séll‘?thl ||| Vl || v ||| ql ||Q /C( ||| uhl ||V+ ||| pl ”()),
Y(w,pi) € V' x 0" (21)
(V.4),
N un, pr;9.p) ZCCHNT w ! Wyt WEput W) T p 1y Hiplllg).
(12) V= Yup qg= il Y )
Q uh, ph; Yuh, Yh) = a( wh, Yur) + Ca(un, Yur)+ C8(ph, Yor)+ S(ph, Yi).
a(uh, un)
alw, Yup) = Y11 w1 15 (2)
S(pn, Wr) = Y(1 pul % + hupn— apn 113), (23)

Col wp, ur)  Co(pnpn), Poincar



NavierStokes 163

Col wn, ) > y%n oa e Coone 1| o+
LJ Lasnl |[[w]] Pds+ LJ. L asn !l u,lds
20, [[w]] Tds+ o |, : (24)
1, - s
Cs(ph,pr) = - YE e Bl oo llps 15+
1 |
Y{EJ‘FI' Benl [[[pi]]1%ds + ELQI Ben il phlzds] (25)
(2) (25)

X uh, ph; Yur, Yph) >

1
2|I.

Y{;_LII asnl |[[uw]]]?ds+ %LQI asnll uh|2ds}—

. 1
Y1 B o Hlpy 13+ Y{ELI Bonl [ 7pn] Pds+

2 2 . .
vl up | ||V+ Y|ph|* - Y "(IHooCPoinc Il Spup ||0+

2
%J‘agl Brnll pi |2d3}+ i Il pr= apa 115 (26)
(12) (v,q)= (w,0), 2
Co( 1wy | W1 pi 134 B ITp+ @), (27)
(f), (j) = (Yuh+ w, ¥7h) , ."-' a = 0’ ."-'B: O’

K uh, ph; v, q) >
(Y- C») Il ||%+ (Y= C2)( Il w, ||(2)+ I [[u]]] ||5,1’) +
Cillpn 16+ (Y= C2) 1 pu 1% + (v= C2) h Il “npr— npn llo.

YJ
Nun, iz 9,9) 2 | a1 |5+ 11 pat 113,
2
Wun, pr: $,4) ZCINT ! Hyr W pet o) o1 Hys 11 g1 g,
1 O
3
(u,py (u,p) ,
E= wh- w, 2= u—- w, ew= u- uh= - §
T=pi=pr U= p=-pi ¢=p-pp= N-T
2 1 (wpn) € VI x Q' (up) € (H () NHo( Q)" x
H™'Q) NLY Q) (12) (1) , h C,
[lew 11341 1% + B 1l ey — rep 115 <
elle, 15+ COR™ | wlioi+ h*™ " p o). (28)

(u.p) (1) ; V(v.q) € VxQ,



164

- b(u, q)+ Cs(p,q)+ e(p.q) = (g q)-
(29) (11)
a(eu,v)+ b(v,ep)— b(eu,q)+ Ca(€u, v)+ C8(ep,q)+ S(e,q)=
s(pq) -
vy = g,q= T
a(§ &)+ C(&EE+ G(T T+ (T D+ s(LT) =
a(6 &+ b(E M) - b(L, T+ Co(8 &)+
C3(L T+ e(L T+ s(IL T+ s(p, 7).

{a(u,v)+ b(v,p)+ Co(u,v)= (f,v),

a(E &)+ e(TT= Il &1 115+1 TI2.
Sea= 0, e B = 0,

Cu( &, €) = ;—L | asnll [[E] 1%ds+ %| asnll &1%ds,

Ce(T, T) = %L | Benll [[T]] | ds+ %| Ben Il TI%ds.

Poincar

| C(S &)1 < C( I8N+ e INE g 2 IS lg,.) <
CONENG+ g1 G,

a(EE)+ Ca(§EE)+ C(T,T)+ S(T,T) 2
COM ENNV+1 TIF + AT TG +

%L| Bonl I[/ Yy lds+ 51 Bonil T1ds+

%LJ avn | 18] Pds+ 21 asn i1 E12ds.
(31) \ 1
a(5 8 <1 ulli+ elllEI13,
(&, M) <elll &1 13+ ¥ 21 p 12,
(& T) SCRY 1 uwlio+ g1 TIE + TG,
e(NT) SCh™ 1 plaai+ €l TIE.

Co(T,T) == ((heB)0, )= (T, (Be ") T)+

QCZ.L(ﬂB- Q)+ (Ton)ds+ eCZF’.LmB-ﬁ)-[[ Tjds= DR

Ri, e B=0, Ri= 0.
| Rol SCh M IIMIG+ & TG SCR?™ N p o+ & TG,

| R3+ Ral SCRV2IM Mgk 21 Tlo . SCA™ M plaa+ & 17T G,

(2)

(30)

(31)

(%)

(33)



NavierStokes 165

| Co(M, T) I SCh*™ ' p Lo+ & 17T, (34)
Co(1 T) ;
| Co( & &) I SCRY L wlr+ g 118 15+1 E17). (35)
s(LT) = k(= 20, .-"hT_ RS
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Discontinuous Element Pressure Gradient Stabilizations
for the Compressible Navier-Stokes Equations
Based on Local Projections
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( 1.School of Applied Mathematics , University of Electronic Science and Technology of China,
Chengdu 610054,P.R . China;
2. Department of Mathem atics, Sichuan University,

Chengdu 610064,P .R . China)

Abstract: A pressure gradient discontinuous finite element formulation for the compressible Navie-

Stokes equations based on local projedions was derived. The resulting finite dement formulation is

stable and uniquely solvable without requiring a B-B stability condition. An error estimate was ob-

tained.
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