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R A

Vir,t)
( [5])
2
aa_;/+ ;_OZaar‘Q/+ (a— br) aa_lr/— rV= 0.
. , V(r,T)
= (E-r)", V(r,T)= (r- E)" .
Virdt),t)= E- rf(t),a,V( ri(t), t)=— 1.
r ( [6]) -
2E ,(E-r)'=0 : (E-r)'= E-r.
[3]
OV+ 00V (a- br)0, V- V=0 r{1)< r<+ ©0< 1< U,
V> (E-r1)", ri(t) < r<+ o, 0< t< T, (1)
Vir(e),t)= E- ri(t),
O, V(re(t),t)=- 1, V(r,T)= (E-r)" .
[3] )
ri(t)(t €70, T]) (). 1 1
v(r,t)= 0V(r,t), (1) t v(r,t)  Stefan 1
( [7]) - 1 . 2
(D 1 ( )
oV+ 00,V/2+ (a- br)d.V- rV K0, - o< r<+ o 0< 1< T,
vV 2(E-r)", )
[0V+ 0°0,V/2+ (a= br)o.V— rN[V- (E- )] =0, (2)
V(r,T)= (E-r)" .
r< 0 |rl )
Vir,t) = E-r ( r ).

O(E-r)+ 00 (E-r)/2+ (a- br)O.(E- r)- r(E-r) =

rP~ (E= b)r— a> 0 ( r ). (3)
(2) 1 : ) (1)
(2 ; re {r> r*} (1)
(2 - (3 e P~ (E- b)r— a=0 .
1 T, r> r* (1)
(2); 2 : 3 ri(t) €
Co[- T)
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1
(1) \ w(r,t)= V(r,T=t) h(t)=r(T-1),(1)
O — 00u/2- (a- br)du+ ru= 0, hi(t)< r<+ o 0< t T,
u> (E-r)", h(t)< r<+ o, 0< ¢ ST, A
u(h(t),t) = E- h(t), (4
Ow(h(t),t)=-1, u(r,0)= (E-r)" .
1 (u(r,t), h(t)) (4) L h(t) € C(0, T],
Onu(h(t), t) 20, t> 0. (5)
h(t) € C*(0,+ o, Ou Onu r= h(t),t € (0,
T]( [8-9] ). (5) , to € (0, + o9], Oru(h(to), to) < 0.
Ou(h(to), to) =~ 1, 5> 0,
Ou(r, to) < — 1, h(to) < r< h(to)+ &. (6)
u(h(to),t) = E- h(to) (6)
u(r,t0) < E-r, h(to) < r < h(to)+ §
w(r,t) 2(E- r)t 2E-r
2 1 .
r« Sh(t) Sr', t> 0, (7)
r r r’— (E-=b)r—a=0 2 .
E—b- J(E- b)’+ 4a +  E—b+ J(E- b)+ 4a 8
r¥ = 2 , T = 2 .
u(h(t),t) = E- h(t) t
Ou(h(t), t)h (t)+ du(h(t),1)=~ K (1),
Ou(h(t), t)=~ 1,
Ow(h(t),t) = 0. (9)
(4) 1 r= h(t),
Ouw(h(t), t)— 00 u(h(t),1)/2-
(a— bh(t))O,u(h(t),t)+ h(t)u(h(t),t) = O,
9 @ (9 ,
- h*t)+ (E- bJh(t)+ a 20,
re Sh(t) Sro.
2
w(r,t)= E-r, re Sr< h(t), 0< t> 0,
(4) 1
G 20, u- (E-r)" 20, r+ < r<+ 0, 0< t> 0,
[“][u- (E- 1) ]= 0, (10)

u(r,0)= (E-r)",
u(r=,t)= E—- r=.
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Y= Ow- 00,u/2- (a- br)du+ ru,

r«  (8)
2 (10)
[ 10] , Be(1) ( 1),
Be(1) € C*(- oo, + o), By(t) K0,
Bg(())— - Co,
Be(t) >0, B <
Co= a- br + (E+ 1)(E= r+) > 0, (11)
. 0, t> 0,
lsm‘}ﬁs(t) - {— o, t < 0.
Bel2) x (1)
/.
=t :
1 2
1 it Te(t) ( 2)
t i €
Te(t)= 1 7, | t1 <g
: ! & &
T(1) € ¢ 0 < T <1, ﬁ;(t) 20, lm%(1) = * R
(10)

Yie+ Be(ue— T(E-r)) = 0, re < r<+ oo 0< ¢t KT,

(12)
ug(r,0) = Te(E—- 1), ue(r+,t) = E—- r«.
Q= (r+, + ) x(0,T].

3 e> 0, (12) ue € Woloof &), 1< p <+ oo,
WE-r) Sue SE- r+, (13)
- Co SB(ue— TW(E- r)) <O, (14)

Co (11
Qr : (12) O = (r«,R)x(0.T],
VYR> 0 :
Suer+ Be(uer— T"(E-r))= 0 (r,t) € OF,

ue r(r,t) = Te(E- r), apdf (15)
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0, :
€ R, Schauder ( [11]) (15) 1 ue, g €
Wyl ), 1< p<+ oo i
uer 2 We(E- 1).
ST(E- 1) =- %Och—;%(E— r)= (a- br) C%%(E— r)+ rTe(E- 1) =

~ PW(E- 1)/2+ (a- br)Te(E— 1)+ r(E- r) <
a— bre + rTe(E- r).

E-r <& ¢ ,
®(E-r) =0,
E-r>-¢ ,r< E+ €
E-r S<E-r«,
re(E- 1) S(E+ & T%( E- )= (E+ €(E- r+),
e <1
YM(E-r1) Sa- br«+ (E+ 1)(E-r+) = Co=- B0),
%(E- r) (15) 1 , ue.r Z2Te(E— ). E- r+
(15) 1 .
T(E - r)<ug,R SE- re. (16)
(16) Be ,
~ Co SBe(uer— T(E- 1)) <O. (17)
R ™+ oo we(r,t) € Wolse! &) {LL&R} 1 ( {LLS,R )
Ug, R - Ue, ( Wi’,%oc( Qr) ),
we(r, t) (12) 1 . (16) (17) R™+ o0 (13 (14
1 (10) wu€C(Q). VR>0,V8>0u€ W'\ BsPo)),
Po= (E,0), Bs(Po) Pe .8 .
ue | u, ( & ), (18)
(E-r)" Su<E-r+, (19)
O 20. (20)
Vo< a< 1, (12) o
| ue|c“/2(d;) <G,
c & , R . Ju € (), ue u, C(QF) . VR
>0, V&> 0
| ue w2 (v By) <,
c & . e w,  Wylee( ) . u
(10)
e 20 , €0

Yu 20 ( F\Bs(Py) ).
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Su 20 (& ),
(13) e” 0 (19)
Su=0 ( {u>(E—r)+} ) -
. Y(ro to) E{u> (E- r)+}:
w(ro, t0) > (E— ro) .

36> 0, € ,
ue(ro, to) > Te(E— ro) + 6§
e 0
Be(we(ro, to) = Te(E~ ro)) 2 Be(8) ~ 0,
(ro.to) . (12 e” 0,
Su=0 ( (rote) .

(10) 2 Uy u, {ul > UZ}

(o )

wi1> u2 )(E— )",

Sur= 0 ( Qur> uy ),
S >0 ( u1> us )

Llur- uz) SO ( {u1> w2) )
ui— uz= 0 ( ap uip> u2 )
a,,{u1> u; {u1> uz} . {u1> uz} , ul— u2
<0. ul > u2
(20) . V6> 0, (12) ,wve(r,t)= ue(r,t+ 6
Sve+ Be(ve— Te(E- 1)) = 0, re < r<+ o 0< t ST- §
ve(r,0) = ue(r, §) 2 TH(E- 1), ( (13) ), (21)
ve(r=,t) = E— r«.
(12) (2D ,
ue(r, t) Sue(r,t+ 6), 0<:<T- 6.
e~ 0, (20)
4 u(r,t) (10) ,
u(r,t) > 0, r 2re, 0< ¢t <T. (2)

O — (02/2)5,1u— (a- br)Ou+ ru >O, r>r, 0< ¢ T,
w(r,0) = (E- r)" 20,
u(r=,t)= E- r« 20

u(r,t)> 0,6 €(0,T].



375

Thi= {(r, t) €[re,+ ) x[0,T] 1 u(r,t)> (E- r)+}

o= {(r,t) E[r*, + ) x [0, T] | u(r,t)= (E- r)+}.
(20) 1

F:f[r«,+ o) [0, T], F(r)= su;{ﬂ w(r,t) = (E- r)*}.

2 F(r)

(20
g={(rni)lrn <r<t 00 <i <F(r)).
F(r) . , r2E (E-r)'=0 (22
F(r)= 0, r 2E.
F(ro)> 0 s ro< E. 1 u(r, L‘)
u(r,t), (r.t) € (ro,+ ) x [0, F(ro)],
wlrot) =3 p_ (r.1) € [re,ro] X [0, F(ro)].
{(ro. )1 0<e SF(ro)) cfu du [re,+ ) x[0, F(ro)]
u(r,t) (10) [+, + ) X [0, F(ro)]
(a) u(r.t) 2(E- r)*;
(b) u(r,0) = (E- r)Y, ou(re,t)= E— r«;
(0 (ro, + ) X [0, F(ro)]
Yu= Yu 20, (Lu)(u- (E-1)")= (%)(u- (E-7)")=0
[r+,r0] X[0,F(ro)]
(Yu)(u- (E-r1)")= 0.
[re.ro) X [0, F(ro)] . Zu 20
Su= S(E-r)== 1"+ (E-b)r+ a-
{(ro, 1)1 0 <t <F(ro)} C ‘A,
~ (E- b)r+ a )0, r=ro,

-+ (E- b)r+ a 20, r« Sr <o,

Su 20, (rot) €[r,ro] X [0, F(ro)]-
(a) (b) (0 u (10)  [re, + ) x[0,F(ro)] . (10)

u(r,t) = u(r,t), (r,t)E[r*,+ o) X [0, F(ro)] .

w= (E- r)", (r,t) € [r=,rof x [0, F(ro)],
[r«,r0] X [0, F(ro)] € %,
F(r) )F(ro), re Sr Sro,
F(r)

3 F(r) <r|0< F(r)< T}
, re r2,ri1< r O0< F(r1)= F(r2) < T.



376

to = F(rl),

u(r,to) = E-r, r E[n, raf,

2
O
a[u— A

25,,u— (a- br)Ou+ ru= 0, (r,t) € (ri, r2) X [to, T],
{tz to,r1<r <r2} )

O = O0mu/2+ (a- br)Oru— ru= P (E-b)r- a,

’

Y= L(E-71)=- 1+ (E- b)r+ a 20,

Ow=r"- (E- b)r- a <0, t= to, r1 St <o

P~ (E-= b)r— a =0,
t= to, 1 <r <r2

om < 0, (20) . F(r)
{r|0< F(r) < T} . 3 .
3 ,t= F(r) r=h(t),0< t< T.
F(r) h(t) . F(r) ,
h(t) .
4 r= h(t) (0,T) ., h(t) €CT(0,T].
h(t) , L1 12,0< n< < T,
h(t) = ro, 1< t< 2.
{%L: 0, (r,t) € (ro, + ) X (1, t2),
u(rot)= E- ro

t1< t< 12
t

Sy = 0, (r.t) € (ro, + ©) X (11, 12),
w(ro,t) = 0, u 2( %)O0.

Hopf . un(ro,t)> 0,1 € (11, 12).

w(ro,t)=— 1,¢ € (11, 12),
t)= 0,1t € (t1, 1), .

ure( o,
r= h(t)
(20) h(t) , [12] , h(t) €~
h(t) lir? h(t) s
h(0) = lim h(t).
0
5
P a 2 bE, »
(0= r, a < bE, (2)
o (8) .
u> 0, h(t) <E, h(0) SE.
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1: a 2 IE, h(0) = E.
h(0) < E, 5> 0,
“u = 0, h(0)< r< E, 0<: <8
{t: 0,h(0)< r< E} ,
du(r,0) = (0/2)0m(E- 1)+ (a- br)o(E- r)- r(E-r) =
r’- (E- b)r- a.

f(r)=r’=(E~ bjr- a,

r> (E= b)/2 ,f (r)= 2r=(E- b)> 0. (E-b)/2< r< E ,0uw(r,
0)= f(r) < f(E)= bE- a K0, (20) , h(0) = E.
2 a< bE. (8) r’ < E. h(O)=r" . (7 h(0)
<rl
h(0) < 1, 5> 0,
Su =0, h(0)< r<r , 0SSt <6
Ou(r,0) = r'= (E= b)r— a= f(r).
fr)=0
O < 0, h(0)< r< r",
(20) : (23)
6 r= 1=,
h(t)> re,
r (8
4, h(t) € C*(0,T], 1 : (4)
! ;
S = 0, h(t)< r<+ o©0< t< T,
Ou(h(t),t)=0 ( (9 ),
w 2( %0,
Hopf
Ouu(h(t),t) > 0. (24)
ur(h(t), 1) =-1 ) ,
wr(h(t), )R (t)+ w(h(t),t) = 0. (25)

(24 (29 K(t) Z0,

wr(h(t),t)= —L}Si;(tj)_tg o

(24) K(t)< 0,
0= Zul,nn= (O — Ozﬁr,u/Z— (a- br)Ou+ ru) | = n(e) <

(a= br+ ru)lmny=~- h*(t)+ (E- b)h(t)+ a.
I r— (E-b)r-—a= 0 , h(t) > r« .
ri(t) = h(T- t), re(t) € c>/0, T),
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Analysis of the Exercise Boundary of an American
Interest Rate Option

YI Fa huai, PENG Xinling, CHEN Ying shan
( School of Mathem atical Scien ces, South China Normal University ,
Guan gzhou 510631, P.R. China)

Abstract: By applying the variational inequality technique, the behavior of the exercise boundary of
the american style interest rate option is analyzed under the assumption that the interest rates obey a
meanr reverting random walk as given by the Vasicek model. The monotonicity, boundedness and C “-

smoothness of the exercise boundary are proved.

Key words: interest rate option; exercise boundary; variational inequality



