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bi(x,t) —+ a(x, t) ax ax[[{l(x’[)g_g]-'_ Ko(x, z, t) %—lzu

2= (1)

(1a)

(1b)

(1)

Qi(x,t,u), x € Q(t)‘t €J=(0T1],
d’z(x,z,t)aa aa Ko x,z, t)a
x € Q)2 € ®(t)= (0, B(1)); 1 € J,
0 0 0 0 0
(x.t) G+ b(xot) §o= 5| Ko(xot) 5ol= Kofxozo0) 57| =
Q3(x, t,v), x € Qt);t €.
* ;o 2007- 12-26; 2008 03-26
(G19990328) ; (20050200069) ;
(110771124, 10372052) ; (200304 22047)

(1935—), , , (
— 88564652; E— mail: yryuan@ sdu. edu. cn).
©) , :
551

.Tel: + 86— 531- 88364732; Fax: + 86— 531

,2005. 10.



552

w(x,0) = d(x), x € Q(0),
w(x,z,0) = ¢a(x, z), x € 0);z € ©0), (2)
v(x,0) = d3(x), x € 9Q0).
u(x,t) looy= 0, w(x,z,t) I c€aor),:€00)= 0, v(x,1) logs = 0, (3a)
w(x,z,t) lz=w) = uw(x,t),w(x,z,t)z=0= v(x,t),
x € Q) €. ( ) (3b)
, uw v ,0u/0x Ov/0x Ow/0z  Darcy , ta(a
=1,23) ,Ki(x,t) Ko(x,z,t) K3(x,t) ,a(x,t) b(x,t)
a(x,t) looey= 0, b(x,t) laan = 0. (4)
Qi(x,t,u) Q3(x,t,v) .
; (D)~ (4 3 ; (la) (1o
1 3 , ( ) :
Q(,:):{xIX1(t) Sx <X2(t),t6]},><1(t) X(t) , t €7
.0 : () Sxa(il). Xa(i') 2xa(l).
i< . 0Q1t) . ®(t):{z|0<z<u(t),t6]$
, 1
o/ t
X1(s) a(t) Xa(t)
B #(®) T"[ a0 ] 8 (1)
£ Xy(t
. \() o) /1(‘) o) u(t)
012 M0 > 0 -
1 Q(t), O(t)
Douglas  Russell
(L&, , Douglas
: : I’
, o (7
’ Q_
: r
’ ®'
[1,4—5],®’

B

(D) 0< & <& K¢, 0< K+ SKqSK', a= 1,23,

® R. E. Ewing. Mathematical Modeling and Simulation for Multiphase Flow in Porous Media, An Intemational
Workshop on Computation Physics: Fluid Flow and Transport in Porous Media, Beijing, 1999.
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*

¢ & K« K
(D~ (4
Pu
T
o™

(R).

CL™LT(Q1))), w €LT(W (1))

CL(LT(Q(t))), v EL™(W*T(Q(1))),

2
%T“QG LE(L(Q(t) % ©(1))), w ELC(W*™( Q1) x &(1))).

Qi(x,t,u) Q3(x,t,u)

el <i <4)
| Qi(u(x,t)+ &)— Qifu(x,t)+ &) | SMI1 &- &l, (v,t) € Q1) x J,
| Ox(v(x,t)+ &)— OQa(v(x,t)+ &)1 SMI| &— &l, (x,t) € Q1) x J.

8)_

Lipschitz

N

, M, | &l

M € ,
1
At=T/L, Q= Q") SXi(1") = 20< xT< < ay = X(1"),
x Ni+ 1, ©®= 601" 0= o< zi< < ozp,
= ). P = {x: xil i= 0,1 s Niyxo= Xi(t"), av = Xz(t")} [Xi(t"),
Xa1")]
X n _ X n
e BLLIZ N0 e &G Ky - 1
N1
n n h_n n
ho = thz 2° h = (ngz?él,h.
= {m i= 1,2 . Ni- 1} ® = {m i= 01, N}
o= {xil iz LN, "oz {xl iz 012« Ni- 1).
0" = {z: z | j=01, s N2;z0 = 0, z%: U(t")}
[0, ¥ ()] ,
B'= W1")/No K = k' 1<) SNa- 1, ko= kiv,= K72 k= magh’,
06 *0. , (la) (x,zv-v2 ™) \
aw n+ 1
Kox,z,t) s T
a_w]m-l kn+1|:i aﬂ]m—l 12
LSERNON = s P SEEY - ML)
nt 1
|:K2(x,z, i) aa_z)] v =
aﬂ nt 1 kn+1 a_w n+ 1 el 2
K2(x,z,t) 0z Nz—l/2+ ) P(x, 2, t) 01 v, + O((k™)7).

(x, 212, ")

(1o

)
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[Kz(x,z, t) %_w} "+1:

|:K2(x z, 1) az] 1/21 kn+1[¢2(x z,1) ] 1+ o((k™*")?),

(x’ u(tn+l),tn+])
n+l
bi(x,t) %—‘t‘+ a(x,t)aa_l;— a%[Kl(x,t)g—ﬂ [%(x H(), 1) a]

[Kz(x,z, t) %—’ﬂN Lt 0(K) = Qi(u),

bi(x, 1, k) %—‘;Jr alx, 1) g—x”— a%[lo(x, 1) g—ﬂ -

0
- [Kz(x,z, t) i]Nz_mJ’ Qi(u)+ O(k?), (5a)
bi(x, b k)= Pilx, )+ (E"Y2) bi(x, B(1), 1)
(.96 0 t"+l)
¢3(xtk)6+b(x t)a x[K3(x,t)aa—ﬂ:
[Kz(x,z,l) g] Lt Q)+ 0(k), (5b)
B(x, b k)= B, 1)+ (KY2) bx, 0.1).
(la), ) (5a)
2 2 [1’7]’
b= (B+ o) aar - d’f{";‘aﬁ aa@},
(5a)
0 0 0 0
Lbla—% a—[Kl(x, t) a_ﬂ =- [Kz(x,z,t) f] _
Qi(x,t,u)+ O(k?, x € Q(1),t €J"= ("1™, (6)
(6), 0du/dT, (L) ,
a_u 5 N " un+l(xrit+1)_ un(xrlfrl_ a( r§+1’ n+1) At/(d)l(xrlﬁl)))
{Lbla-[l] e ~ di(xi ) At
i;in: ” (xl ) xlz: erL+l a(xn+l n+l)Al/(¢1(xn+1))-
(6)
+l n
¢l(xrll+l) l]l At Ul_ a(K( Trl, n+1)§cUl+l)i=

M) SN ¢ QuatL LU, 0< i< N (Ta)

¢1( l?*'l)_ d’(x'f”, n+l), @(Kl(x'?—l, n+l)§cUn+1)i: (hn+l)— [Kl(x,le}/Z, <t"+]( Ur;:—}_
U = Ka(a v, 0 DU = UE) ], 8WEN = (K™ )7 (Wi - Witn 1) - {Uﬁi: 0,

1, ...}N& ,U'(x) , U! U-1 Ui

- Kot ,zN—
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Ul= UKy XTi= o= a(als (") M/ (Bi(x])).

Ugt' = ULAJ/:1= 0. (7h)
, (1c)
Vn+l_ Vl
4’3(963”1) v @(K( nt 1 n+1)acvn+l) —
KZ(xliH— l,zrll;21, tn+ 1) &W;TOI‘F Q3(xl;,+ 1, tn+ 17 V;l), 0< i< N], (8&)

bl ) = by,
@(K3(x'}+1, tn,+1)§Vl+1)i: (h’”1)72[K2(x'{H/2, n+1)( prrl Vi”l)—
Ka(x" o, 1™ ) (Vi = Vit D)),
Wi = (KT Wi - W)
V'(x) , Vi Viir Vi
V= V(xh ), ah = ab— b(xl t") A/ by xl))

W= vil= 0. (8h)
(1b)
- n+ n+ WFI_ Wn n+
bo(ai ) T = & (Ka(x. 1) 8W)F
0< i< Ni;0< j< No, (9a)

§(Ka(x.z, 1) 8W)5 = (K )7 Ka(ul 2f v ™ ) (Wikie - W) -
Kz(xllwl nj—l n+l)(Wn+l_ Wrz{-]ll)]

Wit = Wali= 0 0< j < N
W= ol W= v o< i< Ny ) (9b)
(7) (8 (9 : ((Ta)  SWIN SWiw,
(8)  &wd 850, (= { oWV
t= ! {U’Z”, Wit ', Vf”}. (7) {U”l}
(8) {vri). (9) {wy ), (D).
y= x— a(x, )M/ b= g(x),z= x— b(x, t)At/ 3= f(x), At , alx,
t) loon = 0,b(x,t) loou)= 0, y=g(x),z2=f(x) Q(1) s Xt oxh
Q). o-
2
/8 11]

Hn , , wv(x) u(x) w
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(v, u)o= igv(xi)u(xi)hi, (v, u)o = i;:(xi)u(xi)hi,

(v, u)*o= i;:v(xi)u(xi)hi.

(v,u)o= [(v,u)o" + (v, u)o]/2.
. flxz)  g(x,z) wx 0 ,

(oghomo= D, Df(xiz) glxiz)hiky.
0SiSN | OGSV,

9[7 g]w><9,1 = <Z (xia z;)g(xi, zj) h/fj,
0/ SN, 1SN,

§f7 g]w><9,2 = 0% 1<j\Zf(Xz,Z])g(xl,Z})hk

éf‘bg>‘”xe - [éf; g]wX 01+ éf: g]wX 972]/27 ’ s
(7)~ (9) . uv w (1) ~ (4) LUV W
(7) ~ (9) , &= u- U C=v- V,0o= w- W.

(7, (7) (la) (1= "),

g (W (ki) U w1 o .
( (At ) )_ &(K( +1 +1)§c§+1)i:
nt 1 _nt+l n+l -+ 1 n+l n+l nt+ 1
- Ko(x7 ', 2N -1 )& YN, + Qi Al ,uf ) =

Q" ™, U;)+ &, 0< i< Ny, (10a)
%+1= 8{51: O,

1

¢(z+1

10b
& 'l= dfy,  0< i< Ny (10b)
aZ
e <M{ =1 N T I ||Lw(,n,W4vw)}{h2+ ALY
Jn: [t”, tn+ l] le Tlljril- (x"i”, tn,+ l) , gl(x) {gn}
L8 = Tal),
E_:I+1 (un(xl )_ UI)—
(&= &) (u'(xti) - u"(£h0))+ (1- D)u"(<4), (11)
I , I , , Xi(t)
Xa(t) , Xi(t) = 0(At)(i=1,2).
n+1 n
+1§ o g _ (Sx(Kl(le, tn+1) &gﬁl)i <
— Koo N i ) 8 I 4 M{| 1%+ B+ At}—
d;wril I— 1 n Ani
(T Toju(aia) gl,  0<i< N (12)

At

At= O(h?). (13)
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i wt = el = g el ) = (i)
F{alm )= ()] = e = a(e)]) =

A%tl{x’z(lnn/z ! n+1/2)}_ O{h(At)} (14)

tn< tn+l/2 ;n+]/2< tn+1. (12) -ém—l n+ 1 , , (12)

H.] n+1 gz_ H.[ n+1 E_;z+ +1€L gz

At At At

n+1 n Ny N
Z(ﬁwl[ ] n+1 n+1 >E{LZ¢9 (E_,'f”)zh'f”— _Z(ﬁlljril( gz)zhn;l —
E{Z(b”“(%”l)zh?” Z¢1 (&) h}+ 0{ defl(s) h}_ (15)

Z(ﬁwl E.n+lhn+l
! .;1— (t(x;l, t")At/d?'liajn_,
-- flfazﬁ“d0=- J o<
MAtmax{l §E1: 1 ap— xf | Sh"+ MAt}.

\—l

Z(ﬁﬁ l{g a] §n+1h71+1 < 82' aﬂgn |2hn+ M Zd)lwl(gﬁl Zhn+1 (16)
Z&(KI(XILH—]’ n+ 1) @gwl)igl&lhr;-ﬁ—l _

E :KTL{ vl 882 = E :K'?Llf vl 8&) 2R, (17)

‘\‘

Za”‘ﬁ_’f” ! <M{(At) + bt Z&*‘(E_:”‘) h% (18)

i=

(12) (15)~ (18)
AL s (HE B
4{(K"+1§(€H1 §€n+ 1) + (Knaeﬁl §€n+ 1) }

Z(<2(xn+l Z’}C/'II/Z, n+1)§ (d7¥+1 g+1hrg+1+
{||el+1||0+ g 13+ h*+ (a0

N,
denl (I~ IZ)AI; (xl ‘)z'n+1hn+1+ 8||6‘€rz+1 “2 (19)

3, Peano , [ 6]
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& (= L)' (sh ) <
Z(ﬁf—il ZAt 1, grlw lhrlg,+1 <M{h4+ Z(ﬁlﬂ-il(g& I)Zhrlu % ) (20)
i=0 =0
(19), (20) Ki(x,1t)
ﬁ{ ||(¢;ﬁ+1)1/2 n+ 1 “%_ ||((l;1l)1/2€l “%_I_

K«
S g naEtt g <
N

_ &z(xrlwl zl[l\-/i—ll/ Il+1)§dl+lg+lhn+l+
{nz”l 13+ HE N3+ h*+ (a0)%. (21)

, (8). (&) (lo(t=1""), ¢
J C‘H]_ ! V? n n n
¢3+1 (U (A?) )_ &(Ka(xﬁlt”)&éH)i:
Kz(xn+1 zrll)- 1’ n+ 1) d mn+1+ Q3(xlll+1, n+ 1’ ’I]T— 1) _
Qs(x !, t™ L V) + &l 0< i< N, (22a)
Ggl= =0,
2b
Z_,’Fl: (‘JL?TOI, 0< i< Nl, ( )
&
el <M{ Py O L T F AR {2+ 1),
Jn — [tn n+ l] T — ?:+Ll’ (xriz+l’ t"+l) . Qn(x) {é;}
; (22)
dg*—lém’l—q §(K rg+l nt 1 @én+l‘<
At - ( 3(5\7; i ) ) x
Ko, 202, 0" 6 o0 + M{l P R+ At}
R I-1 n ;
#{il( ZZ (s )+ 5 s 0< i< Ni. (23)
(23) CL}+lhrlg+1 ,

1 gt 1y V2 k172 V2 o0 )2
| ( & 14 lg— |l "
S iea ) 3= 11¢ ) e 115y

K+ 1 p)2 nt ()2
ELmae i3+ s <

1l nt 1l n+l + 1 7n+ 17 n+ 1
Z‘szi L2, 1) & g S AT T+

]V_[{ e 15+ e G+ h*+ (At)z}. (24)
(9. (9) (1b)(t=1""), ®

_ &(K (xn+1’ jn+1’ "+l)§(dl+1)tj— 8&;},
0< i< Ni;0< j< No. (25a)

1 0
(j}{i* 1 (Jl!ff _ E%
4 At

n+ 1 + 1
(1)0] = (d}'vj: O,

v

(25b)
oo = &L O = &L 0< i< Ny,
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2
I dw -
&il KM ;2 oo N =g
+1yn+t 1y n+l
(23) S
1
(ﬂf— dLH ' r!'+1hn‘+1kﬂ+1—
7 t J
[((RSA Y
0\<]\</\

@(Kz(xrwl n+1 n+1) @wrﬁl
2

O\L\]
0<]<‘\
n+1 n+ 1, n+ 1

Z: o “hi ki .

0SSN

0</\1\

(A)Ijl‘
] - Ji + 1 gn+ 1 nt+ 1

Z: CR Ty TP
[(IAYA At
0<]<7\

W) {k2+ At>.

nt 1 gnt 1y nt+ 1
g @5 h kT =

Th S - S ) i)+

of 2.5( )"hi o

_ <Z 6(K2(x"+1, n+1 n+1)§d+1)'d;'+lhr£+1k}l+1:
0SSN

N,
0 <N,

n+ 1 nt 1 n 1 n 1 1 1n
_ 0<Z]\ hi+ {0 @(K2(.7C+ , + + )@(,JH )y(*fll; k+
SUSN Y SV

Elln+ l{ Zz(xrw 1’ n+l n+ 1) @ wll+lk7+l

n+l n+1 + 1 nt+ 1 + 1
VKo ZN S, 1) & SN+

1 1
oKz(xn+ zrijz 14

22(xn+1, n+l n+1)(& (Jz+1)2hn+lkn+l
ZQ LN )8 N R

n+ 1 nt+l n+ 1 nt+ 1 nt 1, n+ 1
Z(z(x ,zv2, 6 ) Gwio & hi o,

{III (& n+1 V2 2l (4"2')]/2 nlll}
3{ Ez(xrlfr l,Z],'H 1’ thr 1)(@ (dll]+ l)hr;+lk]r_L+l+

Kz(xn+l’ Jn+l tn+l)(6£ diljfl)zh?—lk?*—l

2((?61 ZT-] n+l)§011;-:—ol€rz+lhr;+l+

M{m ()2 12+ ks (At)z},
V2ol = D60 o) hik.

<

+ 1

§kxx LWl )8 Oy &Y

)

(2)

(27)

(28)

(2)
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(21) (24) (29), 2At ! ,0 <n <L- 1,

L
N 03+ U2 W3 & mds DT I6E 17+ 1168 124
n=1

&g 12+ 1182 IP+11 & & 112+ 11 éw"m%m <

Gronwall

L
2 L 12 2 2 2
NZU3e 1 WBem o mde D I6E 13+ 11 68 113+
n=1

L
M{Z[ 18 134 12 N340 & 13 ar+ b+ k*+ (At)z}.
n=1

(30)

& UG+ 1182 UG+ S G+ &' 15 AL <M{h4+ (m)z}. (31)

(D~ (4 (R).

Il - U||[°°([Q7T],[2)+ lly — V||[°°([0,T],/2)+

(7)~(9)

lw — W I 120ty 1y +

lu— U N2gor )+ o= VIcgor e+ lw-= Wl <

M*{At+ h2+ kz}

(32)
< V2
=) = sup, " e, g 2. = ,WSAPET{”;”gn ||§At} ,
M u v ow .
bi(x,y,t) aa—l;+ a(x, vy, t)'.-"u— .-"'(Kl(x, ¥, t) u)+
0
KZ(xayaza t) f = 1) = Ql(x’y’ L, u)a
(x,y) € Q(1):t €J= (0,T], (33a)
0 0 Ow
bd(x,y,2,t) ﬁ: a—z[Kz(x,y,z, t) PR
(x.y.2) € ©(1);1 €], ( 33b)
%(x,y,t)%—z+ b(x,y,t)° Sy -
- - 0
S (Ks(x,y,z) " 0v)— Ko(x, v,z2,t) % 1:0:
Q3(x, v, t,v), (v, y)" € Q(1);t €. (33c)

wu=gX=(%wlMM)<x<MULQUJ<y<%ULt€ﬁ,
O(t) =

i Oy

(X,z) | Xi(t) Sx <X(t),01(t) Sy <0(1),0 <z SHt),t € J},
0 o'
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u(x,y, O) = 4)1(969 y)a (x7y)T E 9(0)7 (343)
w(x,y,z,0)= bx,y,z), (x,y.2) € 0(0), ( 34b)
(x.y.0) = b(x,y), (x,y)" € 0). (34c)

u(x, y,t) looq)y= 0, w(x, y,z,t) I, y)"€a00):2€0101)) = 0,
v(x,v,t) ooy = 0,

35
w(xp%zgtﬂzﬂlm: u(x,y,t), w(x,y,z,t)lz:oz v(x,y,t), ( )
(x,y)T € Q(t);t €J.
, ( 33a)
- n+ n+ n+ Uy - Utl n+ n+
b xi ],y,' ],t 1) _'”TL—{@UQQU);F '+ @'(KIQ'U)UI =
- Kz(xrf+ 1, y}ﬁ 1, z’]li—l v, 1 1) &WQ‘LI}NS+ Ql(ﬁcrf+ 1, y?”, UZ),
0< i< Ni;0< j< Na. (36a)
Usj'= URlj= 0 Ud= UM,= 0. (36h)
{ vy U () b= U(Xh5) K=
Xj- a(Xy, ')At/ (P(XG, t")) .
(33¢)
3 nt 1+l ntl u n+1 n+ 1
bs(xT Ly ) v -4 &(K38&V)ij + §(K38V)y =
Kz(xriﬁl’yj(ﬁ l’ znl-;zl’ tn+ 1) @WT:OI‘F Qs(xr?—l’ y;@-%—l’ Ay}),
0< i< Ni;0< j< No. (37a)
Vit= VR =00 Vild= Vi = 0, ( 37b)
Vi(x) ,
Vi= V'(X33), X35 = Xi- b(Xi. i)/ (H(Xi ")
(33b)

1l 1l ntl  ntl Wrﬁfl_ W/?[k n+ 1
¢2(xi s Y %k 51 ) At = @(K2(xvyaz7 t) @W)yk ’
0< i< Ny0< j< NoyO< k< Ni;. (38a)

W’bfj}cz W?ﬁl,‘k = WT(sz W?j/\!’z,k= 0,
Wik = UL wide vy (35)
’ (36) ~ (38) : ., (36a) SWS N,
&Wiv, (37a) Wi o 8 W0 t= 1 {u-;-, i,

V} . t= "' {U? ]kV?} (36) {{?’



(37) (v}, (38) {wii'}. ,

4
o) ’
- Iﬂ ._- Iﬂ a(bo _ a 0 a LI)VV
At m- (o8], - ol 5
X= (x,y) € Qt);t €J=(0,T], (39)
ke o © by o (an a9,
'{Kl ) . Ll)w]‘l' Bwq— [KZ U, az}z wo) = ¢ls{ at - at] 5
X € Q1);t €, ( 39b)
Q @a‘bu _ a(bo a(bw
az{’{z W az} = %’[ o - az}’
X= (x,y,2) €6(1);1 €], (40a)
@ krw a"p\\ _ a‘bn a%
Oz [Kz B, az] 4)25{ ot ’
X: O(t);t € J, (40b)
e b 2 20, Qb
okl ne [k a} nfdh_ 28
= (x,y) € Q):t €], (41a)
- IM . kma’“bw a‘b a%
- {K:& X . Lb‘]‘l' B q+ [KZ lJ'“ az}z O ¢35{at at] 5
X € Q1);t €. (41b)
(20 516 000, 4 128 000) , (50 576 000, 4 178 0Q0) , x 60 km, y
50 km, 3000 km’.
I II [T IV 4
(1) , ,
(i) 5 : -
“ International Workshop on Computational Methods in Geosciences,
July, 5~ 7, 2007” , , !
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Characteristic Finite Difference Method and Application

for Moving Boundary Value Problem
of the Coupled System

YUAN Yi- rang', L Chang- feng', YANG Cheng- shun’, HAN Yu- ji’
(1. Institute of Mathem atics, Shandong University, Jinan 250100,P.R.China;
2. Physical Exploration Institute of Shengli Petroleam Administration,
Dongying, Shan gdong 257022, P.R. China)

Abstract: The coupled system of nultilayer dynamics of fluids in porous media is to describe the his-
tory of oil- gas transport and accumulation in basin evolution. It is of great value in rational evalua-
tion of prospecting and exploiting oil- gas resources. The mathematical model can be described as a
coupled system of nonlinear partial differential equations with moving boundary values. A kind of
characeristic finite difference schemes was put forward, from which optimal order estimates in norm
was derived for the error in the approximate solutions. The research is important both theoretically
and practically for the model analysis in the field, for model numerical method and for software devel
opment.
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