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w= Nl= (b+ Du+ bu’v), t> 0,
2 2 (1)
nw= Ma(u- uv), t> 0,
w— didu= Nl- (b+ Du+ bu'v), (t,x) € (0, ) x Q
2
vw—- dyhv= Aa*(u- u’v), (t,x) € (0, ) x Q (2)
acr' 0Q LU .did2 MNa
b . Brusselator ( [+7] ).
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{uz— ditu= 1= (b+ Du+ bun, (t,x) € (0, © x Q

v— dy v = az(u— uzv), (t,x) € (0, ) x Q. (4)
Yi sl Lengyel-Epstein , Turing Hopf
Brusselator , . (3)
(4 Hopf ( ), Hopf
Hopf , Hopf ,
Hopf . Wangl9J ,
(3) u= (u ,v )= (L1).
(3) wu  Jacobi
b- 1 b
A: - (12 - (12 ’
trA= b-1- az, detA = o > 0,
rA  detA A : 0< b< 1+ a®, A< 0, A
, (3) u
[10]317 1 \
1 b> 0, b> 1 ao= Jb- 1.
(i) 0< b <1 b> 1 a> ao (3) u ;
b>1 a< ao , (3) u 5
(1) b>1 , (ao,u) (3) Hopf Hopf
1 Hopf
) Neumann
w— ditu= 1- (b+ Du+ bu'v,  (t,x) € (0, 0 x Q
vw— dy v = az(u— uzv), (t,x) € (0, ) x Q (5)
%: g—ﬁ,: 0, (t,x) € (0, ) x0Q,
QCR" 0Q LV 0Q , 0= Hy< Hi< <
< oo = A Q Neumann ,E(H) Hl( Q) I3
X = [H‘(Q)]{{%,j: 1, ...,diInE(u,-)} E(L) : Xj=
{c%lcERz}. X= O, X, X = @lj"f(u/)(j.
2 0< b <1 b>1 a> ao (3) u
(A) i 21,
did2 Wi+ (a’d1+ d2— d2b) M+ a°< 0, (6)
u (5

(B)



Brusselator Hopf 751

a’di+ da— bda+ 2a [did2> 0, (7)
didy M+ a’di+ da- bdy 20 (8)
. u (5
1 b> 1, a> ao Wi 21, d da . (A5 0<
b< 1 (B)

Ai
bi( N = N- NrAi+ detA;,

trdi = - dib— dab+ b- 1- a*< 0,
detA; = did.W+ (a2d1+ da— bdo) Vi + a’.
, (A) b(N)=10 1 . u (5)

f(x)= didw’+ (d*di+ da— bd2)x+ a*.

(i) A= (a’di+ da— bd2)*= 4d1dra’< 0, | a*di+ da— bdal< 2a Jdido,
f(x)> 0,x €R.
(i) A 20, f(x)=0 2 X1 a2 . xLx< 0, a*dy
+ d2— bd2 22a Jdid2 L f(x)> 0 x 20
(i) (ii), , (6) , x 20, f(x)> 0.
(i) f(x)

f(x)= (didox+ a’di+ do— bd2)x+ o’ f(Ho) = £(0) = a > O.
didoWi+ d*di+ da— bdy 20

f(W) = (did2Mi+ a’di+ da- bd2) B+ o” 2a,

i 22,
F(W) = (dida W+ a’di+ da— bdy) B+ a* 2

(dideWi+ o’ di+ d2- bdy) Y+ a° 2d.

, (7) (8) ,

detAi= Wdida+ (a’di+ d2- bd2)¥i+ o> 0.



752

i 20, h(N=0 2 M1 A2 . ,
i 6> 0,  Re A—,},Re{m} <6 i 20 A= HE
(N = WE - WA+ detdi= W(§),
i LT o
lim U(E)/ 1= &+ (di+ d2) &+ duda.
W =0 2 & & : [11] 2 )
8 Re{k,},ﬂe{x,z} < 6. :
3 b> 1, l >1, K - A Q Neumann
di d>

— (di+ dy) B+ b—1> 0

— diW+ (bdi- 2di— bd2) Y+ b- 1> 0,

a > 0, (a*, u) Hopf , Hopf
cu(x,t)= u+ p(x,t), p(x.t) t , L
p(t,x) EXl
2 s i >1, B, - A Q Neumann
di  d , 3
3 - (di+ d2) W+ b— 1> 0, a’ >0 trAi(a’ )
=0, a< a  trAi(a)> 0; a> d  ,tAi(a)< 0.

detAi(a” ) = Wdido+ (a *di+ da— bdy) W+ o °
— di¥+ (bdi- 2di- bda) %+ b- 1> 0.
‘bi(}\,'ui): 0 N = a4+ iB,)\z: a-— iB,B> 0,

a(a) = SwAi(a) = 5[~ (di+ daj b+ b= 1= a7,

Bla)= 5 [Adetdi(a) - [wAi(a)] -

a(a" )= 0, d(a" )=- ao< 0, B(a" )> 0.

if L X , trA; b, ,
J Zi, trA; Z0. L, , iB L . Hopf (1213
(5) X (a ,u) Hopf
1, i, b , :
1 1 3 , {(dli, d2i)};:1
{a}zb i 21, (5) (di,d2) = (dii,d2) , (ai,u) Hopf
Hopf sui(x,t) = u+ pi(x,t), pi(x,1t)

tLpi(t,x) €X,.

(ao u) (5)  Hopf
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2 (5)
(5) : Q= (0,1, (5
w— die = 1= (b+ u+ bu’v, (t,x) € (0, ) x (0, ),
v— dww= aflu- uv), (t,x) € (0, o) x (0, ), (10)
ue(0, 1) = w(M, 1) = 0, t € (0, ),
0e(0,1) = v (T, 1) = 0, t € (0, o).
u_>— Upx
Ho= 0, b= iuz-—'qu-()—Jz(') = 1,2
- il - T = 1, (X = ].[COS x ), 1 = y Ly veen
4 b> 1 ,(ao u) (10)  Hopf ; (6) W= g
, Hopf Hopf ; (7 (8)
, Hopf Hopf
[12]
Hopf .
u Uy u
- o) o)
v Vxx v
L] Ll ’
* Uxx * u
L =D + A , (11)
Vxx v
* b— 1 - a2
A = .
{(u, v) EHY(0,T)] x HY(0,M)] 1 u(0,1) = ue(T )= 0,0:(0,¢) = vo(T t)
- o) Hopf . HY(0, W) Sobolev |
1 Wo - b.
_ L L ?-l' b 1
q_ 1— b+ &1 ’ q - 2%]-[ )
b b 1
(Li a, b) = {a, L\b) a € DLy, b € DL, , Liq =-
ioyg . Lig= iwg (¢ .q¢>)= 1 {q .q)>= 0. {a,b)= J:adex L (0,m)] x
L’[(0.7)] . (10
du
dt _ 7 u fi
do| = o) |y
dt
Filu,v,a)= b(uv+ 2w+ u?), fo(u, v, a) =- a*(dv+ 2w+ u’).
[12],

(w,0)'= z2q+ g+ w; 2= (g . (uwv)"),
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(10)

w=z+ z4+ wi, v= z{l_b—b+ %J+ z{l_bb— %J+ w2.
(z w)
dz _ . *
T ivz+ {q .f),
(i_w * *
dl = L1W+ [f_ <¢I 7f>q_ <q »f>4],
(fr.f2)"-
. b [ @, b= ]
g .f)= 270[71—17]'1— y‘z_=%a
. b [w —  bh- 1 |
g .f)= 27()7& 171+ y‘z_Z%,
i
q .frq= b
’ 200l oyl - et p |
b b +lb 1
e
G frg= =
v 200 oyl 1= p . @l |
bl b i
2 W
?0(1 S
@ fra+ @ fa= 3= -
’ ’ 20| @l 201 p) [’
b b Ny
H(Zrzaw): f_ <q :.f>q— <q 9f>q: 0 .

w = (wzo/Z)z2+ wnzz+ (wm/2)z2+

w’(z,z) = wzz/+ wzz, .
’ /

(14) w; Wi, (12) z oz,

(13,
(20— L) ©n= 0, (= L)@y = 0, ©n= wao-

dz _ . 1 1 - 1
dt: 1 Wz + 2g20z + gnzz+ 2g02z + 2g21z z+ ..

g = %[320_‘_ 2B11q2], giu= %[Bz(w Bug2+ Biigz/,

gm = %[3204_ 2B1g2f, gu= %[330+ B21g2+ 2B21q2],

(12)

(13)

(14)
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Hopf

(2]
(3]
(4]

(5]

82 62~
Bx = a—ﬁ;(o, 0)= 2b, By = aufaz(o’ 0) = 2b,
3 3
By = a—%(0, 0)= 0, By= 12&(0, 0) = 2b,
Ju OuOv
= T+ iP= l_bb+i%.
[12],

i 1
c1(0) = ﬁ[gzogn— 21 g11|2— gl g02|2]+ gf’

' 1
Rec1(0) = Re{z;wo[gzogu— 21 gnl’- gl g02|2]+ gzi}:

i g2
Re{zmogzog11+ 2} .

1 1 .
gng11 = Z(Bzo+ 2Bn T+ EBup(Bzo+ 2B )4,

1 3 1
= - - T - T=- —
Rec1(0) 4%Bl1p(Bzo+ 2BuT) + 4le 2(b+ 1) < 0.
u (10) , (3) ) Hopf
: (6) Wit (10) u :
(7) (8) . u (10)
Hopf

[ ]

Emeux T, Reiss E. Brusselator isolas| J]. SIAM Journal on Applied Mathemati cs, 1983, 43(6): 1240
1246.

Nicolis G. Patterns of spatio-temporal organization in chemical and biochemical kinetics[ J]. SIAM-
AMS Proc, 1974, 8(1): 33-58.

Prigogene I, Lefever R. Symmetry breaking instabilities in dissipative systems Il [ J]. The Journal of
Chem ical Physics, 1968, 48(4): 1665 1700.

Brown K J, Davidson F A. Global bifurcation in the Brusselator system[J]. Nonlinear Analysis,
1995, 24(12): 1713-1725.

Callahan T K, Knobloch E. Pattern formation in three- dimensional readion-diffusion systems| J] .
Physica D, 1999, 132(3): 339-362.

Rabinowitz P. Some global results for nonlinear eigenvalue problems[J]. Journal of Functional
Analysis, 1971,7(3): 487513.

Peng R, Wang M X. Pattern formation in the Brusselator system[J]. Journal of Mathem atical Anal-
ysis and Applications, 2005,309(1): 15F166.



756

[8] YiFQ Wei J J, Shi J P. Diffusion driven instability and bifurcation in the Lengyel Epstein system
[J]. Nonlinear Analysis, 2008, 9(8): 1038 1051.

[9] Wang M X. Stability and Hopf bifurcaion for a prey predator model with prey stage structure and
diffusion[ J] . Mathem atical Bioscien ces,2008,212(2): 149-160.

[10] . [M]. : , 1989.

[11] Wang M X Stationary patterns for a prey predator model with prey dependent and ratie- de pendent
functional responses and diffusion[ J]. Physica D, 2004, 196(1): 172-192.

[12] Hassard B D, Kazarinoff N D, Wan Y H. Theory and Application of Hopf Bifurcation [ M]. Cam-
bridge: Cambridge University Press, 1981.

[13]  Crandall Michael G, Rabinowitz Paul H. The Hopf bifurcation theorem in infinite dimensions[J].
Archive for Rational Mechanics and Analysis, 1977, 67(1): 53-72.

Diffusion Driven Instability and Hopf Bifurcation
in the Brusselator System

I Bo"?> WANG Ming xin'
(1.Departm ent of Mathematics, Southeast University,
Nanjing 210018, P.R . China ;
2. School of Mathem atical Science, Xuzhou Normal University,

Xuzhou, Jiangsu 221116,P . R . China)

Abstract: The Hopf bifurcation for the Brusselator ODE model and the corresponding PDE model are
investigated by using the Hopf bifurcation theorem. The stability of the Hopf bifurcation periodic solu
tion was disaissed by applying the normal form theory and the center manifold theorem. When param-
eters satisfy some conditions, the spatial homogenous equilibrium solution and the spatial homogenous
periodic solution become unstable. The results show that if parameters are properly chosen, Hopf bi-
furcation does not occur for the ODE system, but occurs for the PDE system.

Key words: Brusselator system; Hopf bifurcation; stability; diffusior driven Hopf bifurcation



