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w1 = vec W,

Wi= (Vi, Vo) € RV (1)
wo € RrRY
{x(t), t= 1,2 } C
R" . y(t) €ER" t
, y(0) = 0. g2:RTR
s a
= (a1, ay - aM)T € RM,

{x(t), O(t)},‘l L

G(a) = (g(a1), g(a2), - glan))'. (2)

Y- D] py(e-1) )’\,(t’])T)m(t) xo{f) x(1) , x(t) y(t—-1) N+ M
1 Eman N-M-1 { x(t)}
u(t) = ;
y(i-1)
t= 12 ... (3)
s(t)= Wiu(i) = Vix(t)+ Vay(i- 1), t=1,2 -, (4)
y(t)= G(s(t)). (5)
z(t)= g(woy(t)), t= 12 .. (6)
2
A€ R x €ER", A Il = [ZZ&,] v
i=1,=1
lx I = [Zﬂ“, lAc Il < 1A x|l
i=1
2.1 mX n A = (aj), vecA mn
VecA = (@il @l -y Anls @12 A2 +5 Auds ++3 Alny @2 -+ Qo) - (7)
22 A= (aq) pxgqg LA™ A" = (df).
2.3 A= (aj) mX%Xn ,B= (bj) p *xgq ,Kronecker A =B mp
X nq ,
auB anB ainB
anB  a»nB ax.B
A~-B=| | X (8)
ami B an2B amnB
24 (2)  G(a), G(a) , g (ar), -
g (an). G(a) ; g (ai), g (an).
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w= vec(wo Wi). (10)
Q
E(w) = % 21 0(t) = gl wr G Wiu(t))))". (1)
w*,
E(w )= minE(w). (12)
E(w) L2 2
Q
Evy(w) == Z{O(t)— 2(1))g (wory(1))y(t), (13)
Q
Ev(w) =~ 240(1)= =(1))g (wory(1))(P(1))"wo (4)
P(1)= G (s(t))((u(1)) =Iu+ V:P(1- 1)), (15)
P(0)= 0Iy MxM
WO, k
wt = who nE,(wh), k= 0,1,2 - (16)
) Eyw (W)
Ew(w') = F (W) (17)
, 1€ (01
Awk= wk+l— wk, (18)
0
awb= M2 0(1)= 2"(1))& (whey'(1))y" (1), (19)
¢ m
awi= ”Z(O(w— (1)) g (woy" (1) )(P(wh, 1))" Wi, (20)
)= z(woe), ¥ = y(who), (21)
sty = s(wht), de)= u(wh ). (2)
3 :
(A1) rER L g(r)l, 1 @ (r)l,1 g (r)l
(A2) (16) , Hwoll, IVl (k= 01,2 -.)( () (9~ (10) )
(A3) ®c RN {w%c O d@= {w € O Ew(w) = (}
2.1 g Sigmoid s (Al).

[18] (A2). (A3)
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As'(t) = §T )= s'(e),
k+ 1

ay ()= ¥ =y,
b {AkAk—l ~Aj, Sk
H A =
= 1, Jj> k.
3 [ 14]

3.1 (15)

Pey= 1106 (s(0) V)G (- juti= 1)) = I

32 (23) As (1),
Asf(t) = ((di(e))" = Iu+ VSP( W, t))awh+ 8(1),

S = LG (8(0) AV (- ) ash 1)+

3 2L (B )V - ) et )"

(1) s'(1) (1)

3.3 (Al) (A2

ly (1) I < Co

lash (o) I < ¢y llawh I,

lay'(e) Il <c2 llawill.

[19] 14.1.5 L2
3 4 F:®CR =~ R'(m 21) D
{(w€ aFw=0 o e o i oF(W) = 0

- wil=o. , w € @, limi~ oW = w' .

3.1 (11) , (A1) (A2)

<wk} (16) . n (33)
(a) E(w'') <E(W'), k=012 ..
(b) E° 20 limi~ wE( W) = E*;
(o) limi~ oo 1 aw" Il = 0, limi~w [|Ew(w") Il = 0.
(A3) :

(d) w € @, limi~ ow' = w .

(2)~ (24) ,Taylor , 3.2 (20)

Q
— ST0() - 00 ey (1)) whe sy == LU awh 14 g

(23)
(#4)

(%)

(2)

CD):

limk_’ oo ||

f+ 1
w

(27)
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Q
ph=— 200(1) = (1)) (Whey () (W) d (s (1)) (1)
Q
3 20001) = (0 (whey (1) (W) & (Fre))(ast(1))?, (%)
T(t) € RV, st ) st .
Taylor , (10)~ (11) (19) (27)~(28)
E(W*) - E(w) =
Q
= 20000 = (1) (Wheyt (1)) awley(0) -
0
Z(Om = 1)) g (Wory (1) whe ay'(1) + P =
- lnnAw’f 124 phe 0, (2)
| Q
Ph= 3 20000)= () (Wi 'y (1) = wheyh(1))-
0
20000) = (1)) (Wory" (1)) awle ay* (1), (%)
() 1 cowheyi) Wt ey ()
(A1) (A2), 3.2 3.3, 1 c
e <ct ol awt 112, i= 1,2 (31)
(29) (31)
E(wW) - E(w) < [%- 20*] I aw 112 (32)
(a)
1
0< 0« Yk (33)
. ¢ (3]
{E(w’“)} , 1 E 20,
limy~ E( W)= E" . (b)
(16) (18) (32)
N %W = DlawiP< (34)
lim I Ew(w") Il = Tim Il aw" Il = 0. (35)
, (d). 3.4, F(w)= Eu(w). (o), (A3)
(35 ., (dy -
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10’ g(x)= (=¢e")/(e+¢e"). n
. 02 [-11]
_" S 1000 E
20 — WEEEC < 0,000 1,
= 2 1 2,
5
0, 1
; z(t) O(t)
9 200 400 ) 600 %00 1000 ' 1 no, xi, 0z
P 2 5
2 , , mno=4 no=
T, (x1,%2) = (0,1). ,
1
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
X1 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 1
X2 1 0 0 1 1 0 1 1 1 0 0 1 1 0 1 0
0 0 1 0 1 1 1 0 1 1 1 0 1 1 1 0 1
z 0.00 0.99 000 097 0.9 0.9 000 099 097 0.9 0.0 0.98 0.97 0.99 0.00 0.98
5
Elman . ,
[15]
( (33 ).
limp~ o I Ew(WwF) Il = 0. Eu(w) , limg~ oo W
= w W E(w)
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Convergence of Gradient Method for ElIman Networks

WU Wei, XU Dong- po, LI Zheng- xue
(Department of Applied Mathem atics, Dalian University of Technology,
Dalian , Liaoning 116024, P.R. China)

Abstract: The gradient method for training Elman networks with finite training sample set is consid-
ered. The monotonidty of the error function in the iteration is shown. A weak and a strong conver-
gence results are proved, indicating that the gradient of the error function goes to zero and the weight
sequence goes to a fixed point, respectively. A numerical example is given to support the theoretica
findings.

Key words: Elman network, gradient learning algorithm, convergence; monotonicity



