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[5-6] Ae+ Bg = f

1
1.1 u= (w, o un) W= (w1, s wi) A u w
A u w , A ( partiat nonlin-
ear) .
A A(u,w)=A(w)*u, A(w) u ,
w
, A(u,w) = cos(w)ux+ wyuy, u, w .
A u w , A . Al(w) =
cos(w )(0/0x )+ wy(0/0y), A(u,w) = A(w)*u.
A(w) A(w) A,
[4] , :
1.2 A(w)= (Aij)mxn, Aj , A(w)
. n C(w)= (Ci, - C,)"
A(w)*C(w) =0, (1)
C(w) A(w)
n=m+ 1=2 A w , A= An,B=Ap C= C,D=- C,,
[4] , C.

n>m , (1)

a= (a, - 0), B= (Br, .y B),

| al
| al = Zo&, DY= 0 al = a0,

afil--a,ik’
aj a1 QU qa; B o!
B " |8 18|78 BlNa-B)r
R/D]. JR[x] R . A= Zaa(x)DaER[D], ,
aa € C*(R ), x = (%1, -naxir) ER. AT A ,
AT = I al 1(_ UldlB a S}Dﬁaa(x)Da_ﬁz \a%az (x)Da’ (2)
* _ TIRATN:
an(x) = .n<d‘a§_5=f 1) {B}D a(x), | al <d,
a 2B i(1<i<k) o 28

1.1 ABCD
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(1) (A7) = A
(ii) (A+ B)" = A" + B ;

(ii) (AC)" = C A", AC= BD, C A =D B
A c
A (2) A= (Afi Juxm,
c'-A"= 0.
c'=(ci, ... C,). .1 (1)
C=(Cy, - C)'=(Ci", ..,c.')".
(3) A
o (i) a = 1 oemei= 1o
A = Ia%qq (x)D", 1= 1, -y m;j 1, -sn.
di A a2 a1 <d)
¢ = zpjﬁ (x)D". j= 1 un.
| Bl Se
,e C

ab? = Z D adY (x).
| al <d[, r<B, a+rr= 1| I

3 0,

(i,n)

(a(BL B+t ag ) = 0, |1l Se+ di; i= 1, ..

| Bl Se

C;Aﬂ;,j = ﬁZClB (x)DB' Za(ai’j)” (X)Da: Z [ HZFjBaEi’j)]Dl’
1Bl Se lal Sd, I Se- d NPl Se

=~
Q\Y Cb/

6].

(4)
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m(k+ e+ 1)kt et d) m,.e+ fle)

n(e+ 1) ..(e+ d) T on oty g(e)
fle) gle) e d . e o m/n
< 1. e (5) . O
1.1 m n A(w), m< n
n C(w) A(w)*C(w) = 0.
n=m+ 1= 2 =3y . , C
i ei, (5)
(4)
1.1, 4
2
2
A(w)ou+ A ew=f, Flu,w) =0, (6)
cA(W) = (Aj(W)) ;A SF(u,
w) =0 v w = (1 efn)
( partiat nonlinear) .
w , A(w)ou+ Aew=f u
AC= BD 1.1, u (6)
u= C(w)*v, D(w)*v+ Dew= g, F(C(w)*v,w)= 0, (7a, b, c)
., C(w) D(w) ;D w ;g
D(w)
u w (7a) w y (7b)  (7c).
(7b) (70 woov, (7a) u,
F=0 v (7b) w
2.1
Un+ 1,
A(w) = (Aij)mxiwy = (A(w), A w=f), w= (w1, -t ).
A(w)*u=0, F(u,w)= F(u,w) = 0. (8)
2.1 = (w, - tn 1)" (8) coou= (un e w) (6
1.1
2.1 m< n+ 1. C(w)=(Ci, - C)'
D(w), (6)

u= C(w) v, D(w)*v = 1,' F(C(w)*v, w) = 0, (9)
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L
11 C(W) = (Cla ) Cny
Cut)s  A(w)C(w)= 0. vu=C(wro (8 . C(w)
= (Cl, ey Cn) D(w)= Cn,+1, 2.1 , Un+ 1 = D(w)'vz 1
F(C(w)ev,w)=0 v wu= C(w) v (6) . . U
., AC= BD , D=0g=1 v ., D(w)
, 2.1 D(w) . S
w . D(w)ev =1 . f,D(w)
, 3
2.2
1.1 A(w) . D(w)
Dy 0 0
D(w)=|: . &+ i . (10)
0 o Dum - 0] .x,
n ) C(w) = (GCyj)nxn,
A(w)*C(w)= D(w), (11)
Clw) :
CL1 -« Cunm Cl,m1 N
Cm, 1 Cm, m Cm, m+ 1 oo Cm, n
C(w) = 12
( ) 0 0 Cm+1,m+1 oo Cm+1,n ( )
0 0 0 Cn’n aX n
(10) ~ (12) n
AuCii+ -+ A1iCui= 0,
: 1= m+ 1, .-, n.
An1 Cri+ -+ ApiGhi= 0,
AuCij+ -+ AwmCoj = 0,
: (13)
Aj_ 1,1C1j+ et Aj_ 1, mijz 0, 1
Ais111Cy + 4 Ay mCrj = 0, P
Am1C1j+ et Am,,,C,,y‘ = 0,
m <n s n 1.1 )
2.2 m < n. (12) C(w)

D(w), (6)
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u= C(w)*v, D(w)*v+ Al‘w=f, F(C(w)*v,w) = 0. (14)
AC= BD D=0g=-Aw+f.
3
3.1
[1]
0 0
Ox Oy 0 Oy - fx
Au=f. A= | 0 2|, u=|%l, f=|-/ (15)
ox Oy 5 B
Y Xy
A A
, A= 0/0x’+ OOy . [ fy (x,y) x
y fo= (1+ B)((0/0x)fx+ (a/ay)fw) B Poisson
s fx)' - O 0
9 ol
3ol y)+ ayfy(x,y) =0 (16)
u47
0 0
o oy O S
Au= 0, A = 0 0 ,u= (6 T, O uy'.
0 o o I L
A0 A O
1.1 C= (Ci, Ca Cs, Cy)" A*C= 0, Cy
f (16)  f
[y Cw =1 . , f , Cs
- s fx f}‘ i
0 02
ayfx(xﬁ y)_ axfy(x7 )’) = 07 (17)
D = (14— 52/5x2+ 0%/ 0y? (15) :
_ A
ur= fx +f) ay x
/. A
u2= —fy——fx—v, (18)
L 5 Ox 5 0 y &. »)
uz = f‘xaj_fya_yv,Aﬂzl- 0
f (16) (17) .
17
@ ) (%,5) 1
/-
P . P= k(7 Y, k
(x,5) / x y fr= (kO%)/(x*+ %) fr= ky/ (3]
+57). foo f (16) (17), (18)
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3.2

(13)

B ,R= R(B B E .8
@ @ , 7= 070+ 0708 Laplace . [7] ,
, 2.2
(6) ,
e T L SR S o B0

)
Q
[
_+_
[\S)
~»
)
[\S)
)
Q
)

(20)

) 3 :
{A11013+ ApCs+ ApCxn= 0, AuCn+ ApnCxn= 0,
AaCi+ AnCxn+ AnCxn= 0, AuCn+ AnCu= 0,
1.1
Cu= An, Ca=- Aa, Cp= An, Co=- Aq,
ol ol 0* 0 4 (21)

Co= 35 5a0F Co= (W+ 2 375+ 5 Co=- R+
D= AC F

1- B .y 1= By
2 . s D22—_ . 7

D=
1 2 (22)
F(Cv) = Dywi+ Do+ Dmvs— g

1-ual, & & 1= B0 P
Da= "3k aa[”aaz_ aﬁ]’ Dz=- "k aB{(2+ Yoat a6y
D - & RSy ag &0, o 8_2+ Bl

3 =- 12 . + aB + aaz aBz . +

sreZ My R ‘q+

aB +
. (2) (22



1275

3.3
m
1 OFm cot( a) 1 0FT12 B
Ri oa ¥ Ry (FMmFRt i o * =0
1 OFrn 2cot(a) 1 oF12 B
R da v R F™* Roginra) 0B T 927 0 (3)
F11 Fr2
Rt R TP
,aB S g ( a ) ( B )
, a B ; Fri Fr , Fro= Fra
, a B ;R1 Ry a )
iL(Rxin(@) = Ricos( ). (24)
(B) 3 (24)
Fr= Rags- 2Fy, R L_ dpoinfa)),
= 243 Rl T1, 1= cos ((1) da 251n
(23) , 2.2 " (6) ,
cos( @) (2Racos( @) + Rosin(a) + Rasin(a)(9/da))
A Rasin(a) (Rasin(a)+ Racos(a))
- _ cosa a_
sin(a) ( Rasin(a) + Rycos(a)) O 0B
10
Rosin(a) 0B
cos(a)(ZR,zsin(a)+ 2Rycos(a) + Rysin(a)(0/0a) )|’
Raysin(a)( Rasin(a)+ Rocos(a)) (25)
Rzms(a)2q3— Racos(a)sin(a) g1+ sin(a)cos(a)q3R,2+ oos(a)lequ— R,2q1
- sin(a) (Rasin(a) + Racos(a))
/= Racos(a) q/}+ R/2q2+ Rlzsin((l)q/3+ Rosin(a )cos( @) g2— R/zcos((l)zqz '
sin( @) ( Rasin( @) + Roacos(a))
Fi
u= ,F =0,
/ Fri
, g3= 0¢3/08B. (13) AnCir+ ApCn=0 AnCu+ AnCxy= 0.

1.1 C

Ci = - Rasin( a) a@— 2R>cos( @) — 3Rlzsin((1), Co=- R» 3%3’

(stln((l) + Rzoos( (1)) 0
cos( a) op (26)

Cn = [R2Ratan(a)sin(a)+ Risin(a)] a%* TR2R sin( ) + 2R3cos( ) +

Cn=-

2R>Ratan( a)sin( @) + 2R>Rtan( a)sin(a) + RZtan( @)sin(a).
D= A-C -

, 2
Dun= [- chos(l(%m(l) a_z R2( R2sina+ R2cos Q) aa_Bz+
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Scos (]Rz(Rlz(cosa)z— sin aR2cosd — R/z) aa—a+ cosa(— 6(005&)2R%+

3(cos @) °RZ+ 3(cosa)’R2R2— 13R2R2sinacos a+ 2R3—

3R:R2— 3R2)]/[( Rasina+ Racosa) Rasina],
2 2 2, p . 5_2 252
Dx»n = [R3(cosa)(sina)”( Rasina+ Rocosa) P Racosa(— (cosa)”R3 -

’ ’ ’ 2 ’
R+ (cosa)>R7— 2ecos( a) RasinaR-) aa_B“ Racosa(~ 12R2Ra(cosa)* —

3( cos Cl)Sstin(]RNz+ 5(cosa )’ R3sina — 4(005(1)31?/2251'11 a+ 9R2R/2(COS a)’+

4cos(]R/2zsina+ 3cos(]R25in(]R”2+ 3R2R/2) a%+ 4R%Rﬂzcosa—

11( cosa) SR%R”Q— 18R/22(cos(1)5R2+ 7(cosa)3R%R//z+ 4R%sindR/2+
llRlzz(cos (1)3R2 + 2sin CIR%R,z( cos((l))2+ 7R/2zcos aR,—

2R/235in (1(005(1)4— ZR%(COS (1)3+ 2R,23sina( cos (1)2+
8stlnaRz(cosa) ‘Ro+ 6(cosa) R3+ 23R2(COS(I) *R3sina-
8R2s1naRz( cos @) Rz]/[smacos(l Rz(stm(l+ Racosa)].

. (26) (25) (14)
3.4
[8]
I 3 g
as()qsm(@))— as()\zcos(e))— W+ F.= 0,
a%( Mcos(0)) + a%(}»zsin(e))— PU+ F, = 0, (27)
0N _ o 00 08 _
aS— AZ— O, aS+ aS_ }\3— 07
LW UO N XN S T , 0o ,F. F
LU= *u/or?, w= 0°w/or’. .
(27) = 0°0/08*+ 0°00/0S> M= 00/0S+ 00y/0S,
(27) NUW 0
(sin( 0) a%* cos(0)6) h— P+ Fi= 0,
5 . (28)
(cos(0) 55~ sin(0) ) N— AU+ Fa= 0,
/00 _ 06
=35 b’ = 08’
Fi= Fo— cos(0)(0% 09+ sin(0)6(0 + 60, (2)
Fa= Fy+ sinf0)(0% 08+ cos(0) 6 (0 + 0.
. (28) u= (MW, U w
= (9) ; (28) u )

. (28 (6)
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0035+ 0 Z A
sin® 3¢ + 0 cosO - paTz 0 P
A(9) = Jou= W, f=- , F=0
02 _ gm0 0 - ps F
(6(03) aS S1 8T2 U
(30)
v, (8)
a0 : il M
sin( 0) 59+ cos(0)0 - paT2 0 F W
A(0) = 5 5 . u= U,on.
cos( 0) 5~ sin(0) 0 0 - Py P v
(31)
2.2 C(0)= (Ci, Ca, C3 Cy)", A(0)C(0) =0,
0 . C(0)= (C,CyC3) D(O) = Cy.
D(O)sv=1 0 v, u= C(0)v (28) : D(0) :
(30)

e: e(t)a 60: e()(t) L ,Fx, F}/ ’ (29) Fl: FJMF2: E

C(0)= (C1, Cy Cs, Cy)':

Ci=- P[(- F3(sin0)*+ 2F2F sinfcosO— Fi(cos)?) a%*
20 (- 3F3cosBsinO+ 4F2F1(cosD)’— 2F2F1(sin0)°+ 3FicosBsinf-
FiF)) a%(?)F%écosesinewL 18F2F0%in0cos0 — 4F2F 0( cosd) >+
2F1F26“(sin6)2— 357 0sin Ocos 0+ 4F%éz(sine)2— 5F%62(0059)2+
FiF>0+ F30°+ SF%éz(cose)2+ 207 - 4F%é2(sine)2)],

Co= (Fasind— Ficos0)%sind &, C3= (Fasind— Fioos6)’cosd £

Co= = P2 (270 (sind= Froost) S+ Fabsind+ 4 Fcosd-
F10cos0 + 4F1é2sine).

A-C= 0, b= d0/di, D(O)p= Cov= 1
D(0)v = al%+ azaa_:Z L,

, a1 a2 t )

o(s.t)= f(t)+ [((tan( 0))%+ 1)[g(s)—

1 Fosin(0) - Ficos(0 :
Esj zsinf )p£ el )dtﬂ \[Jé(— Fatan(0) + F1)°],

S8 : O(¢) v, (30)
M= Ci(0)v, W= Co(0)v, U= C3(0)v.
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Analytic Solutions of a Class of Nonlinear Partial
Differential Equations

ZHANG Hong-ging, DING Qi
(Department of Applied Mathematics, Dalian University of Technology,
Dalian, Liaoning 116023, P.R. China)

Abstract: Firstly, an approach is presented for computing the adjoint operator vector of a class of
nonlinear (i e. partial- nonlinear) operaor matrix by generalizing the method presented by Zhang et al.

and the conjugate operators. Secondly, a united theory is given for solving a class of nonlinear (i.e.

partial- nonlinear and induding all linear) and non homogeneous differential equations by the mathe-
matics-mechanization method. In other words, a transformation is constructed by homogenization and
triangulation which can reduce the original system to the simpler one which is diagonal. Finally, some
practical applications are given in elasticity equations.

Key words: AC= BD model; partial-nonlinear; adjoint; conjugate; plate and shell



