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TELBRES M A A P, BB 18 44 AR T ) RESR R O IR RE R A RS, R I i BB 5T SR R = 44 )
BREE. ATZRANERLEREMEERAKRT FHNEEN SR EMEREELES
FIELEEA MEARAMBARKIBERS, EEGBARR, B4 3 KR E A e it
BRI RBALTNARAR T AR TE.

MTFEHENNEHRE, CHTLHEE. RARRENERELEEYRMAN AL
BB RiERRTRAB LSS, PR EL MR LEMKE B, Ot 83, BT A
AR EBERBARY; EERKBRYEEIREH —MAR T E,ED TR ENEFEERM
RGBSR E, AR EAMUERERBEI N MAERERAERRE-IFIBEN
FOBAESEUN, EUHLSEMRBOFRATHFS. B, ARERERRH, &4
T—XFE, RREEERE, ERPNERAKE K, TEHE 04 (centering) B 3K , X 4h
FBREEK  REEERET P EATESFHE, UELRFENFEED -1 EBNTE. MTF—
BIBHERARMS ., BAELEX NS BIEES RS - T ERAMNE R, LITE RN
AEEB BB BR.

AR B EE T NCP R IEN SO ALE I, R X R R B M F3E e B A4 )RS
H—FERFSE, EFEENSE, METHEREFHR, AFA - KBALBERETE
HYTRE R TEHRARENEUNINBER AMARBFET —RIBARER. &
JUENCPEBFEERBENMBHEERRTEFRZATERLERECHRK (14,
150), —~ A EEFRELAE NCP BB AT LK EANEYRBHFEEANSZEHRHRTEA
@(x,y) = 0 HRMR. Y NCP R ERY T3tk B, AT 75 20 &Y 7 72 40 7T LU 7T 38 3R AT 4.
BRI NCP B, HEVTE L AZRE, BAFEBALERLSE (x7,y") L GEK
B(x*,y") REMEANTR LA (] =y =0) WETHERRFRHNS. BAHRT
By NCP RS RIM T RARIE IR, AR E B A £ Wk R, BT LUE & YR 6HE
4k (smoothing) 7 3L B FE K B H BA @, (x,y) = O, EEEMNABEH L BTF, XK
BHRAGRES U EEEREFENEAEFRA. IMABAUTEURZAZLZIRH
WERE,EJLEZ RIS EE , ORI NCP R, LS BB T AR ME K,

EXEFEEEHEEHERE S ERMEREMREN ST EE RIS KA
B, fiEPEHSENRE R RENAREEARE., RITOBEEEF AT NCP R
$(a,b) = min{la,b}, RIS F AR BB R H#T—BOCHEE IR X L1 o BRI RE 78
B E A B R R DR R T RANRR. ASCH B TRETHRIEERYIEA
BERGEARR, A BB LR BENIERYE 5H M.

1 bR AR
%4 F 25 ) P R AR B L 7E /N ETE IR M IBIR T A TR AT R AT

-5 75 12

dO’,'j'j + db, = O. (1)
A #

dey; = %(du,-,j +du; ;). (2)
EN OV

da,-j = D,-j,,,de,,,. (3)

MR EMF
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n,-do‘ij = di’; (SP i:)a
dui = dﬁl (Su ._t),
de'? - du® + 8% >0, pn <0,

3 4
pa(duV — du® 4+ 8%) =0, @

(8. B),
P pe | < = up, = 1 dulV = du®® | =0,

| p. I =- HPr = ! du(l) du(z) | = 0;
AP EZHSTENYBE L SHELANEACHEMAR, RE RXM3,7]0#E, A HEX.

2 EARENSH KR E
A AR S, b AR &5 v A 5] K W], Coulomb EEHEE RN ZESEAE L
For X BREKEEH - MR, HERXN
Culpy) = {peif =1 p I+ pp, < 0},
{Pr = pe i+ pJ.
ABNEKETH IR, RGC)NBERERTERN
Cn(p) = {p:filperp) <00 = 1,2, Ny}, (6a)
P,

(5)

fi = [cosa;,sina;, e ]{ Pr, < 0, (6b)

Pn
ARR S, EMEFTEERN, SIAKAET E,E, SEMMEE X

de, = dei + de&?, dp, = D.(de, - d&’), (7)
He

de, [de,l,dE,z,de,,]T,

dp. = [dp, .dp, .dp, ],
E. 0 0
|po=] 0 & of,
0 0 E (8)
de, = du(,:) - du(z) = Au, ,

1

n

dE = d (l) d (1) = Au, ’

T

de, = du(” - du,(l) +87 = Au, + 5",
KHE S HMESMBEE. BXEXEMERDER" B F OB HEH g
fi = pucosa; + pasing; + pp, <0,

g = P.1COSa; + pasina; — €, (i =1,2,,Np). (9)

]N+1 = Pu = O’ éNfd—l = Pu
3 2h B E"J‘i%ri]

N+l

def = Z/\ ’E

>3 5 - ()i Gsw. (10)
ML S, b B R AR
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£+ Wde, -MA <0 (k=1,2,,N+1,4A20), (11)
He

=~ 3fs ~ s af

W, = [a]TDC, M = [a—m]TDc[a—-’E]T. (12)

M E R RS EM NS T ER/ DB ERE A ARENENBRRSMB
MR FMTT AL BT, R LR

mfa()] = jn[%d“i,jDijklduk,l - db;du;]dQ +

f [Lde.D_ ds, - 1aR,, de, ]dS ~f dp,du;ds, (13)
s, 2 e s,
EREFBUDKER TEMRDE. HP

~ g,

(Rka = apchik’

Jde, = [decl,decz,decJ]T = [de,j,de,z,de,J]T, (14)

dp. = [dp, ,dp. ,dp. 1" = [dp, ,dp ,dp. 1",
(D,; = 8,E, = 8,E, = 8,E.

BT ERBHRIE, TR —F4 a3 R B T A RITH R, R 5
TSN, BEER N, EET R N, ERRETBREE n A, W ERERH T RSN

my = m. it B, R (13) LK

ol ()] = %duTKdu _ du"™ (@A’ + p), (15)

H¥

N N
K = ZKe + ng € RV, K, = J B"DBdQ, K| = J _N"D.NdS,
e=1 e=1 Qe Sc

N
P =po-ps € R, py = D KB,
e=1

< : (16)
= > 4| N'dbd j N'dpdS
po_%‘{JneNdb'Q+ ¢ P },
NL‘
{‘1’ = ZJ NTR™dS € RV ™, A = A,
e=1 Sl’
MR (1) WBEBER A
- ro_ ' 0,
{Cdu Ui t+ v -
V’Tl’, v’ = 0, A’ = 0,
H
N N
€= z.[ W.NdS € RM, U = ZJ‘ M.dS € R,
et S' e=1 Sc
(18)

f=ton by o= - (2] FaS)al 1 == D[ 7as.
H(15), (17) 507 EHIR T — AL L, 3EH 00 T 91 A 60 K
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{v’ -(U-CK'®)A' =-CK'Py+¢t,-(U-CK'®)s;, (19)

A =0,v =0, A =0,

EEHMAER 6, CHAUBZMALABERSHEA MNHHEELT.

3 B R R T RARE

3.1 EihEEF NCP &

BAEAHEA R E X

EX 3.1 BE F:R — R EZH, ERETHEFERERLABExCc R, ERTE
KE

x20, F(x) =20, x"F(x) =0 (20)

RSL,IE A NCP(F). & F 24 EMS B F(x) = Mx + g(M € R, ¢ € R") i}, (20) 3t
B R MR, T LCP(M , q).

RE ERE AR (1) BIAENRET A6 &, SAEFSERESFEE, FIHS
WK, SR FEE RN KBRA AT ENREEAEENRRE. IHE
FEENDERR AW TRERX:

{(i)Mx+q—y=0, 21)
(i)x=0,y=0, x"y 0.
qu!
M:=U-CK'®,
i=— CK'Py+t, - (U - CK'®)é§;,
q 0 0 )b ¢ (22)
x:= A,
yi=v,
#mni/_j‘_\‘mj\

ETXRAE NCP BB E X .
E)Z 32 %%ﬁ ¢:R2*RWE~F§U€$m%§\ ¢(d,b) = 0<=> a = O’b = O,tlb = O,mu
PR ¢ A NCP %L, THZILANEFHKN NCP R ¥ :

(a) ¢(a,b) = min{a,b}, (23a)
(b) $(a,b) = vV a®> + b* - (a + b), (23b)
(c) $(a,b) = - ab + %minz{o,a + b}. (23¢)

NCP B ¥ (a) B /Nek$L, 7E @ = b BEAR AT ;(b) WY Fischer - Burmeister B%{, 7% a = b = 0
AAT i () BRI R SR AT 5 BB %K.
SHEBLH ER NCP B ¢, LS @R —~ R T
$(x,71)
D(x,y): = [ : ;
$(x,,,)
EXBy=F(x),x=[x,,5]"€R, y=[y,,n]"€ER, HOAMMTSHWHRE
F. TEHHH—DEIE:
31150 i ¢ h—4 NCP ¥, @ FiN(24) EXHFTBETF W (x",y*) RIELKHK
HARBOEOEERFR(x",y") BEXKEFBA O(x,y) = 0 .

(24)
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2% LR A NCP % (a) ,BD ¢(a,b) = min{a, b} RABRET A ARE(21) PRIKMAFCH),
REBHH
Mx -y + q}

H(x,y):= {(b(x,y)
HeP d(x,y):= ((x,71), 7, (%,,7.))" € R, $(x;,7) = min(x;,5) (i =1{1,-,n}).
HEM3 LA, ME(x",y") WERKEEAMAE(21) YHNHE(x",y") BITE4A

H(x,y) =0 (26)

(25)

B .
3.2 REERNEBLAE
4 NCP % ¢(a,b) = minfa,b} BT, FTLUFBAQE)ERA BN, XHEHA
FERZ M F WA SRR, B-, AT LIS B R B 6 Liafol.
BR, TEHRXREMLEN:
$(a,b):= min{e,b} = - max{- a, - b}, (27)
BrLAR FL19) A BROBER BE, 3 (27) KB max RBOLMW G , E S 2L NCP REH —BOLHE
$,(a,b) = - g - In{exp(- a/p) + exp(= b/p)}. (28)
EH3HE BB IEMER $,(a.b) X NCPES ¢(a,b) = min{a,b} BEEENR.
EE3.1 T NCPEH $(a,b) , HE-NEFEH o . EBMEE(a,b) € R ERAR
B8 p >0, BHAE
| $(a,b) - $,(a,b) I < cu,
HeF ¢ 54 Kk(a,b) LK.
iEB #HTF #(a,b) = min{a,b}=-max{-a, - b}, RTF[O]FHEHE3H
max{- a, - b} < p - Infexp(= a/u) + exp(— b/p)} g max{- a, - b}+ (In2) .

FREA - max{- a, - b} - (In2) x < - g« - Infexp(- a/p) + exp(- b/p)l<-max{-a, - b},

BEEIQNDM8) MK, ERE
p(a,b) - (In2)u < ¢,(a,b) < ¢(a,b),
WAL, KF ¢ = In2.
SRS HEXLRPD(x,y) HE—IDBEK $(x,,y) (i € {1,2,,n}) FAMEYH
FeHERIER ¢, = (x,5) = - o - In{exp(- x/p) + exp(— y;/p) } BARE, WA

Mx -y + ¢
= 29
H#(x,y)-— { ¢‘u(x’y) }r ( )
B @, (x,p)i= ($,(x1, 90,58, (5,,%,))" € R*. FARIHA W TAIER TR
H,(x,y) = 0. (30)

25, 0 py 4 kR RS B A 4R 1 T AN A R (21) RO SR AR SE B N AR R MR W Oy R BOSR AR
LRTRBEK H, (x,y) B H(x,y) BETHEE R 72 (30) B 877 78 1 FIE— 1 53
B R AEBA AT 2 B SCRk [ 16 ~ 18],

4 F:T NCP R¥HAEW sULIH LT X
B OB AL B B A B R B — AR BH e > 0. E BRI TR A
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H(x,y) =0, 4828 . B THRIAZ. FESH . BTE, LR FRANBERIELE
FRE H (x,y) = 0 R,

Wik 4

SHIRE: REBESHAC (0,0.5),7€ (0,1): BBEEFHEFSHK > 0,0€ (0,
D;@EREESE e > 0.
HIEO (FIHBIL) AR O F y0:= Mx* + ¢, BB B o =1 g | /0, BERSE k= 0.
BB (KRIEERM) MR [ min{x*, y*} | <&, MEIE,
H2 CREWTE) Batkr 24

H, (x*,y)(Ax,0y)" = - H, (x*,)"), (31)
BB LW (Ax*,Ay) € R* x R".
SEIWEPK): BXLBERBESK r = %, Kb |, BENTARELXF! = 0,1,2,
A% L B B/ AE SRR
I H, (2% + gaxt,y* gay) 12 < (1= a9)) I H, (*,5%) 12 (32)

& = x4 o Ax, Y= yE 4 Ay
LRA(BE o, WEH) F d)ﬁ,k(xk”.y"”) < 7 W pyyri= O s B gy o= p, B ki=
E+ 1, BBIZEIL

BHE4 I AMNEFARNER:E—-REMBE () HE Y = Mx’ + ¢, MBHHENR™
AR (xb,y*) B ¥ = Mx* + ¢ ZRERFH(xF, ) EREATU, AHBEEIIREALR
(BRI (xk, y5) > 0).

FMBRBERARPHRETBRAGHE 2n 48, BEBF AN T UEL ZRER
A ERN o K, XHTRAKTEFiESE.

5 ¥EHE H

51 S£MEiHEBEHRAZTR
#5.1.1 Fathi [a 8082,

2 45 R
1 2 2 e 2
2 6 6
M=|2 9 10 yg = (=1, - D7
2 6 9 - 4(n-1)+1

Ko MR MENKREEERE HMENY:x" = (1,0,--,00",y" = (0,1,,1)". HEHESA
RAEF 1. RPBZHEWELRHN R :m BEREKEG: ABEFTUS, UPATERM, K
R A SR B B A

$5.1.2 Murty 5] g1,

EAFE A Lemke BT E N R ERRBEEHEBOEK K.

1 2 2 - 2
o 1 2 - 2
0

M = 0 1 o 2 ,q=(—1,"‘,-1)Ty
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Kb x* = (1,0,--,00T,y" = (0,1,-1)". HBEBHREE I

%1 #5111 Mf 5120 FHER
B8 #ls5.1.1 #5.1.2
BREY m Hlbt ¢ /s BREY m HLEt ¢ /s
32 7 0.1000 2 0.0300
64 9 0.1910 2 0.0400
128 10 0.5110 2 0.060 0
256 11 5.1970 2 0.501 0
512 12 27.183 2 2.3540

#15.1.3 Harker-Pang [a] &%),

ABEAERSE M EXHAERKN:M = A"A + B + diag(d) , L+ A,B € R**",q,d € R",
IR AERK, EWE o5, b; € (-5,5),q, € (-500,500),d; € (0.0,0.3),B 2R3t
FREEEE . XHEMEP ERE(MEENENEFXBRTE). XT4EHN 50, 100, 150, 200,
250 Bt #EAT THE, SRS R S AN AR T 10 A%EE, HTE T S0 MEF L EBIMEREN
K (max m) B/PERKE (min m) RPHERRE (ave m) MR 2R, NR2FALIES,
BEZEMNEAEM, ERRBEMBIELES. XREAMAAIEHEEN R TRAKE
¥ 7 3R A K ALAR T B i — N R

%2 Fls1.3RHHASR
ik 50 100 150 200 250

#4% | maxm avem minm maxm avem minm maxm avem minm maxm avem minm maxm avem minm

KHm| 7 5.5 4 6 5.8 5 6 5.5 5 8 6 5 8 6.4 5

5.2 #EphiE&ES
B 5.2.1 3k 3k F S SRR A4 32 il 151 R A A 20

M1 EMHkSHEENEM H2 BAEKEEH
ERREEREMLANPOME. B TFHHRE, REBRNMEHH 174, B 1 Fin, X
543 Sk FEERE B9 /N4 B R 20 x 20 x 25(mm® ) F1 100 x 100 x 100(mm®). B f1H IR E N
200 GPa, JAMAH R 0.3, ¥ 8 fol 1 (90 Y BE B R 4O 0.3,
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EaX M ERT 25 MEMEIT, A 2 B, TR RAEER 98IN. @it A H,

XA ATRERY 25 DA ERRMHM B I T BEERENDTE, XY 25 MEMEAT
AL THAMRE.
FIFIH T 16 3 20 B — S PUE LR, B A5 32 Y0 1) 5 AR L A MR T LA R
B [l 3 #1186 #5149 7 18] £
*®3 52t HHHER
R ./ (Mpa) .2/ (Mpa) 2,/ (Mpa) 8,(°) 6,(°)
16 0.000 00 -0.8635 -2.8783 270.00 270.00
17 0.574 1 ~-0.574 1 ~-2.706 3 315.00 315.00
18 0.630 8 ~0.2613 -2.276 0 337.50 329.57
19 0.562 9 -0.2332 -2.0310 337.50 338.80
20 0.503 6 -0.208 6 -1.1870 337.50 344 .83

Bl 5.2.2 & 77 A 2 0 R4tk 2 043 i 1) R 4 A 21

W 3 BT, BARE AT 29 10 x 120 mm?, 204 B 24 500 mm, AL 9 — & (B 10 x 500 mm® £
B RERI M F. 1992N RN IR AN 78 2B P38, PAMERE & 0 950 0 MPa ,JAMA L 4 0.3, BE 88
A 0.3.

7 777 7 7
H3 RMEMEENRMN

i 23 24 25 26 27 28 29 30 31 32 33

12 2

1 2 3 4 5 6 7 8 9 10 1 =

B4 BMEENEY

BRI AT 33 MEMAS, AE 4. TEEREZHZH R mMNEERA &
b, ZHERE A 1~ 11,12 ~ 22,23 ~ 33 [B] 9 32 o 4 Y 0 1B 19 22 R B/, IR .
6 % it

A SO Xt 25 (6] 3t 43 ik () B4 AT 45 T NCP R B B AN BB A 8 SR IR L B ok, R
R RERREOCEA . ZEBEAMUBEESR, THAGHER D et F .
ATHEAH RGBSR RERMERM BT RET G T A ML E R .

LM AFPRTEMBAETEETAEAREXAMEAXER BB HE 5 RIRE (40558 8 1 5]
BE)F W RASEAMEREEETARIERETH) , RATET LI EE I RHSEMH
LMW T RARRE, AU EXRRET LGRS A XWEEMURE. LRYRXENF
) J A AR R, AR B BRI 2 EMHE. UL RANHRESH - PR ZNAE
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Non-Interior Smoothing Algorithm for Frictional
Contact Problems

ZHANG Hong-wu, HE Su-yan, LI Xing-si
( State Key Laboratory of Structural Analysis of Industrial Equipment,
Dalian University of Technology . Dalian 116024, P. R. China)

Abstract: A new algorithm for solving the three-dimensional elastic contact problem with friction is
presented. The algorithm is a non-interior smoothing algorithm based on an NCP-function. The para-
metric variational principle and parametric quadratic programming methods wwe applied to the analy-
sis of three-dimensional frictional contact problem. The solution of the contact problem was finally re-
duced to a linear complementarity problem, which was reformulated as a system of nonsmooth equa-
tions via an NCP-function. A smoothing approximation to the nonsmooth equations was given by the
aggregate function. A Newton method was used to solve the resulting smoothing nonlinear equations.
The algorithm presented is easy to understand and implement. The reliability and efficiency of this al-
gorithm are demonstrated both by the numerical experiments of LCP in mathematical way and the ex-

amples of contact problems in mechanics.

Key words: three-dimensional frictional contact problem; parametic quadratic programming method;
linear complementarity problem; NCP-function; aggregate function; non-interior
smoothing algorithm



