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摘要:  考虑了一类多维的广义对称正则长波( SRLW)方程的齐次初边值问题 Chebyshev拟谱逼近,

构造了全离散的 Chebyshev 拟谱格式, 给出了这种格式近似解的收敛性和最优误差估计# 
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引   言
对称正则长波( SRLW)方程

  
52

5x 2 - 1 5 u
5 t =

5
5x Q+

1
2
u
2
,
5Q
5t +

5 u
5x = 0, ( 1)

是正则长波( RLW)方程的一种对称叙述,用于描述弱非线性作用下空间电荷的等离子声波的

传播[ 1]# 文献[ 1]获得了它的双曲正割平方孤立波、4个守恒律和某些数值结果# 明显地,从

( 1)中消去 Q, 得到一类正则长波方程

  utt - uxx +
1
2 u

2

x t
- uxxtt = 0# ( 2)

这种方程关于变元 x、t 是对称的,也出现在其它非线性波动问题的研究中[ 2~ 3]# 文献[ 4]数值

模拟了 SRLW方程孤立波的相互作用# 最近[ 5]讨论了广义 SRLW方程孤立波的轨道稳定性

和不稳定性# 在[ 6]中郭柏灵用谱方法讨论了一类广义 SRLW方程的周期初值问题,证明了整

体广义解和古典解的存在唯一性, 给出了近似解的收敛性和误差估计# 郑家栋等在[ 7, 8]中提

出了求解 SRLW方程及广义 SRLW方程的拟谱配点方法, 给出了半离散和全离散格式的最优

误差估计# 郭柏灵在[ 9]中研究了多维的广义正则波方程组整体解的存在性和爆破现象# 在

[ 10]中尚亚东,李志深用谱方法对高维广义 SRLW方程组的周期初值问题作了数值分析# 本

文研究多维广义 SRLW方程组齐次初边值问题的 Chebyshev 拟谱方法,构造了全离散的 Cheby-

shev拟谱格式,给出了近似解的收敛性和严格的误差估计# 
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1  记号和某些引理

记 8 = [- 1, 1] 3, L2
( 8) 为 8上平方可积具有内积( u, v) = Q8

uv dx 和范数 +u + = ( u ,

u )
1/ 2 的实值函数全体, 记 X( x ) = F

3

i= 1
Xi ( xi ) , Xi ( x i ) = (1- x

2
i )
- 1/ 2为 Chebyshev 权, L 2

X( 8 )

为 8 上以 X( x ) 为权的平方可积实值函数全体, 其内积和范数分别为( u, v) X = Q8
uvXdx 和

+u +X = ( u , u)
1/ 2
X # 又记 W

m, p
X ( 8) 为带权 X( x ) 的加权 Sobolev 空间, 特别 W

0, p
X ( 8) =

L
0, p
X ( 8 ) , Wm, 2

X ( 8 ) = H
m
X( 8) , 范数记为 + u +m, X = 6

| A| [ m

+D
A
u +2

X
1/ 2
, 记 H

1
0, X( 8 ) =

v I H
1
X( 8) | v | 5 8 = 0 # 设 N 为正整数, SN = ( PN )

3
,其中 PN 为次数不超过N 的代数多

项式全体, ÛSN = U I SN | U| 5 8 = 0 ,定义 P1, N 为H
1
0, X( 8 ) y ÛSN 的算子,满足

  ( (̈ P 1, Nv - v ) , (̈ UX) ) = 0   P U I ÛSN# 

令 l = ( l 1, l 2, l 3) ,记 x l , Xl 为 Gauss_Lobatto求积公式中的节点和权系数,则有

  Q8
f ( x ) X( x )dx = 6

| l| [ N

f ( xl ) Xl   Pf I S 2N- 1,

其中

  x l = cos
l1P
N
, cos

l 2P
N
, cos

l3P
N

, Xl = Xl
1
Xl

2
Xl

3

  0 [ li [ N , | l | = max
1 [ i [ 3

li# 

定义 u 和v 的离散的内积和u 范数为 ( u, v ) N , X = 6
| l| [ N

u( xl ) v( xl ) Xl , +u +N , X = ( u ,

u )
1/ 2
N, X; 定义 C( �8 ) y ÛSN 的插值算子PC 满足

  PCu ( xj ) = u( xj )   | j | [ N# 

用 S表示时间方向的步长,记

  u
m
= u( x , mS) , u

m
t̂ =

1
2S
( u

m+ 1
- u

m- 1
) , u

�m
=

1
2
( u

m+ 1
+ u

m- 1
)# 

下面文中总假定 C 为广义常数,与 N 及函数无关,不同处意义不一定相同# 

引理 1
[ 11]  设 u I L

2
X( 8 ) , v I H

1
0, X( 8 ) , 则有

  u , 6
3

i = 1

5
5xi

( vX) [ 6+u +X | v | 1, X, ( v̈ , (̈ v X) ) \ 1
4

+ v̈ +2# 

引理 2
[ 12]  PU I ÛSN , W I ( SN )

3
,有

  (div W, U) N , X = - W,
1
X

(̈ UX) , ( v̈ , (̈ v X) ) \ 1
4

+v +2
1, X# 

引理 3[ 13]  若 v I H
R
X( 8 ) H H

1
0, X( 8) , R \ 1, 则有

  +v - P1, N v +j , X [ C +v +R, X
N
j- R    0 [ j [ 1,

N
2j- 1- R   j \ 1# 

引理 4  设 v I SN , 则有 +v +L
] [ N

3/ 2 +v +X# 

引理 5[ 13]  若 v I H
R
X( 8 ) , R> 3/ 2, 0 [ j [ R, 则有

  +v - PC v +j , X [ CN
2j- R +v +R, X# 

引理 6[ 14]  若 u I H
R
( 8) , R > 3/ 2, v I SN , 则有
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| ( u , v ) N, X- ( u, v ) X | [ CN
- R +u +R, X +v +X, +v +X [ +v +N , X [ 2 2+v +X# 

引理 7[ 12]  存在常数 C 使得

P̈1, Nv,
1
X

(̈ UX)
N , X

- P̈1, Nv,
1
X

(̈ UX)
X

[ CN
1- R +v +R, X +¨U+ X,

Pv I H
1
0, X( 8 ) H H

R
X( 8) , U I SN , R > 1# 

引理 8[ 15]  设如下条件成立:

( � ) G、M1、M2和 p 是正常数, Ek 是非负离散函数, p > 1;

( � ) En [ G+ M1S6
n- 1

k= 0

( E
k
+ M2( E

k
)
p
) ;

( � ) E0 [ G, Ge2M1
T [ M

1/ (1- p )
2 # 

则对一切 nS [ T ,有 E
n [ Ge2M1

nS# 

本文考虑如下多维广义 SRLW方程的初边值问题

u t - $u t + 6
3

i= 1

5
5x iUi ( u) + 6

3

i = 1

5Q
5xi = f ( u , Q, ¨u)   x I 8, 0 < t [ T, ( 3)

5Q
5 t + 6

3

i= 1

5 u
5x i

= g ( Q)   x I 8 , 0 < t [ T# ( 4)

u | 5 8 = 0, Q| 5 8 = 0   0 < t [ T, ( 5)

u ( x , 0) = u0( x ) , Q( x , 0) = Q0( x )   x I 8# ( 6)

其中 Ui ( u ) I C
R- 1
( R) , f I C

R- 1
( R

5
) , g I C

R- 1
( R ) , R \3,另外 f ( u, Q, ¨u) 和 g ( Q) 还满

足

| f ( x + q, y + r, z + s ) - f ( q, r , s) | [

  A( q , r , s ) ( | x | + | x |
p
+ | y | + | y |

p
+ | z | + | z |

p
) ,

| g( z + y ) - g ( z ) | [ B ( z ) ( | y | + | y |
p
) ,

  p > 1, A ( q, r , s ) I C (R
5
) , B ( z ) I C (R ) ,

  u0( x ) I H
R
X( 8) , Q0( x ) I H

R- 1
X ( 8)# 

2  全离散拟谱方法及误差估计

构造如下全离散 Chebyshev 拟谱格式: 求 u
k
N , Q

k
N I ÛSN 使得

u
k
N t̂ ( xj ) - $uN t̂ ( xj ) + 6

3

i= 1

5
5xi

( PC Ui ( u
k
N ) ) ( xj ) + 6

3

i= 1

5
5xiQ

k
N ( xj ) =

  f ( ukN , QkN , ü
k
N ) ( xj )   1 [ j [ N - 1, ( 7)

QkN t̂ ( xj ) + 6
3

i= 1

5
5x i

( u
k
N ) ( xj ) = g( QkN ) ( xj )   1 [ j [ N - 1# ( 8)

u
0
N = P1, Nu0( x ) , Q

0
N = P 1, N Q0( x ) , ( 9)

Q1N = P1, N ( Q0( x ) + S5 t Q(0) , u1N ) ( 10)

将由下面特殊选取得到# 

下面来分析全离散解的误差# 

记 P1, Nu
k
= �u

k
, P1, NQ

k
= �Q

k
, u

k
- u

k
N = ( u

k
- �u

k
) + (�u

k
- u

k
N ) = K

k
+ H

k
, Q

k
- �Q

k
= ( Q

k

- �Qk) + (�Qk - QkN ) = Ek + Dk , 由(3)、(4) 及(7)、(8) 式可知, Hk、Dk 满足方程组
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( Hkt̂ , V ) N , X+ ¨Hkt̂ , 1X (̈ VX)
N , X

+ 6
3

1

Ui ( u
k
N ) - Ui ( u

k
) ,

1
X

5
5x i ( VX) N , X

-

  6
3

1

Ek + Dk ,
1
X

5
5xi ( VX) N, X

+ (f ( u
k
N , Q

k
N , ü

k
N ) - f ( u

k
, Q

k
, ¨uk) , V ) N , X =

  (�ukt̂ - u
k
t̂ , V) N , X+ ( u

k
t̂ , V ) N, X- ( u

k
t̂ , V ) X+ ( u

k
t̂ - 5 tuk , V) X+

  ( (̈ u
k
t̂ - 5 tu

k
) , (̈ VX) ) + ü

k
t̂ ,

1
X

(̈ VX)
N , X

- ü
k
t̂ ,

1
X

(̈ VX)
X
+

  6
3

1

Qk ,
1
X

5
5x i

( VX)
X
- 6

3

1

Qk ,
1
X

5
5xi

( VX)
N, X

+

  6
3

1

Ui ( u
k
) ,

1
X

5
5xi ( VX) N , X

- Ui ( u
k
) ,

1
X

5
5x i ( VX) X

+

  (f ( u
k
, Qk , ¨uk) , V ) X- f ( u

k
, Qk , ü

k
) , V ) N, X   P V I ÛSN , ( 11)

( D
k
t̂ , V) N , X+ 6

3

1
( ( K

k
+ H

k
) x

i
, V ) N , X+ ( g( Q

k
N ) - g( Q

k
) , V ) N , X =

  (�Qkt̂ - Qkt̂ , V ) N , X+ ( Qkt̂ , V ) N, X- ( Qkt̂ , V ) X+ ( Qkt̂ - Qkt , V) X+

  6
3

1

5
5x iu

k
, V

N, X
-

5
5x iu

k
, V

X
+

  ( g ( Qk) , V ) X- ( g ( Qk) , V ) N, X   P V I ÛSN# ( 12)

在( 11)式中取 V = H�k ,则有

( Hkt̂ , H
�k
) N, X+ Ḧkt̂ ,

1
X

(̈ H�kX)
N, X

+ 6
3

1

Ui ( u
k
N ) - Ui ( u

k
) ,

1
X

5
5xi ( H

�k
X)

N , X
-

  6
3

1

Ek + Dk ,
1
X

5
5xi ( H

�kX)
N, X

+ ( f ( u
k
N , Q

k
N , ü

k
N ) - f ( u

k
, Q

k
, ü

k
) , H

�k
) N , X =

  (�ukt̂ - u
k
t̂ , H

�k
) N , X+ ( u

k
t̂ , H

�k
) N , X- ( u

k
t̂ , H

�k
) X+ ( u

k
t̂ - u

k
t , H

�k
) X+

  ( (̈ u
k
t̂ - u

k
t ) , (̈ H

�k
X) ) + ¨�ukt̂ , 1

X
(̈ H
�k
X)

N, X
- ü

k
t̂ ,

1
X

(̈ H
�k
X)

X
+

  6
3

1

Qk , 1
X

5
5 xi

( H�kX)
X
- Qk , 1

X
5
5x i

( H�kX)
N , X

+

  6
3

1

Ui ( u
k
) ,

1
X

5
5xi

( H�kX)
X
- Ui ( u

k
) ,

1
X

5
5x i

( H�kX)
N , X

+

  (f ( u
k
, Qk , ¨uk) , H�k) X- (f ( u

k
, Qk , ü

k
) , H�k) N , X# ( 13)

由于 ( Hkt̂ , H
�k
) = +Hk+ 1 +2

N , X- +H
k- 1+2

N, X / (4S) , 利用分部求和公式

4S6
n

k= 1
Ḧkt̂ ,

1
X

(̈ H�kX)
N, X

= - 2S6
n- 1

k= 0
¨Hk , 1

X
(̈ Hk+ 1

t̂ X)
N , X

-

  2S 6
n+ 1

k= 2
Ḧ
k
,
1
X (̈ H

k- 1
X)

N, X
+ 2 Ḧ

n+ 1
,
1
X (̈ H

n+ 1
X)

N , X
-

  2 Ḧ1,
1
X

(̈ H1 X)
N, X

- 2 Ḧ0,
1
X

(̈ H0 X)
N , X

,

从[ 12]知有

¨W, 1
X

(̈ UX)
N, X

[ C +¨W+N , X +¨U+N, X, ( 14)
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于是由引理6知

2S6
n- 1

k= 0
Ḧk ,

1
X

(̈ Hk+ 1
t̂ X)

N , X
[ CS6

n- 1

k= 0
+ Ḧ

k +N, X+ Ḧ
k
t̂ +N , X [

  CS6
n- 1

k= 0

+Hk +2
1, X+ +Hk+ 1

t̂ +2
1, X [

  CS6
n

k= 1

+Hk +2
1, X+ +Hkt̂ +2

1, X + CS+H0 +2
1, X;

2S6
n+ 1

k= 2

Ḧk ,
1
X

(̈ Hk- 1
t̂ X)

N , X
[ CS6

n+ 1

k= 2
+ Ḧk +N, X+ Ḧk- 1t̂ +N , X [

  CS6
n

k= 1

+Hk +2
1, X+ +Hkt̂ +2

1, X + CS+Hn+ 1 +2
1, X# 

另外,由引理 2及引理 6知

Ḧ
n+ 1
,
1
X

(̈ H
n+ 1

X)
N , X

+ ¨Hn, 1
X

(̈ H
n
X)

N, X
\

  1
4

+¨Hn+ 1 +2
N , X+ +¨Hn +2

N , X \ 1
4

+¨Hn+ 1 +2
X+ +¨Hn +2

X # 

类似地,由( 14)式及引理 6知

2 Ḧ
1
,
1
X

(̈ H
1
X)

N , X
+ ¨H0, (̈ H

0
X) N, X [

  C +¨H1+2
N, X+ + Ḧ

0 +2
N , X [ C + Ḧ

1 +2
X+ + Ḧ

0 +2
X [

  C +H1 +2
1, X+ +H

0 +2
1, X ;

Ui ( u
k
N ) - Ui ( u

k
) ,

1
X

5
5x i

( H�kX)
N , X

=

  6
N- 1

j= 1

Ui ( u
k
N ) - Ui ( u

k
) ( xj )

1
X

5
5x i

( H�kX) ( xj ) Xj =

  6
N- 1

j

Uc
i ( N

k
j ) ( u

k
N - u

k
) ( xj )

1
X

5
5xi

( H�kX) ( xj ) Xj [

  C +u
k
N - PCu

k +N , X
1
X

5
5xi

( H�kX)
N, X

[ C +u
k
N - PCu

k + X
1
X

5
5x i

( H�kX)
X

[

  C +Hk +2
X+ +Kk +2

X+ +( I - PC ) u
k +2

X+ +H�k +2
1, X ;

6
3

i = 1

E
k
+ D

k
,
1
X

5
5x i ( H

�k
X)

N, X
[ C +Ek + Dk +N, X +¨H�k +N , X [

  C +Ek +2
X+ +Dk +2

X+ +H�k +2
1, X ;

(f ( u
k
, Qk , ü

k
) - f ( u

k
N , Q

k
N , ü

k
N ) , H

�k
) N , X [

  +f ( PCu
k
, PC Q

k
, PC ü

k
) - f ( u

k
N , Q

k
N , ¨ukN ) +N , X +H�k +N , X [

  C +f ( PCu
k
, PC Q

k
, PC ü

k
) - f ( u

k
N , Q

k
N , ü

k
N ) +2

N , X+ +H�k +2
N , X ,

其中

(f ( PCu
k
, PC Q

k
, PC ü

k
) - f ( u

k
N , Q

k
N , ¨ukN ) 2

N , X =

  6
j

f ( PCu
k
, PC Q

k
, PC¨uk) - f ( u

k
N , Q

k
N , ü

k
N )

2
( xj ) Xj [

  6
j

A ( PCu
k
, PC Q

k
, PC ü

k
) ( | PCu

k
- u

k
N | + | PCu

k
- u

k
N |

p
+ | PC Q

k
- QkN | +
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  | PC Q
k
- QkN |

p
+ | PC ü

k
- ü

k
N | + | PC ü

k
- ü

k
N |

p
)

2
( xj ) Xj [

  C +u
k
- PCu

k +2
X+ +Kk +2

X+ +Hk +2
X+ +Qk - PC Q

k +2
X+

  +Ek +2
X+ +Dk +2

X+ + (̈ u
k
- PCu

k
) +2

X+ +¨Kk +2
X+ + Ḧk +2

X +

  C +PCu
k
- u

k
N +

2p- 2

L
] +PCu

k
- u

k
N +2

N , X+

  C +PC¨uk - ¨ukN +
2p- 2

L
] +PC ü

k
- ü

k
N +2

N , X+

  C +PC Q
k
- Q

k
N +

2p- 2

L
] +PC Q

k
- Q

k
N +2

N , X [

  C +u
k
- PCu

k +2
X+ +Kk +2

X+ +H
k +2

X+ +Q
k
- PC Q

k +2
X+

  +Ek +2
X+ +Dk +2

X+ + (̈ u
k
- PCu

k
) +2

X+ +¨Kk +2
X+ + Ḧk +2

X +

  CN
3( p- 1) +PCu

k
- u

k
N +2p

X + +PC ü
k
- ü

k
N +2p

X + +PC Q
k
- QkN +2p

X [
(引理4)

  C +( I - PC) u
k +2

1, X+ +( I - PC) Q
k +2

X+ +Kk +2
1, X+ +Hk +2

1, X+

  +Ek +2
X+ +Dk +2

X + CN
3(p- 1) +u

k
- PCu

k +2p
X + +Kk +2p

X + +Hk +2p
X +

  CN
3( p- 1) + (̈ u

k
- PCu

k
) +2p

X + +¨Kk +2p
X + +¨Hk +2p

X +

  CN
3( p- 1) +Qk - PC Q

k +2p
X + +Ek +2p

X + +Dk +2p
X [

  C N
- 2(R- 1) + u

k +2
R, X+ N

- 2( R- 1) +Qk +2
R- 1, X+ +Hk +2

1, X+ +Dk +2
X +

  CN
3( p- 1)

N
- 2pR +u

k +2p
R, X+ N

- 2p ( R- 1) +u
k +2p

R, X+

  N- 2p ( R- 1) +Q
k +2p

R- 1, X+ +H
k +2p

1, X+ +Dk +2p
X [

  CN
- 2(R- 1) +u

k +2
R, X+ +Q

k +2
R- 1, X +

  C +Hk +2
1, X+ +D

k +2
X+ N

3(p- 1) +H
k +2p

1, X+ N
3(p- 1) +D

k +2p
1, X +

  CN
3( p- 1)

N
- 2p ( R- 1) + u

k +2p
R, X+ +Qk +2p

R- 1, X # 

当 R \ 5/ 2时, 3( p - 1) - 2p ( R- 1) [ - 2( R- 1) 于是上式小于等于

CN
- 2(R- 1) +u

k +2
R, X+ +Qk +2

R- 1, X+ +u
k +2p

R, X+ +Qk +2p
R- 1, X +

  C +Hk +2
1, X+ +Dk +2

X+ N
3( p- 1) +Hk +2p

1, X+ +Dk +2p
X ,

即

f ( PCu
k
, PC Q

k
, PC ü

k
) - f ( u

k
N , Q

k
N , ü

k
N )

2
N, X [

  CN
- 2(R- 1) +u

k +2
R, X+ +Qk +2

R- 1, X+ +u
k +2p

R, X+ +Qk +2p
R- 1, X +

  C +Hk +2
1, X+ +Dk +2

X+ N
3( p- 1) +H

k +2p
1, X+ +D

k +2p
X # 

故

(f ( PCu
k
, PC Q

k
, PC ü

k
) - f ( u

k
N , Q

k
N , ¨ukN ) , H�k) N , X [

  C +Hk+ 1 +2
N , X+ +H

k- 1+2
N, X+ N

- 2( R- 1) + u
k +2

R, X+ +Qk +2
R- 1, X+ +u

k +2p
R, X+

  +Qk +2p
R- 1, X + C +Hk +2

1, X+ +Dk +2
X+ N

3(p- 1) +Hk +2p
1, X+ +Dk +2p

X # 

由Schwarz不等式和引理 6有

| ( �ukt̂ - PCu
k
t̂ , H

�k
) N, X | [ +�ukt̂ - PCu

k
t̂ +N , X+H�k +N , X [

  2 2+�ukt̂ - PCu
k
t̂ +X +H�k +N , X [

  2 2 +( I - PC) u
k
t̂ +2

X+ +( I - P1, N ) u
k
t̂ +2

X+

  +Hk+ 1 +2
N , X+ +Hk- 1 +2

N , X # 

由引理6有
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| ( u
k
t̂ , H

�k
) N, X- ( u

k
t̂ , H

�k
) X | [ CN

- R +u
k
t̂ +R, X +H�k +X [

  CN
- R +u

k
t̂ +R, X+H�k +N , X [ C N

- 2R + u
k
t̂ +2

R, X+ +Hk+ 1 +2
N , X+ +Hk- 1 +2

N, X ,

由Schwarz不等式及引理 6

| ( u
k
t̂ - u

k
t , H

�k
) | [ + u

k
t̂ - u

k
t +X +H�k + X [

  +Hk+ 1 +2
X+ +Hk- 1 +2

X+ +u
k
t̂ - u

k
t +2

X,

| ( (̈ u
k
t̂ - u

k
t ) , (̈ H

�k
X) ) | [ C + (̈ u

k
t̂ - u

k
t ) +X +H�k +1, X [

  C +Hk+ 1 +2
1, X+ +Hk- 1 +2

1, X+ + (̈ u
k
t̂ - u

k
t ) +2

X ,

(̈ �ukt̂ - PCu
k
t̂ ) ,

1
X

(̈ H�kX)
N , X

+ ¨ukt̂ , 1X (̈ H�kX)
N , X

- ¨ukt̂ , 1X (̈ H�kX)
X

[

  8+ (̈ �ukt̂ - PCu
k
t̂ ) + X+ Ḧ�k + X+ CN

- ( R- 1) + u
k
t̂ +R, X +H�k +1, X [

  C +�ukt̂ - PCu
k
t̂ +1, X+ +( I - PC) u

k
t̂ +X+ N

- ( R- 1) +u
k
t̂ +R, X +H�k +1, X,

Qk ,
1
X

5
5xi

( H�kX)
X
- Qk ,

1
X

5
5x i

( H�kX)
N , X

[

  CN
- ( R- 1) +Qk +R- 1, X+H�k +1, X,

于是

6
3

i = 1

Qk ,
1
X

(̈ H�kX)
X
- Qk ,

1
X

(̈ H�kX)
N , X

[

  C N
- 2(R- 1) +Qk +2

R- 1, X+ +Hk+ 1 +2
1, X+ +Hk- 1 +2

1, X # 

同理有

6
3

i = 1

Ui ( u
k
) ,

1
X

5
5xi ( H

�k
X)

X
- Ui ( u

k
) ,

1
X

5
5x i ( H

�k
X)

N , X
[

  CN
- ( R- 1) +Ui ( u

k
) +R- 1, X+H�k +1, X [

  C N
- 2(R- 1) + Ui ( u

k
) +2

1, X+ +Hk+ 1 +2
1, X+ +Hk- 1 +2

1, X ,

| ( f ( u
k
, Qk , ¨uk) , H�k) X- (f ( u

k
, Qk , ü

k
) , H�k) N , X | [

  CN
- ( R- 1) +f ( uk , Qk , ¨uk) +R- 1, X+H�k +1, X [

  C (N
- 2( R- 1) +f ( uk , Qk , ü

k
) +2

R- 1, X+ +Hk+ 1 +2
1, X+ +Hk- 1 +2

1, X)# 

在( 13)式两边同乘以 4S,然后再关于 k 从 1到 n求和, 利用上述估计可得

+Hn+ 1 +2
N , X+ +H

n +2
N, X+

1
2 ( + Ḧ

n+ 1+2
X+ + Ḧ

n +2
X) [

  CS6
n

k= 1

( +Hk +2
1, X+ +Hkt̂ +2

1, X) + CS+H0 +2
1, X+

  CS+H
n+ 1 +2

1, X+ C( +H1 +2
1, X+ +H

0+2
1, X) +

  CS6
3

i= 1
6
n

k= 1
N
- 2( R- 1) +Ui ( u

k
) +2

R- 1, X+ CS6
n

k= 1
+Dk +2

X+

  CS6
n

k= 1
N
- 2( R- 1) +u

k +2
R, X+ +Qk +2

R- 1, X+ +f ( uk , Qk , ü
k
) +2

R- 1, X+

  +u
k +2p

R, X+ +Qk +2p
R- 1, X + CS6

n

k= 1

N
3( p- 1) +Hk +2p

1, X+ +D
k +2p

X +

  CS6
n

k= 1

+( I - PC ) u
k
t̂ +2

X+ +( I - P1, N ) u
k
t̂ +2

X+ N
- 2( R- 1) +u

k
t̂ +2

R, X+
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  +u
k
t̂ - u

k
t +2

1, X+ +�ukt̂ - u
k
t̂ +2

1, X+ +( I - PC) ü
k
t̂ +2

X # ( 15)

在( 12)中取 V = D
�k
, 则有

( Dkt̂ , D
�k
) N , X+ 6

3

i= 1

5
5x i ( K

k
+ H

k
) , D

�k

N , X
+ ( g( QkN ) - g ( Qk) , D�k) N , X =

  (�Q
k
t̂ - Q

k
t̂ , D

�k
) N , X+ ( Q

k
t̂ , D

�k
) N , X- ( Q

k
t̂ , D

�k
) X+ ( Q

k
t̂ - 5 t Q

k
, D
�k
) X+

  6
3

i= 1

5
5x i

u
k
, D�k

N , X
-

5
5xi

u
k
, D�k

X
+ ( g ( Q

k
) , D

�k
) N , X- ( g( Q

k
) , D

�k
) X# ( 16)

由于

( Dkt̂ , D
�k
) N , X =

1
4S

+Dk+ 1 +2
N , X- +Dk- 1 +2

N , X ,

6
3

i= 1

5
5x i

( Kk + Hk) , D�k
N , X

[ 6
3

i= 1

5
5x i

( Kk + Hk)
N , X

+D�k +N, X [

  C +Kk +2
1, X+ +Hk +2

1, X+ +D
k+ 1 +2

X+ +D
k- 1 +2

X [

  C N
- 2(R- 1) + u

k +2
R, X+ +Hk +2

1, X+ +Dk+ 1 +2
X+ +D

k- 1 +2
X ,

| ( g ( Q
k
N ) - g( Q

k
) , D

�k
) N, X | [ +g ( Q

k
N ) - g( PC Q

k
) +N , X +D�k +N , X [

  C +g( Q
k
N ) - g (PC Q

k
) +2

N , X+ +D
k+ 1 +2

X+ +D
k- 1 +2

X # 

类似地有

+g( QkN ) - g (PC Q
k
) +2

N , X = 6
j

[ g ( PC Q
k
) - g( QkN ) ]

2
( xj ) Xj =

  6
j

[ B ( Qk) ( | Qk - QkN | + | Q
k
- QkN |

p
) ]

2
( xj ) Xj [

  C 6
j

[ | PC Q
k
- Q

k
N |

2
( xj ) Xj + | PC Q

k
- Q

k
N |

2p
( xj ) Xj ] [

  C +PC Q
k
- Q

k
N +2

X+ C +PC Q
k
- Q

k
N +

2p- 2

L
] +PC Q

k
- Q

k
N +2

N , X [

  C +PC Q
k
- Q

k
N +2

X+ CN
3(p- 1) +PC Q

k
- Q

k
N +2p

X [

  C +PC Q
k
- QkN +2

X+ +Qk - �Qk +2
X+ +QkN - �Q

k +2
X+

  CN
3( p- 1) +PC Q

k
- Q

k +2p
X + +Q

k
- �Q

k +2p
X + +Q

k
N - �Q

k +2p
X [

  C N
- 2(R- 1) +Q

k +2
R- 1, X+ +Dk +2

X +

  CN
3( p- 1)

N
- 2p ( R- 1) +Q

k +2p
R- 1, X+ CN

3(p- 1) +D
k +2p

X [

  C N
- 2(R- 1) +Q

k +2
R- 1, X+ +Dk +2

X + CN
3( p- 1) +Dk +2p

X + CN
- 2( R- 1) +Qk +2p

R- 1, X# 

于是有

| ( g ( QkN ) - g( Qk) , D�k ) N, X | [ C[ +Dk+ 1 +2
X+ +Dk- 1 +2

X+ +Dk +2
X+

  N 3( p- 1) +Dk +2p
X + N

- 2( R- 1) +Qk +2
R- 1, X+ +Qk +2p

R- 1, X ] ,

| (�Qkt̂ - Qkt̂ , D
�k
) N , X | [ +�Qkt̂ - Qkt̂ +N , X +D�k +N , X [

  C [ +( I - PC) Q
k
t̂ +2

X+ +( I - P1, N ) Q
k
t̂ +2

X+ +D
k+ 1 +2

X+ +Dk- 1+2
X] ,

| ( Qkt̂ , D
�k
) N , X- ( Qkt̂ , D

�k
) X | [ CN

- (R- 1) +Qkt̂ +R- 1, X- +D�k +X [

  CN
- ( R- 1) +Qkt̂ +R- 1, X- +D�k +N , X [

  C [ N
- 2( R- 1) +Qkt̂ +2

R- 1, X+ +Dk+ 1+2
X+ +Dk- 1 +2

X] ,

| ( Qkt̂ - 5 t Qk , D�k) X | [ +Qkt̂ - 5 t Qk +X +D�k +X [

  +Dk+ 1 +2
X+ +Dk- 1 +2

X+ +Qkt̂ - 5 t Qk +2
X,
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6
3

i = 1

5
5xi

u
k
, D�k

N , X
-

5
5xi

u
k
, D�k

X
[

  6
3

i= 1
CN

- ( R- 1) + 5
5xi

u
k +R- 1, X+D�k + X [

  C N
- 2(R- 1) + u

k +2
R- 1, X+ +D

k+ 1 +2
X+ +D

k- 1 +2
X ,

| ( g ( Qk ) , D�k ) N , X- ( g ( Qk) , D�k) X | [ CN
- ( R- 1) +g( Qk) +R- 1, X+D�k +X [

  C [ N
- 2( R- 1) +g ( Q

k
) +2

R- 1, X+ +D
k+ 1 +2

X+ +D
k- 1 +2

X]# 

在( 16)式两边同乘以 4S, 然后关于 k 从 1到 n求和, 利用前面的估计式,得

+Dn+ 1 +2
N, X+ +Dn +2

N , X [ CS6
n

k= 0

( +Hk +2
1, X+ +Dk +2

X) +

  CS+D0 +2
X+ CS+Dn+ 1 +2

X+ +D1 +2
X+ +D0 +2

X+

  CS6
n

k= 1
[ N

- 2( R- 1)
( +u

k +2
R, X+ +Q

k +2
R- 1, X+ +Q

k +2p
R- 1, X) +

  N 3( p- 1) +Dk +2p
X + +( I - PC) Q

k
t̂ +2

X+ +( I - P1, N ) Q
k
t̂ +2

X+

  +Qkt̂ - Qkt +2
X+ N

- 2( R- 1) +Qkt̂ +2
R- 1, X]# ( 17)

将( 15)与( 17)式相加得到

+Hn+ 1 +2
N , X+ +Hn +2

N, X+
1
2
( + Ḧn +2

X+ + Ḧn+ 1 +2
X) +

  +Dn+ 1 +2
N, X+ +Dn +2

N , X [

  CS6
n

k= 1

+Hk +2
1, X+ +Dk +2

X+ +Hkt̂ +2
1, X + CS +H0 +2

1, X+ +D0 +2
X+

  +Hn+ 1 +2
1, X+ +Dn+ 1 +2

X + C +H1 +2
1, X+ +D1 +2

X+

  +H0 +2
1, X+ +D0 +2

X + CS6
3

i = 1
6
n

k= 1
N
- 2( R- 1) +Ui ( u

k
) +2

R- 1, X+

  CS6
n

k= 1
N
- 2(R- 1)

( +u
k +2

R, X+ +Q
k +2

R- 1, X+ +u
k +2p

R, X+ +Qk +2p
R- 1, X) +

  CS6
n

k= 1

N
3( p- 1)

( +Hk +2p
1, X+ +Dk +2p

X ) +

  CS6
n

k= 1
N
- 2(R- 1)

( +f ( uk , Qk , ü
k
) +2

R- 1, X+

  +g ( Qk) +2
R- 1, X) + CS6

n

k = 1

[ +( I - PC) u
k
t̂ +2

X+

  +( I - P1, N ) u
k
t̂ +2

X+ +( I - PC) Q
k
t̂ +2

X+ +( I - P1, N ) Q
k
t̂ +2

X+

  +u
k
t̂ - u

k
t +2

1, X+ +Qkt̂ - Qkt +2
X+ +�ukt̂ - u

k
t̂ +2

1, X+

  +( I - PC) ¨ukt̂ +2
X+ N

- 2( R- 1)
( +u

k
t̂ +2

R, X+ +Qkt̂ +2
R- 1, X) ]# ( 18)

为了估计( 18)中的 +H
k
t̂ +1, X, 在(11) 式中令 V = H

k
t̂ , 则有

+Hkt̂ +2
N, X+ Ḧ

k
t̂ ,

1
X (̈ H

k
t̂ X)

N , X
+

  6
3

i= 1

Ui ( u
k
N ) - Ui ( u

k
) ,

1
X

5
5xi ( H

k
t̂ X)

N , X
- 6

3

i= 1

Ek + Dk ,
1
X

(̈ Hkt̂ X)
N, X

+
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  (f ( u
k
N , Q

k
N , ü

k
N ) - f ( u

k
, Qk , ¨uk) , Hkt̂ ) N , X =

  (�u
k
t̂ - u

k
t̂ , H

k
t̂ ) N , X+ ( u

k
t̂ , H

k
t̂ )N , X- ( u

k
t̂ , H

k
t̂ ) X+

  ( u
k
t̂ - 5 tuk , Hkt̂ ) X+ ( (̈ u

k
t̂ - 5 tuk) , (̈ Hkt̂ X) ) +

  ¨�ukt̂ ,
1
X

(̈ Hkt̂ X)
N, X

- ¨�ukt̂ ,
1
X

(̈ Hkt̂ X)
X
+

  6
3

i= 1

Qk ,
1
X

5
5 xi

( Hkt̂ X)
X
+ Qk ,

1
X

5
5x i

( Hkt̂ X)
N , X

-

  6
3

i= 1

Ui ( u
k
) ,

1
X

5
5xi

( Hkt̂ X)
N , X

+ Ui ( u
k
) ,

1
X

5
5x i

( Hkt̂ X)
X
+

  (f ( u
k
, Qk , ¨uk) Hkt̂ ) X- (f ( u

k
, Qk , ü

k
) , Hkt̂ )N , X# ( 19)

由引理2有

Ḧkt̂ ,
1
X

(̈ Hkt̂ X)
N , X

\ 1
4

+¨Hkt̂ +2
N , X# 

由Schwarz不等式和引理 6知,有

Ui ( u
k
N ) - Ui ( u

k
) ,

1
X

5
5x i ( H

k
t̂ X)

N , X
[

  C +u
k
N - PCu

k +N , X
1
X

5
5xi

( Hkt̂ X)
N, X

[

  C +u
k
N - PCu

k +N , X
1
X

5
5xi ( H

k
t̂ X)

X
[

  E1 +Hkt̂ +2
1, X+ C +Hk +2

X+ +Kk +2
X+ +( I - PC) u

k +2
X ,

6
3

i = 1

Ek + Dk , 1
X

5
5x i

( Hkt̂ X)
N , X

[

  6
3

i= 1

+Ek +N , X+ +Dk +N, X
1
X

5
5xi

( Hkt̂ X)
N, X

[

  8 6
3

i= 1

+Ek +X+ +Dk + X
1
X

5
5xi

( Hkt̂ X)
N , X

[

  E2 +Hkt̂ +2
1, X+ C +Ek +2

X+ +Dk +2
X # 

与前估计类似, 还有

| ( f ( u
k
N , Q

k
N , ü

k
N ) - f ( u

k
, Q

k
, ¨uk) , Hkt̂ ) N , X | [

  +f ( ukN , Q
k
N , ¨u

k
N ) - f ( PCu

k
, PC Q

k
, PC ü

k
) +N , X +Hkt̂ +N , X [

  E3 +Hkt̂ +2
N , X+ C +f ( ukN , QkN , ü

k
N ) - f ( PCu

k
, PC Q

k
, PC ü

k
) +2

N , X [

  E3 +Hkt̂ +2
X+ CN

- 2( R- 1) +u
k +2

R, X+ +Q
k +2

R- 1, X+ + u
k +2p

R, X+ +Qk +2p
R- 1, X +

  C [ +Hk +2
1, X+ +D

k +2
X+ N

3( p- 1)
( +Hk +2p

1, X+ +D
k +2p

X ) ] ,

| ( �ukt̂ - PCu
k
t̂ , H

k
t̂ ) N , X | [ +�ukt̂ - PCu

k
t̂ +N, X+Hkt̂ +N, X [

  2 2+�ukt̂ - PCu
k
t̂ +X +Hkt̂ +N , X [

  E4 +Hkt̂ +2
N , X+ C +( I - PC ) u

k
t̂ +2

X+ +( I - P1, N ) u
k
t̂ +2

X [

  E4 +Hkt̂ +2
N , X+ CN

- 2( R- 1) +u
k
t̂ +2

R, X,

| ( u
k
t̂ , H

k
t̂ ) N, X- ( u

k
t̂ , H

k
t̂ ) X | [ CN

- R +u
k
t̂ +R, X+Hkt + X [
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  E5 +Hkt̂ +2
N , X+ CN

- 2R + u
k
t̂ +2

R, X,

| ( u
k
t̂ - 5 tuk , Hkt̂ ) X | [ E6 +H

k
t̂ +2

N , X+ C +u
k
t̂ - 5 tuk +2

X,

| ( (̈ u
k
t̂ - 5 tu

k
) , (̈ H

k
t̂ X) ) | [ C + (̈ u

k
t̂ - 5 tu

k
) +X+H

k
t̂ +1, X [

  E7 +Hkt̂ +2
1, X+ C + (̈ u

k
t̂ - 5 tuk) +2

X,

¨�ukt̂ , 1X (̈ Hkt̂ X)
N , X

- ü
k
t̂ ,

1
X

(̈ Hkt̂ X)
X

[

  (̈ �ukt̂ - PCu
k
t̂ ) ,

1
X

(̈ Hkt̂ X)
N , X

+

  ü
k
t̂ ,

1
X

(̈ Hkt̂ X)
N , X

- ü
k
t̂ ,

1
X

(̈ Hkt̂ X)
X

[

  E8 +Hkt̂ +2
1, X+ CN

- 2( R- 1) + u
k
t̂ +2

R, X+ C +�ukt̂ - u
k
t̂ +2

1, X,

6
3

i = 1

Qk ,
1
X

5
5xi

( Hkt̂ X)
X
- Qk ,

1
X

5
5 xi

( Hkt̂ X)
N , X

[

  E9 +Hkt̂ +2
1, X+ CN

- 2( R- 1) +Q
k +2

R- 1, X,

6
3

i = 1

Ui ( u
k
) ,

1
X

5
5xi ( H

k
t̂ X)

N, X
- Ui ( u

k
) ,

1
X

5
5xi ( H

k
t̂ X)

X
[

  6
3

i= 1

CN
- 2( R- 1) +Ui ( u

k
) +2

R- 1, X+ E10 +Hkt̂ +2
1, X,

| ( f ( u
k
, Q

k
, ¨uk) , Hkt̂ ) X- (f ( u

k
, Q

k
, ü

k
) , H

k
t̂ ) N, X | [

  CN
- 2(R- 1) +f ( uk , Qk , ü

k
) +2

R- 1, X+ E11 +Hkt̂ +2
1, X# 

代上面这些估计式到( 19)中,并利用引理 3、引理5及引理6, 令诸 Ei ( i = 1, 2, ,, 11) 充分小,

则有

+Hkt̂ +2
1, X [ C +H

k +2
1, X+ +Dk +2

X+ N
- 2( R- 1) +u

k +2
R, X+ N

- 2( R- 1) +Qk +2
R- 1, X+

  N- 2( R- 1) +u
k +2p

R, X+ N
- 2( R- 1) +Qk +2p

R- 1, X +

  CN
3( p- 1)

( +H
k +2p

1, X+ +D
k +2p

X ) + CN
- 2( R- 1) +u

k
t̂ +2

R, X+

  C +u
k
t̂ - 5 tuk +2

X+ C + (̈ u
k
t̂ - 5 tuk) +2

X+ C +�ukt̂ - u
k
t̂ +2

1, X+

  CN
- 2(R- 1) 6

3

i= 1

+ Ui ( u
k
) +2

R- 1, X+ +f ( uk , Qk , ü
k
) +2

R- 1, X # ( 20)

将( 20)代入( 18) , 利用引理 3、引理 5得

+Hn+ 1 +2
N , X+ +Hn +2

N, X+
1
2
( + Ḧn+ 1+2

X+ + Ḧn +2
X) +

  +Dn+ 1 +2
N, X+ +Dn +2

N , X [

  C +H1 +2
1, X+ +D1 +2

X+ +H0 +2
1, X+ +D0 +2

X +

  CS +H0+2
1, X+ +D0+2

X+ +Hn+ 1 +2
1, X+ +Dn+ 1 +2

X +

  CS6
n

k= 1
( +Hk +2

1, X+ +Dk +2
X) +

  CS6
n

k= 1
N
- 2( R- 1)

( +u
k +2

R, X+ +Qk +2
R- 1, X+ + u

k +2p
R, X+ +Qk +2p

R- 1, X) +

  N 3( p- 1) 6
n

k= 1

( +Ui ( u
k
) +2

R- 1, X+ +f ( uk , Qk , ü
k
) +2

R- 1, X+
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  +g ( Qk) +2
R- 1, X + N

- 3( p- 1)
( +Hk +2p

1, X+ +Dk +2p
X ) +

  N- 2( R- 1)
( + u

k
t̂ +2

R, X+ +Qkt̂ +2
R- 1, X) + +u

k
t̂ - 5 tuk +2

1, X+

  +Qkt̂ - Qkt +2
X+ +�ukt̂ - u

k
t̂ +2

1, X # ( 21)

由于初值的选取使 H
0
= 0, D

0
= 0, +D

1 +X [ CS
2
, 又有

+u
k
t̂ +2

R, X [ +u
k
t̂ - u

k
t +2

R, X+ +5 tu
k +2

R, X [

  CS4 +53
tu
k +2

R, X+ +5 tuk +2
R, X,

+Qkt̂ +2
R- 1, X [ +Qkt̂ - Qkt +2

R- 1, X+ +5 t Qk +2
R- 1, X [

  CS4 +53
t Q

k +2
R- 1, X+ +5 t Qk +2

R- 1, X,

+u
k
t̂ - 5 tuk +2

1, X [ CS4 +53tuk +2
1, X,

+�ukt̂ - u
k
t̂ +2

1, X [ CN
- 2( R- 1) +u

k
t̂ +2

R, X [

  CN
- 2(R- 1)

( +53tuk +2
R, X+ +5 tuk +2

R, X)# 

故存在常数K \ 0,当 1 - CS \ K 时,有

+Hn+ 1 +2
1, X+ +Dn+ 1 +2

X [ C( +H1 +2
1, X+ S4) + CS6

n

k= 1

( +Hk +2
1, X+ +Dk +2

X) +

  CN
- 2(R- 1) S 6

3

i= 1
6
n

k= 1

+ Ui ( u
k
) +2

R- 1, X+

  6
n

k= 1
+f ( uk , Qk , ¨uk) +2

R- 1, X+ 6
n

k= 1
+g ( Q

k
) +2

R- 1, X+

  6
n

k= 1
( + u

k +2
R, X+ +Q

k +2
R- 1, X+ +u

k +2p
R, X+ +Q

k +2p
R- 1, X) +

  CN
- 2(R- 1) S5 6

n

k= 1
+53

tu
k +2

R, X+ 6
n

k= 1
+53

t Q
k +2

R- 1, X +

  CS5 6
n

k= 1
+53

tu
k +2

1, X+ 6
n

k= 1
+53

t Q
k +2

X +

  CS6
n

k= 1

N
3( p- 1)

( +Hk +2p
1, X+ +Dk +2p

X )# ( 22)

最后, 通过选取 u
1
N 来确定 H1,从而给出(22) 中 +H1 +1, X的估计# 记

Lu
0
= f ( u

0
, Q

0
, ü

0
) - 6

3

i= 1

5
5x iUi ( u

0
) - 6

3

i= 1

5
5x iQ

0
,

它由初值完全确定, 我们构造 �u0
t I ÛSN , 使得

(�u
0
t , VX) + ( ¨�u0

t , (̈ VX) ) = ( Lu
0
, VX)   P V I ÛSN# ( 23)

从( 23)解得 �u 0
t 后, 再求解 �u

1 I ÛSN , 它满足

(�u
1
, (̈ VX) ) = ( (̈ u

0
+ S�u

0
t ) , (̈ VX) )   P V I ÛSN , ( 24)

构造取 �u1
= u

1
N# 下面估计 +H1+1, X,按 P1, Nu

1的定义有 P1, Nu
1 I ÛSN , 且满足

( P̈1, Nu
1
, (̈ VX) ) = ( ¨u1

, (̈ VX) ) = ( (̈ u
0
+ S5 tu

0
+ o ( S

2
) ) , (̈ VX) ) =

  ( (̈ u
0
+ S�u

0
t ) , (̈ VX) ) + S( (̈5 tu0

- �u
0
t ) , (̈ VX) ) +

  ( o( S2) , (̈ VX) )   P V I ÛSN# 

于是有
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( (̈ P1, Nu
1
- u

1
N ) , (̈ VX) ) =

  S(5 tu
0
- �u0

t , (̈ VX) ) + ( o ( S2) , (̈ VX) )# ( 25)

在( 25)中特取 V = P1, Nu
1
- u

1
N I ÛSN , 则有

+P 1, Nu
1
- u

1
N +1, X [ C + (̈ P1, Nu

1
- u

1
N ) +X [

  CS+5 tu0
- �u 0

t +1, X+ o( S2)# ( 26)

而由方程( 3)可知

5 tu0
- $5 tu0

= Lu
0
,

于是

(5 tu
0
, VX) + ( 5̈ tu

0
, (̈ VX) ) = ( Lu

0
, VX)   P V I H

1
0, X( 8 )# ( 27)

若记 P1, Nu
0
t = �u

0
t , 5 tu0

- �u0
t = 5 tu

0
- �u0

t + �u
0
t - �u

0
t = N+ G,则 G满足

( G, VX) + ( ¨G, (̈ VX) ) = (5 tu
0
- �u0

t , VX)   P V I ÛSN , ( 28)

在( 28)中让 V = G, 则得

+G+1, X [ C +5 tu0
- �u 0

t + X [ CN
- ( R- 1) +u

0
t +R, X [

  CN
- ( R- 1) +( I - $)- 1

Lu
0+R, X [ CN

- (R- 1) +Lu
0 +R- 2, X [ CN

- ( R- 1) +u
0 +R, X,

+u
1
- u

1
N +1, X [ +u

1
- P 1, Nu

1 +1, X+ +P 1, Nu
1
- u

1
N +1, X [ C (N

- (R- 1)
+ S2)# 

因此有 +H
1+1, X [ C (N

- ( R- 1)
+ S

2
)# 将此估计式代入(22) 式,利用引理7可知,对一切 nS [

T,当 S2 + N
- ( R- 1) [ DN- 3/ 2e- CT 时, 有

+Hn +1, X+ +Dn +X [ C ( S2+ N
- ( R- 1)

)# 

再由三角不等式,有下述定理

定理  设 Ui ( i = 1, 2, 3)、f、g 满足开始时的假设,问题(3) ~ (6) 的解 u, u t I L
]
(0, T ;

H
R
X( 8 ) HH

1
0, X( 8 ) ) , 53tu I L

]
(0, T ; H

R
X( 8 ) ) , Q, Qt I L

]
(0, T ;H

R- 1
X ( 8 ) H H

1
0, X( 8 ) ) , 53

tQ I

L
]
(0, T ; H

R
X( 8 ) ) , R \ 3# 则存在不依赖与 S和N 的正数 D和 C, 使得当 S

2
+ N

- ( R- 1) [

DN- 3/ 2e- CT 时,有

+u
n
- u

n
N +1, X+ +Q

n
- Q

n
N +X [ C( N

- ( R- 1)
+ S

2
)   P nS [ T# 

注记 1 ( 7) ~ ( 10)为线性三层格式,每层求解仅需解一个线性方程组, 且可利用 FFT 计算, 初值 u1N 可通

过解两个线性方程组( 23)和( 24)得到# 

注记 2 若 f、g 关于变量满足一致 Lipschitz条件, 则对步长 S 无需加任何限制# 
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Analysis of Chebyshev Pseudospectral Method for

Multi_Dimensional Generalized SRLW Equations

SHANG Ya_dong1,  GUO Bo_ling2

( 1. Depa rtm ent of Mathema tics , Guangzhou Un iver sity ,

Guangzhou 510405, P . R . China ;

2. In stitute of Applied Phy sics and Com putati ona l Mathem atics ,

P . O . Box 8009, Bejing 100088, P . R . Chin a )

Abstract: The Chebyshev pseudo_spectral approximation of the homogenous initial boundary value

problem for a class of multi_dimensional generalized symmetric of regularized long wave ( SRLW) e-

quations is considered. The fully discrete Chebyshev pseudospectral scheme is constructed. The con-

vergence of the approximation solution and the optimum error of approximation solution are obtained.

Key words: multi_dimensional generalized SRLW equation; initial and boundary value problem;

Chebyshev pseudospectral method; error estimate
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