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( mixture) ( )

(comstituent) ,

( ) (mixture theory)

[17,18]

* 1957  Truesdell'™ . 3

: 1) (All properties of the mixture must be mathemati-

cal consequences of properties of the constituents); 2)

2
, (So as to describe the mo-
tion of a constituent, we may in imagination isolate it from the rest of the mixture, provided we allow

properly for the actions of the other constituents on it); 3)

(The motion of the mixture is governed by the same equations as is a single body)* 20 60
~ 70 , ,
, [11,12] ’ ,
, (theory of materials with mi
crostrudure) (theory of immiscible and structured mixture)

(mixture theory of composite material) ¢ Bedford  Drumheller!™”

( classical mixture theory)

1.1

Xo= Xaf X, t), (1)
ot , Xaf ) X, ¢ . a
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( deformation function) * , (1) Xa
Xo= Xu(Xa,1)* (2)
. X, ¢
0
Va = Xqg = atxa(Xm t) = atxa(Xm If), (3)
) 2
A= Xx,= %x,l(x,l, )= 01 xa(Xart), (4)
( )(l a * (2) s X(l
x(l t 2
Va = v'l(xﬂa t): (5)
a, = aa(xay t); (6)
t Xq a *
X ( deformation gradient)
Fa = GRAD{lx{l(X(L> t); (7)
detF, 20 (8)
F.
F.'= erad, Xu( x4, t), (9)
FF, = F,'F,= I, (10)
, “DRAD.” Xa N « grada” Xa N 1
. Xa ( second deformation gradient)
G, = GRAD.F,, (11)
Xq a ( velocity gradient)
L.= gradaVa(xa, [) , (12)
L.= F.F.' (13
L. ( deformation rate tensor) da (spin tensor) Wa
L,= d.+ w,, (14)
1 T
da: 2(L11+ La); (15)
Wa = %(La - Liz) (16)
L, () y
Q. a .
N
Prx.1)= D 0(x. 1), (17)
a=1
Q, a , a (bulk density)*
a Ya , Q. Y a (true density)

(material density)* a a
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(volume fraction) ¢,

ba(x,t) = Qu(x,t)/ Ya(x,1), (18)
b, a * $(a= 1,2, .., N)
N
D=1, (19)
a=1
( saturated mixture) , ;
2ibi< 1, ()
a= 1
(unsaturated mixture) , .
X
v(x. 1) = 5 2R, 1) v, 1" (21)
a (diffusion velocity) ( barycentric velocity) us  ve v
Us(X,t)= Vo(x,t)— v(x,1)° (2)
(17) (21) (),
Zpaua = 0 (B)
1.2 Clausius_Duhem
a
Put Pudivva= ca (1 detFal) = | detFal ca, (24a,b)
pava + CVa = dina + paba+ Pa (25)
ta— tuo= M, (26)
paaz+ ca|l & — %U%z] = tI'(thLa)— ddia+ era+ € — Pa® Va, (27)
, Ca a (growth of mass); ta a
( partial stress tensor), a
;Da a ( moment supply) , a
, (local body force) ( inner body force) ; b, a
; M. Ma ( Ma a , ( couple
stress) ) * M, ) xo M.
Max(): m, X xo° (28)
M,
Mot = Max = Ma3= 0, Ma23=- Ma2= mal, 5 4
Ma3l == Mul3 = Ma2, MalZ == MaZl = Mg3, ( . )
& a ( )s qa a (partial heat flux
vector) ; 1, a ;& a *

0, P+ div(Pv) = 0 D=0, (30a,b)
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t=1" YM, = 0
p%: t(f'L) - divg + B Z&: 0,

t: Z(ta_ pauu - ua);

. (34 t
t- v = v= Z(ta,— Pve = va)e
a ( inner part)
n= Y
b a b,
b= 2Pb.

€= l_pZ[pa 81+ %paui] s

1 o _ 1
p[8+ 21)] = GZQI[SL-'- zvt]a
LZ
&= Ql &*
1
qg= qo+ EZQzugua,

qo= Z(qa_ tTaua+ pagaua);

q

q- tTV+ {84‘ %1}2] Vv = Z[qa— tEVa‘}' pa[81+ %Uz}‘/’u]'

= ipra(m bo* 1),
p(r+ b‘v) = Zg(}‘a+ ba’Va).
L= gadv(x,t),

L= Lp DUPL.+ u,  gradP,)e

(3la,b)

(32a,b)

(33a,b)

(34)

(35)

(36)

(37)

(3)

()

(40)

(41)

(42)

(8)

(4)

(45)

(46)

(47)
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(axiom of dissipation), Clausius_Duhem
(entropy unequality) )
Z|: paril + Cu,rlt + dlv[é{L{Z} - %} > O,

a

P%+ Zdiv[g£+ P, | — Z% >0,

C(x 1) Oux 1) a : n
= + e
(2) (48a) Pra (reduced entropy unequal ty)
S enia- ¢, - 22l
€= Pu® Va- Ca[rlaea_ &+ %vi}] >0
Helmbotz (Helmhotz free energy) &,
b= &- 01,

6.

ea_ pa.va_ ca[¢a_ %U%z]] >O
Ou(x,t) = O(x,t) (a= 1,2, ..xN),
O(x,1t) a
(e)a: d6/de + g° Ua,

ZQL[— B bt )+ urelL,) - LB,

g = gradO(x, t)°
(52)
- 2b.- mj—?+ tl Z,(t'i;La)]— &+ D g+ PO, -

zpa' Va — ZC&[‘ba— %1}%} >0’

a

(48a)

(48b)

(#9)

(%)

(51)

(2)

(3)
(#)

(35)

(%)

) , ca= 0fa= 1,2, -, N)*

, (56)
Z[— ql& - ptr]aate— tI'( pn_KaLa) - g_'( ga + ptr]ael)a) — Pa® Va] >0,
qja = padr’a,

PK,= WiI- ¢,
a ; K, a .

£

[21]

(57)

(%)
()
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1) ( ) s (

)1 ( )g
2) 3 , ¢=0a= s1,g)°
( )
3) 3 .
4) ( ) , Yo(b= s,1)
s Yg °
3
31
¢ 7 bla= s1,¢) (19),
b+ e B= 1,
Zatd)a = O;
Zgrad‘i’,, = 0
, (6]
Z(d;a— gradd)a‘ VIL) = (0
Lagrange ) (57)
- Zq} te_ Ztr( pKa a) - Z( qa + anaeva) -
Z(pa— P grad®,)* v,— Pqu >0,
, P lagrange . : .
(= Pgrad®,),
[13],
‘pa: ‘pa(ea Ga pl: Qg” ¢la ¢g)7
C. = F'F, Cauchy_Green . (65) ,

oY oY oY
ky = grad 4 - {a—ggrad% aT;grad‘% a—eig} (f=1Lg).

(60)

(61)
(62)

(63)

(64)

S

(65)

(66)

(67)
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oY oy
- Zkfz grad W — [a_cj[gradCs]+ a_eg},

ks =
oY |0 oWl .
g = F{@C [ac} ] F. = 2F[8C}Fi,
yr=- 0 ﬁl (f=1Lg)r
pr (66) (64)

[Pﬂ 86] Ztr[(paKa+ taR)La]— *qi-

Z[P+ %—;ﬂ? >0
2]
(71) ,
oY,
;[pa_ Pgrad¢a+ ka+ [parlz'F ae] ]: 0,

(3lb)  (62) (68
oW

_ 1,9
=-5"%0"

(71)
- 2l (PK.+ tiw) L] - & qi- fof-(vf— v) -

: owl
P&- P+ |9 20

a s
Jr=pr- Pgadh+ k+ [9?1% —Lﬂg,
- Z‘f: ps— Pgrad® + k+ | Q0 + a_lll
7 00
(74) .
32
(24a) o= O(b= s,1)
b =~ ddivw, = — duely, (b= s 1)e
¥ . A ,
e
Lr= - ‘bzaad;
oY oy
k; = grad‘l’z— {a(blgrad‘iﬂ _eg}
(74)

Dou(tinL,) - ‘g“ql— fz‘ff'(‘.’f— V) + Og";g 20,

Z[p“_ Pgradd)“"" ko+ [er]a+ aalgl]g].va_ P(;b;_

va(a= s,l,g) v- v(f=1g)

, 00

(68)
()

()

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(7B)

(®)

(80)
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taD

tio=- (PK + tg— PRI,
fin=— (K + tig— PHI),
tvi"D =~ (PKy+ Ler),
oW
0% |
ta ,

Og:_ P+

interaction force)* (81) ~ (83) (59)

(80)

s
t.p

Yo

t5= IIJJ+ tsR+ tsD_ Pd)blp
ty= W+ tr+ tp- PO,
t, = lli,,l+ t;r+ t;p°

1

2 ( o) mal da) mat o 2 ( M) W= WeJn— 0 q1-

a, m, n 2/. m, n

Z‘ff'(‘f_ V) + Og(éf >0,
f

fin= S(tw+ €hn),
MaD= taD_ t’le)

5 M(LD tap s

88)
Yo = da,“f— ws:g_:' - Vsadx);’
(thermodynamic force) ,
JO= [tb;l[)y %MD: - q1, - ff’ Oé’
(thermodynamic fluxes) *
Yo+ Jo 20,

Jo= F(Yo; Yro; Y10),

Yeo= (0, G, @, 4, %),
Yio= (G, eg, grad®, grad®x),

* Edelen”!
F= (y)®( Yo Yro; Yio)+ W( Yo Yro; Yio),

(9%

(83)

(81)
(8)
(83)

(84)

(equilibrated

(85)
(86)

(87)

(8)

(89)
(9)

(91)

(92)

(93)

(9%)

(%)

(%)
(97)

(%B)
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(95)

We Yo= O
O Yo, Yro; Yio0)

®o( Yo; Yro; Yio) = JYO F(TYo; Yro; Yio) “; dt,

(98) (93)
08
tuD— ad“ Wt,
%MD— %+ Wi  (f=Lg)
06y
1= 2(g/0)

+ W,

W: (WL; WM”, VV(P Wf’ de).

(101) ~ (105)

w .
top = %2) (a= s,1,¢g),
1 08 ‘

M = N w— w) (f=1g)
0 ®
q1 = d(g/0)
0 9
Al T — (f=1Leg)
o - 9%,
8 = aqbg
1.0 1
n=-
0
=" o(g/ )
po_ 220
T 04 04,

0 &

0 Y
pi=— gad ¥+ | P+ 24 grad®h — Qhg - 3(v-v)

Yia= s,l,g)

06y

oY oW,
De=— grad Yo+ | P+ aT erad®, + ) gradpg Reg - m

ps=-— (pi+ py) =— grad ¥ + P grad® + %C [grad C] -

06

Allg + Za( V= vs)’

(¥)

(100)

(101)
(102)
(103)
(104)

(105)

(106)

(107)
(108)
(109)
(110)

(111)

(73)
(109)
(112)
(113)

(114)

(115)
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to= (W-PA)I+ 2F{%lcﬂ Fi+ %%) Za(wfa_@‘)w?) (116)
o o 338 250
t = (R P+ a(b I+ adl+ 5(w1— Ws)’ (117)
Qw96 a6
fe = { - f agj Y ode T A we— wo) (118)
(113) (75) (79) (110); (114) (75) (67)
(110) ; (112) (84) (111); (115) (31) (113)
(114) (62) (73): (116) (85) (69) (107) (108) (112);
(117) (86) (78) (107) (108) (112); (118) (87)
(70) (107) (108) (112)°
Pa (113) ~ (115) t, (116) ~ (118)
(25). 3
nglgz— ngrad[aaéﬂ+ dlv[aajo a(wj%]+ P.b, +
8 08
O, = - Heorad aa% + div[%%+ a(w?%}+ Qb, -
) 06,
fgrad P~ QMg = 57— (120)
' _ oW 06 0 &y
P, = d‘“{zF“\aCs Fir 57 - fZa—W_ W}Jr Pb, -
ow 00
®orad P+ a—C:[grad Cs] - R0g + fz‘,m (121)
3
Zpav/a = dinI"' pb, (12)
oW oW oW 06
t= { Q ap; ¢ aTJ“ 2anCSIFf+ ;ad:- (123)
(112) ~ (118) (119) ~ ( 121) (24)  (77) (60)
(73) ,
5 x( Xy, t) la Da
qi
42
. (33)
oo Py + X P =
Dotr(favLa) - divgi— D Qra— Z}% (v w)+ Qb (124)

O(x,t)°
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()
di= 0, w=w, g=0 v= v,
Jo( Yo= 0; Yro; Yio) =

?

Yia= s,1,g) ®
Yo Yro Y10
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Constitutive Relation of Unsaturated Soil by Use of
the Mixture Theory (| ) —Nonlinear Constitutive
Equations and Field Equations

HUANG Yi', ZHANG Yin ke"?
(1. Science College, Xi’ an University of Architecture &Technology , Xi’ an 710055, P.R. China;
2 Department of Geotechnical Engineering, Tongji University, Shanghai 200092, P.R. China)

Abstract: The nonlinear constitutive equations and field equations of unsaturated soils were con-
structed on the basis of mixture theory. The soils were treated as the mixture composed of three con-
stituents. First, from the researches of soil mechanics, some basic assumptions about the unsaturated
soil mixture were made, and the entropy inequality of unsaturated soil mixture was derived. Then,
with the common method usually used to deal with the constitutive problems in mixture theory, the
nonlinear constitutive equations were obtained. Finally, putting the constitutive equations of con-
stituents into the balance equations of momentum, the nonlinear field equations of constituents were
set up. The balance equation of energy of unsaturated soil was also given, and thus the complete e-
quations for solving the thermodynamic process of unsaturated soil was formed.

Key words: mixture theory; unsaturated soil; entropy inequality; constitutive equations; field equa-
tions



