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Ip = 'g“(w— v), Iop= ‘g“(vg— Vi), Ir= (vi— vs)*(vg— vs),
Is= (%)° Ir= %uds, Tv= bud, Iv= %irde

@ = ;kzlz (Z= A, B, ., V),

kz = kz( Yro Yi0) = aa%’
(2) ® ([1] (107) ~ (111)),

tin= MA(tedg) I+ 2Ud, + 2Vd;+ 2W,d, + kr b,
tio= M(ud)I+ 2Wd, + 2Wd+ 2Wd, + ky b,
o= Ae(tdy) D+ 2Uud, + 2Mgdy+ 2Wd, + ky b,
Mip=-2%(w— ws)— 2% (we— ws),

Mep = — 2%i(wi— wo) = 2% (we— W),

Mo = - fZanz 2 G+ L)W= W)+ 2 Pt G)(We— W),
_ g _ _ _

q =— 2ky 0 kp(vi— v)— Ko(ve— vs),

fi==2kn(vi— vs) = kr(vy— v) - kp ‘g‘,

fe== 2ko(ve— w)= ke(vi— w)- ko .

fs=- fo: (2N + kR) (vi— ws)+ (2ko+ kr)(ve— vs)+ (kp+ ko) g_,

f
0, = 2ks‘;%+ krtrd, + kytrdy + kytrd,,

M= 2k, M= 2k, A= 2ke, VW= kp, W= ki, Hy= kp

W= W= The M= My= ki W= M= oh
A= N= M= M= M= MN=0,
P= 2k, Pp= 2k, Bp= %= k-
(4)~ (14) )
kz(Z= A, B, .., V) Yro
Yio .

. (4~ (14)

(1]

Doha(trda)’ + 2 Dbhatrds + 4 Wir(didi) + Yot dide) + Vestr(deds)] +

2ksbZ+ 2k bird, + 2ky bivd) + 2ky Burd, + Gyl (wi— wy)"(wi— w)] +

Ctr[ (we— W) (W= w) ]+ 29uf (wi— w)'(we— w)] +

(la~ v)

(2)

(3)

(4)
(5)
(6)
(7)
(8)
(9)

(10)
(1)
(12)

(13)
(14)

(15)

(16)
(17)

(88)),
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2

2k *éi + 2y | vi— v %4 2ko | we— v, 1%+ 2kpge—-(vl— V) +
2ho §* (ve— vo) + 2hr( = vi)*(ve— vi) S0 (18)
D Cutef/ (Wam w) (W wy)] 20, (19)
ac= 1l g
1 1 >
D W | do- S(ud,) 1] | d.— S (wd)1| | 20, ()
a,c=sl,g
2
kot g~ + byl vi— v %+ kol ve— vo %+ kp %-(v,- v,) +
ko & (ve— vs) + kr(v— w)*(ve— w) 20, (21)

2. f)\w+ %Um] (trd,)(trd.) + 2k5(¢;g)2+
a,c=sl,g

’

2r hird+ 2ky biedi+ 2kyird, > 00 (2)
| ky %kL
ey ] = { , (23)
e TR
kp ke Tk
[ Pac] = ch ke lkbr (24)
ac 2 2 2
1 1
_Ekl Eky kr |
e L L]
Mo g P ke
1
PR LU (%)
L b )
' 2 2 2 ]
}\Ss+ ?uxs }\sl+ ?usl )\sg+ ?p‘sg kT
2 2 2
1| W+ W N+ W N+ T Ry

3 3
2 2 2
A + ?Ugs A+ ?pgl Mg + ?pfgg ky

L kr ku ky ks
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o + %ku %kc %k, %ky
%kc kg + %kE %kH %kU
%k, %kH ket %kﬁ %kv
I %kT %kU %kt ks_
kz(Z= A, B, ... V)
2
F.\‘: I
"pa: "pa(e; a; qu ¢l, ('%)
+ y[* y
W, = uz+[%§ﬂ (e—eg4-z{{%di EJ+[%gﬂ (B- )+
aqja * + L az lHt * + 2
;a?] (- &)+ 2{892] (0- 0 )"+
o w |t } ow,|” .,
2tr[ Soc| E| (0= 0+ aeapj (Pg— P)(0- 0 )+
82% + 82
2tr 0| [Ed| B+ 2tr] C E|(P:- )+
1 aija a 4 +
E ap§ (p )"’ Py ¢a¢c - F)(b- )+
a lya o+
2tr[ 2. aqa@] }(@ ¥ )+ Z[apa?] (A= PL)(h= )+
Y| Ot 0_ o
4 000 ¢ (¢- F)(0-0),
“p” : E, a
E. = %[GRADWG(X, 1)+ (GRADW,(X,1))"],
,“GRAD’ X - W a
WX, t)= xo(X,t)- X
E, C,
C.= I+ 2E>
(29)

W= Wi- @0 (0-0)-(W+ &8 uwE+ MR- P+
G (bom )4 S (h- B ) %v (0- 0" )>— w(B'E)(0- 0 )+

(%)

(27)

(8)

()

(%)

(31)

(32)
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T;[Bdé’_} (e_ 9*) + L’[1“[E5(A+ [E])] - tr(J:gEs){P%FT&}+

P

_ 2 ¢, ¢,
bl 4o 50

42 ﬂ
®+(¢ ) — tr(JézE) + tr(PégE)(¢— ¢g)+

Xe p; 4)1 ¢, +{£_&péa}(¢g— )+

)+ G (b= H)(0- 07,

ZLP + 2 ZW +
) 82 lyl + N . aZ ‘1’1 + 82 11_;1
Py 2[aaa<@ Ne = ‘Plpé’[ag,aqa e == P 303
N 82 1}’] + ) 82 IIJI +
R T {aeaq@
(33) (L1 (7B) (69 (78) (70)),

M= O T+ V(0- 0 )+ t(BIE,) + Tor(E,) +
Tu(E)- € (b- ),

th=— (W + B &)I-2( W+ #8,)E,~ B, (0-0")+ A"[E] +

JsetrEg + JatEr + Ptg(qbg_ & ),
tr=-[H 8 (1- wE )~ NwE - Tiy(h- ¥,) -
tr( JuE;) - NgtwEg+ T (60— 07)]1,
ten=~ [ V(1= wEy)~ NwEi— Uy(d— &)~ vl JE:) -
NottEg + Tp(0- 07)] 1
(24 (77)
R- O
Pe
b= 9
¢

= - trEg,

=- trE;*

. owl* . _[ow
PP = % (W4 ﬁsg)l_—z{ac} ,ug_[apg

(33)

(35)

(%)

(37)

(%)

()

(40)
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([1] (84)) Lagrange P

P= - g—i:— o, (41)

0 W/ oy

oW . . , . . N ,

9 - S + TitrEi+ @ d— b)) + tr( Phls) + ThetrEy + O4(0- 6 ) (22)

ty = Lp+ %857?1, (43)

L= tr+ ‘Q%—;le, (4)
([1] (85 (86))

ty= WI+ to+ tp+ ROI, t;= W+ ti,+ tin+ O (45)
(36)  (37) (42)  (40)

¢ = #(1- vE,) (46)

(43) (44)

te=— Wi+ A[E ]+ uf( WiI+ Py)E ]I+ (6 Tid + Ja)uwEi+

(BT + Ji)uEg+ (6, BT+ Piy)(b— &)+ (F,600—- By)(0- 0 ), (47)
fo={= W (W A+ NJuE+ uf(HPy+ Ji)EJ+

($Th+ NjuB,+ (¥ s Ty)(h- $4)+ (H6,— T)(0- 0 )} 1, (&)

A
A[E] = A" [E;]- 2 W + &8 )E~ (W + #8)(uE)I* (49)
(111 (60))
h— by=— (h— b ) - (b= &)= HuE+ HuwE, (50)
(47) t,. (48) tr (38) ter

te=— WiI+ tr{[( Wy &) T+ Pt-g]Es}u S PutrEs + Al Es] +
(BTl + Jig)uwEg+ [b0(Tig+ & )1 +

(Ji+ B Py)JuwE + (¢ 6,I- B,)(0- 0), (51)
th=3- W+ [ W+ F(db+20%) + NJuE + uf(( FPy+ Ju)+

FE(Tp+ O G)DE]+ (P T+ N)wE,+ (H G, — T,)(0- e+)}1, (2)
Ler = {_ W+ (Wt Xe)uwBEy+ vf (Jg+ A Tl)Ef +

($Th+ NJuEi- T(0- 0 ) (53)
B, = B, Ju= Jul, Ju= Ja, Py= P, A[E,] = N uwE)I+ 2HE,* (4)
(51) ~ (53)
te= [- W+ AwE+ ANuwEj+ AgtrEg+ koo(0- 0°) ]I+ 2WE,, (55)
th=[- U+ MuE+ MNuE+ ApwEg+ ka(0- 0 )1, (56)

ten= [ W+ AjurE,+ AguwEj+  AguE,+ koo (0- 07 )], (57)
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’

A= A+ W4 ¢f§2®z,+ (1+ & )P,

Ni= Wi+ #(Hd+ 200)+ N,

A= Wot N, Ag= Ny= T+ GED, + Jg+ HP
Ng= Ag= Pilu+ Ny Ag= Ag= BT+ Jy,

ko= .6, - By, ka= # G- Ty, koy=—- Tg°

’

’
sg s

3
(35)
n= T4 tl{[{@ﬁﬂ% %2']1+ 1;_’;} ES}+ {PEHW T;%Pﬁwgg‘]trlfﬁ
[pg,rh g—f—}trEg+ %(9— 0" ).
(50) P
p: Zpa: g— ;g;ztI'Ea'

(10)
qi= - 2k §— ke(QWi— QW) — ko(QW, - dW),

( ) = 0i va= O,W,, grad= GRAD-
(41) (14) (42) (50
1 T
0E,= d, = E{GRAD(@[WL)"‘ [GRAD(a[Wa)]l},
Lagrange P
P=-{ G+ (Tt 60 JuE + uf(# G+ Pl EJ + Uitk +
@;(9— 6*)+ (2¢J§ks+ kT)trds+ (Z(ﬁ[ks+ kU)trd/+ kvtrdé}'
(45 (4) (5 (9 (D (14) (51) (52,

th= (WU— W)I+ AJEJ+ [( Y+ $2T )1+ (1+ & )P, JuE, +
(DT d + T trEg+ [( DT+ H6 G )1+ (Ju+ $Py) JwE +
(GdI- By )(0- 0")+ 2W,d,+ 2W,d;+ 2V, d, +
( Asptrds + Aavtrdi + Agotrde ) I +
(Pur+ C)(wi—w)+ (Gt C)(We— W),

t = {( Y- W)+ [ W4 b (H D+ 20%) + XijuwEr+
(P Tee+ N)wEg+ u([(B Ui+ GG ) I+ (Jau+ PiPy)]E) +
(@bl — Ti)(0- e+)}1+ W, + 2Wd; + 2Vd, +
( Aiotrds + Aintrdi+ Agotrde ) I Fu(wi— ws) — Pu(we— ws),

Ap= M+ 28 kr+ 200 %s, App= N+ 28 ku+ 24} s,
A= Asp= Bhr+ 20 Bks+ biku, Agp = bikv, Agp= Dikve

(8)

(9)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)



131

([1]  (118)) (6) (8) (57) (50)
to= {(Wm W) (Wt NuE,+ (9T + NuEr+
tr/ (Jyg + ¢t»r*;gl)E5]}1+ ( Aetrds + Agvtrdi + Aggdtrde ) I+
2, d+ 2V d+ 2V d,— Pg(wi— wy) -
Fog(We— W) - T;'(e_ 0 )1,

/\ng= AsgDa Ag/D: AlgD» AggD: )E,'g'
, (60) (66) (67) (69)

b, ; . PG+ T
N= T+ {p;rh _E;‘—B trE,+ | @+ l—gF;—l}trEH

{Q,lff+ g‘-f]trEg+ %(6— 0" ),
th= ((W— W)I+ [[AwrE+ NwE+ AgrE ]I+ ( Agptrd, +
Agptrdi+ Agptrdg) I + 2WE + 2V,di+ 2Vgd + 2V, d, +
(Pr+ B)(wi— wy)+ (Bt Ppu)(we— W)+ kao(0- 07)1,
= (Y- W)I+ [ MuE + NuE+ AgeE ]I+ ( Agpted, +
AﬂDtI‘dl+ Althrdg)I+ 2111ds+ 2”11d1+ 2ulgdg—
Qu(wi— w)— Pu(we— wy)+ ka(0- 0")1,
ty= (Y- W )I+ [ AywE, + AguwEj+ AguE ] 1+
( Agptrds+ Agvtrdi+ Agotrde ) I + 2V ds+ 2V di+ 2Vg dy —
Ci(wi— ws) = u(we— w)+ k(0 0 )I°
(L1 (113)~ (115))

k
pl=— GRAD W — W GRAD(wE:) - | @1l + eTP GRADO-

2kn(O Wi — OW,)— kr(O W, — O W,),

pe=— GRAD W, — W;GRAD(uE,) - | BTy + g#}GRADe—
2ko(0:We— O:Ws) — kr(0:Wi— O:Wi),

ps=— GRAD W,— W;GRAD(uE)- | @1 - kp(;’—kQ] GRADO +
(2kv + kr)(O:Wi— OiWi)+ (2ko+ kr)(0:We— O/Wi)*

Pa(a= s,1,g) (33) (65)°

~(77)

(72)~ (74)

([ (25))
P.0iWy = DIVtw+ pac+ Coba,

o = [ D AutrE, + Z'j\,wntrda] I+ 2UE + 2 D Pd, +

(Cu+ Ca)(wi— w)+ (Rt Cu)(we— w)+ Ko(0- 07)1,
t, = { ZAlatrEa+ ZAlaDtrd(J I+ 2 Zp'ltda -

(®)

()

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(75)

(78)

(M)
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(1) —

(78)  (86) : »
pae. Lae a 5 te s Pae a
4 Biot
(79~ (81)  (87) tw to

(Pll(wl_ w.c) - ('Plg(wg_ WG)+ Kel(e_ e"-)I,
tye = [ZAg“trEa+ Z/\gaptrd,JI+ 2 DM, -
<'Pgl(u)l_ wx)_ (ng(wg_ ws)+ KGg(e— eJr)I,

pee= (2kv+ kr)(DWi— OWo)+ (2ko+ kr) (D:We— OWi),

Die = — ZkN(azW— atvvs) - kR(atw{g’_ 8;Ws),
Pge = — kR(atVVI— afWJ - Zk()(aﬁ%— afW)7

/

Ae=" A= W= A+ 420+ (1+ )Py,
Neo="N- W= ¢>z(¢1 e+ 2T ) + Ni,
’ + + k
Ag="Ng— Wy = Ne, Koo = hao— | BT - er P}’
+ kp + kﬁ
Ko = ko— | G0 + 3k Kog = kog— | Oblle + =k

(B)
DP.0W, = DVt + P b,

ti. = [ Z AptrEp + Z AathrdJI+ 2UE, +

a b=s 1l g a b= sl g

2 D Hydy+ K(0- 0 )1,

a b=s Ll g

Zlkea *

== PL+ 2 2P| dim Tuwd1]= Glwi— w) = Flwo— w),

tge = — ¢2Pgl+ ZZ‘}Jga[da— %(trda)l]— (‘Hg(Wl— W.\‘)— (‘ng(Wg— Ws),

te = [ ZAsatrEa+ Z{AWD"‘ %USJ trdJI‘F 2usEx+ 2 Zpia[da

Ko(0— 0" )T+ ( %+ Cu)(wi- w)+ ( %+ Pu)(we— w) =

fio + [Z#Pfjl- 2 a[d,,- %(trda)l]+
Z‘Pf(wz— ws) + Z‘ng(wg— we),

o= [ Z(P}P] 1+ | Z‘/\mtrEu+ Z‘{ Aup + %u] wd, 1+

2LE, + 2Zuba[da— %(trda)l]+ Ko(0- 071,

a, b

%(trda) 1] +

(80)

(81)
(8)
(83)
(84)

(85)

(86)

(87)
(83)

(89)

(90)

(91)

(92)
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P P,

velocity)

g

#i[ D NatrE, + Z{Alm %H] trd, + Ka(0- 9*)] : (93)
P, = (b%g[ D AeatrE, + E{ Agab + %ug] trd, + Kog( 0— 0 )] , (%)
) ¢ L :
u Uy
U= i ( Wi- W), (9%5)
U= Fc( Wem W), (%)
. U l]g
o.U = #1(OWi- OW), (97)
0U; = 4 (0W,~ 0W,) (%8)
, (filtration
(specific discharge)*
4 == U, (9)
L= 0 G (100)
& (92) ~ (%%

tre= LAe— MU— MG+ Apde— Mpdili— AgnOily +

K(0- 0 )] I+ 2BE, + ZZIJI,a[da— %(trda)l], (101)

Ko
Pr=- Me+ MuS+ MG - l

(6— 6+) - }\C[]_)a[€+
Myn0 .S+ Mpn0: S, (102)

K \+
Po= = het Mol M= 5(0= 0)= Al

Mgin0:&+ M gn0:5,, (103)
- Aa
e = ."Ws, g = dja;. Mab= Mbtl— 0{1(1[7,
AabD+ (2/3) U,d,
Map = Mpap = 0 ,
an(thab = Z’/\(lba
1
Ap = ;GaﬂbMabD = (ﬂ/\ldnﬁ %p’nb} , (104)
1
M= DMy = _,ZAqf>
Mp = ZaaMafD =7 Ay + llryf]

((I, b: S, l: g;f: l’ g).
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(89) (90) (101)~ (103) (78) (86),
mdiUi+ VoW =~ <P - . 2;}1,0[@— %(trda)l]—

T +
Qulwi— ws)— B wg— Ws)}— K—Ha;Uz— [%’“atlm Yi by,

medtUs + YeOiWo = — =Py~ .--'-{2Zuga[da- %(trda)l]—

1
Q%

Cer(wi= ws) = Tpe(We— wy)p— ia;Ul— iangﬁL Yb,,
Kgl Kgg

P aWe+ DO = W Wk (At ) Tem MG A TG+
Z

Mo (Do) = A (D) = b (Dile) + K 7O+

2-".' Zuab[da— %(trda)l]+ g b,
a, b

Y o 2ky T 2ko Tl T kr

"= ;’ Ku = ?’ K = g’ Ka ~ @: 0g”
Ku(a,b=1,g) (coefficients of permeability), T, T,
(viscosity) *
(101)~ (103) (105)~ (107)  Biot'”
s Biot .

A= 0, Hyy= 0, Myp= 0, Ap= 0, Mp= 0, 0= 0",
= U= %= %= 0
Biot (101) ~ (103) (105) ~ (107)

tie= Mel + 2KE,— NG — NS,

Pr=- Me+ MuS+ Mj%,

Py=— Me+ Muli+ My,

+ . il +
motUi+ Yi0iWi = — P - K—H&Uz— Kﬂzang+ Yibi,
mga%Ug"' YZ&W\:— APy - latUl— 1lg'atUg"' Veby,

Ky Ky
P oW+ DN = b+ P b,
7
3, (101)~ (103) .
5 Darcy Biot
Darcy
51 Darcy

Darcy

)

[31s

(105)

(106)

(107)

(108)

(19)

(110)
(111)
(112)

(113)

(114)

(115)

Biot
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Darcy .

(105)  (106)

! o - N
K;a,UHKlga,Ug =— P+ Yib,
T )
KzatUl+ K%a:@:— o Pe+ Yzbg'
) (108) kr= 0, Kgl = Klg_> coe 2
o= KU p by - L e i
U = rlz(_' 1+ lz)_ZkN(—. 1+ Yibi),
K ) 2 .
oy, = _rf(_ Pyt Viby) = 2_]:7) - Pg+ Yib,)*
(108)  (104b)-
Lo
'Y 2k
<ﬁ'2
kg: _g_,
2ko
¢ # n S
¢ = nS,
¢z’ = TL(]— S)a
(120) (121)
b = (rLS}Z
T 2ky
b = [n(]1- S)Zz.
&= 2ko
, s Lloret! ¥
lgke  lgn , & .
, Darcy
52 Biot
Biot 2% (
8 Terzaghi Biot!*!
. L1 Biot
’ ° BlOt
Biot .

(116)

(117)

(118)

(119)

Darcy

(120)

(121)

(12)
(123)

(124)

(125)
lgk;

(126)
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b, , . (D)
kc= 0, kp= 0, ky=0, by = 0, kx = 0, k= 0, ko = 0,
ko= 0, kr=0, ks=0, kr= 0, kuv= 0, kv= O°
(34)

=0 Pe=0 Ne=0, Fg=0, & =0
(68)  (70) (85  (104)
=0, Map= 0, kboe= 0, Koig= 0, Az = 0,
p= 0, Mag= 0, Mo = O (a= s,1l,g)°
(110)~ (112)
tie= MNel + 2UE — NG,
Pr=— Me+ Muy%;
(113)~ (115)

N
it
Rt

l-l+_07 g—O,TZ,:Oth:O xg:O Wg= 07

R
O oW, + Vidili= oti.+ O b;
(130)~ (133)  Biot'” . Biot
Biot ; Darcy
; Biot .
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Constitutive Relation of Unsaturated Soil by Use of
the Mixture Theory ( II ) —Linear Constitutive
Equations and Field Equations

HUANG Yi', ZHANG Yin ke"?
(1. Science College, Xi’ an University of Architecture &Technology , Xi’ an 710055, P.R. China;
2 Department of Geotechnical Engineering, Tongji University, Shanghai 200092, P.R. China)

Abstract: The linear constitutive equations and field equations of unsaturated soils were obtained
through linearizing the nonlinear equations given in the first part of this work. The linear equations
were expressed in the forms similar to Biot s equations for saturated porous media. The Darcy s laws
of unsaturated soil were proved. It is shown that Biot' s equations of saturated porous media are the
sinplification of the theory. All these illustrate that constructing constitutive relation of unsaturated
soil on the base of mixture theory is rational.

Key words: mixture theory; unsaturated soil; linear constitutive equation; linear field equation; Dar-

cy s law;, Biot' s equations



