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: . ( )
’ X t
F(u, wi, thy, Uee, i, ---) = 0, (1)
F .14
u(x,t) = f(b, &, &, bu, b, --) + uo, (2)
Gi(b &, b, b, b, .)= 0  (i= 1,2, .yn), (3)
b= Hx, 1), f LGi(i= 1,2 -y n) ¢ .
®, ¢(x, )= 1+ eax+ﬁt+y. . i
(3) , ¢ , (1) .
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[ 4~ 10]
w4+ uuy— He+ %uxx = 0, (4a)
Ht_ (Hu)x_ %Hxx: 0 (4b)
Whitham™  Broer @ . . .
(4) [4]
0 il
u(x,t) = a%ln¢+ c, H(x,t) = alend’ (5)
c ¢
B~ c#— Tk = 0 (6)
d)xt— C(;bxx— %d‘:x\: = O, (7)
By ch— TFh = 0, (8)
zqécqut‘k d)xxd)t_ 3c¢xq§cx_ %q%x_ d)xq?cxx = 0’ (9)
quxt_ Cd)xxx - ¢xxxx = 0 (10)
, (6)~ (10) , ¢
B b S = O (1)
) (11) ;
A (11) ¢
Bix,t) = kot Dikia!" Y, (12)
i= 1
a> 0 (lil, qa; BL * k] Yi(i: 1,27 ...,n;j: 071,2, 7n)
k #0
(12) (11),
Bi= ca+ %(ﬁlna (i= 1,2, --,n)* (13)
(12) (13) (5), (4a) (4b)
N g [ax+(ca+ lﬂ%ln(l}t+ v/
]nai;akla 2
u(x, t) = o - + ¢,
ko+ Zkia[a’_m (¢ a+ %a‘[lna} i+ yi]
i= 1
1n2a i (Iz’k a[alir (ca+ é—aizlna) ]
H(x,t) = = -

n
kO + Zkal ax+ (ca+ é—azlna) H Y/
i i i i i

i= 1
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n
Ina Zaik‘(l[a'x+ (ca+ %ﬂz_hlu) Y] 2
1 t 3 i i

i=1

n
ko+ Zk.a[ ax+ (¢ o+ %Clzihm) v
12
i= 1

i=

a= e (4a) (4b)
Z(Iik‘e[a’” (ca+ %aﬁ)u v/
1
u(x,t) = —— 12 + ¢
k0+ k‘elalﬂ(caﬁ jai)t+ Y./
\ 2 [Clx+(c(1+LC(2)t+ Y/ \ [ax+(ca+la2)t+ Y/ 2
Zaikie i 20 ; kel T2 ;
i= 1 i= 1
H(x,t)= " 12 - < 12 :
o+ Zkiefﬂlx+(€ at Fa;)u Y] Eo+ Zkie[alx+(c a+ 3d)t+ V]
i=1 i=1
hi=1(i= 01,2 ) |, e a= 1, (4)

k
wi(x,t) = %altanh%[alx+ [ca1+ %aﬂ 1+ Yi+ ]nﬁ)]+ Lc11+ c (kiko> 0),

2
k
Hi(x, 1) = +alsed’ %[m“ cart il v Vi hlk—('] (koki> 0)¢

[4]

k
usr(x,t)= %alcoth;_[(llx+ [c ap+ %af}w Yi+ ]n[— k—(ﬂ]+ ;—a1+ ¢ (koki< 0),

Ha(x,t) = %a%csch2%|: aix + [c an+ %(ﬁ] L+ Y1+ ln{— ﬁi—;ﬂ (koki< 0)e
[4] .
B (11) ¢
by(x, 1) = _Z(;%(t)(x+ x0) ", (14)
X0 ,@(i= 01,2 ... m) 13 .
MATHEMATICA, (14) (1) (x+ 20)(j=0,1,2 ) 0,
W(i= 01,2 - m) c a(i= 012 -m) .

, o m=3
3 3 2 2
Wy = c¢cot”+ (¢ c1+ 3cco)t™+ (cea+ ci)t+ ez,

W = 3c¢eot’+ (2cc1+ 3co)t + c2, @2= 3ecot + c1, %= co,

co ¢l c2 ¢3 . (4)
3co(x + x0)>+ (6ccot + 2¢1)(x + x0)+ 3¢ cot’+ (2cci+ 3co)t+
u(x,t) = D(x.t) + ¢,
6co( x+ x0) + Oceot + 2ci )
H(x,t) = D(x 1) - (u-c¢c)’,
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D(x,t) = co(x+ x0)°+ (3ccot+ c1)(x+ x0)°+ [3c’cot®+ (2cci+ 3co)t+

] (x+ x0) + oot + (cFer+ 3eco) P+ (ceat ci)t+ o

C B, i
B, ) = -_Zo““‘(x”i’ (15)
m= 2 (4)
2 “2w €l ﬁm J2¢(2ci+ s
- »/5002t2+ 2coxt + J_ch4t + J%t ]J 2 —x — ( Cll )

5
u = + c,
|:czt2— [JE“_ CAJH A] Tyt + [262 _C3Jt+B
c
[ﬁoczt + (dccox — 4e2+ Jacc4)t+ M]e

C_
H = < - (u- ¢)}
|:czt2— [ﬁczm. CAJ ¢+ A] “yocitt+ [J_Zsz_ CJ t+ B
C

J_202+ cC4 2+ c%c+ c2+ cc4 JE
= = = «x — = J2¢0;

D201 J2¢)" ¢ Jaepf2e- 1) ’

A ﬁcz+ cCq4 9 c2+ ccq
= + + co;

2e(f2e- 1) " 2e(f2e- 1) €
B = ;cl 2 J_20(2cz+ c3)cix + cs;

202cer + 2eey 2 402 ¢ccr— 22+ 2ces c2 2+ ccy
M = X+ X+ — - 2cc0+ —

J2-1 c(1- J_Zc) ¢ c(1- JEC)
c0, Cl, -+4 C5 °

D (11

bu(x, 1) = co+ Zsm[ }2);— v jexp(- a— N+ i), (16a)
=1
bs(x,t) = co+ Zcos[ J2X- czx]exp(— x— N+ ci)* ( 16b)
i=1
(16a) (16b) Blick lund (5), (4a) (4b)
Z[ JZ)\;— ¢ cos J2}u— ¢x— esin 2 X- cx]exp(— o — M+ ci)
u(x,t) = = + ¢,
co+ Zsin 2N - Crexp(— - M+ ci)
=1

H(x,t) =

ZZ[— ¢ J2N- cFeos 2N - Fx+ (e*= N)sin 2N - cx] el M)
=
co+ Zsin J2h— xexp(— - M+ )
&
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m 2
Z[ J2)y— cos JZ}p— x— csin IZ)\,-— c*xjexp(— ex— M+ ci)
i=1
co + Zsin 2XN- c*xexp(— ex— M+ )
i=1

Z[ JZ}\L— ¢’sin JZ}L— ¢x + ccos J2 N - czx]exp(— o — M+ ci)
=

w(x,t)=- = m + ¢,
co+ Zcos }2);— irexp(- - M+ ci)
=1
H(x,t)=
ZZ[C J2)\L— ¢ sin J2}£— e+ (02— N)cos J2N- czx]e(ﬂk <)
i=1
co+ Zcos }2)\5— Crexp(- - M+ o)
=1
m 2
Z[ J2)y— *sin JZ}y— Fx+ ccos [2N- ¢’x]exp(— M- ex+ ci)
i=1 .
co+ Zcos J2N- Fxexp(- v — M+ ci)
=1
E 5 5 (bl(l’z 1) 27 A 5) (11) ’
5
b(x,t) = co+ Zcﬂbi(x, i), (17)
Py
¢(j=1012 ...,5) . Blicklund (5), (4a) (4b)
5 5 5 )
Dcit D cibu [ ch*d%x]
i1 =1 =
u= 5 + ¢ H= 5 - 5 5
co+ Zcﬂ)i(x, t) co+ Zcﬂ%(x, t) [co+ Zcﬂbi(x, t)]
i=1 i=1 i=1
b(i= 1,2 ..,5) (12) (14) (15) (16a) (1l6b) -
(2+ 1)_
(2+ 1)_ 1
wi+ Ho+ %(lﬂ)x,,: 0 (18a)
Hi+ w+ ()4 ty = 0 (18b)
[4]
u(x,y,t) = 2i1n4)+A H(x,y,t)= 28_21114)— 1 (19)
s ) ax > s Jo axay >
b= dlx,y,t)
lnyt"‘ A"bxxy + bexxy =0, (20)
lPx(bylbt‘i' A"b)(bi"‘ (bwq)x(bwc =0, (2’1)

lbx (byt + (bxy(bt + (bylbxt + A “by Ll%\:x + 24 lbxwlbx + lbxx lbxy + "bx bexy + Lb)“bxm = 07 (22)
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A
(1) . (20~ (22
1 (20) ~ (22)
& _ (v ) DA [AQ(y )+ a3y )b () ] B(y)
(2 yi1) = aly)+ Daly) : (3)
coly) Di= Di(y) ci(y) ai(y) B(y) (i= L2 «.m) y Di(y)> 0
Di(y) #1* (23) (19), (18)
23, () DA [AG () @)D ()] 1+ B ()
2eily) a(y)
u = m - +A, (24)
: . D%(}*)x—[/lﬂi (y)+ d;(y)InD(y) e+ B(y)
aly)+ Dely)
2_2[(Ciai)y+ i/ 2[ coy + Z(Cin§+ CiQi):I _Z:cioul)ig
H: i= 1 _ i=1 i=1 _ 1’ (25)

i)+ Dely )k [eotr)+ Beatwp]’

Q: = D{i%?+ Di|:(]iyx— [Aa,-y+ 20,05 InD; + C(%ll)).}t+ Bl}]},
E= a(y)x- [Aa(y)+ @(y)nDi(y)]t+ B(y)*
co(y)=ci(y)=1 Di(y)=e(i= 1,2, ..., m), (24) (25)
(18) (1Y,
m= 1L Di(y)=e , (24)(25),

ui = @y tank %[ a(y)x— (Aa(y)+ diy))e+ Bi(y)+ In DL }}Jr

co(y)
ai(y)+ A cico> 0
Hi= %[alyx— (Aay, + 2aiay,) 1+ By, + “2- cff] sechz{%[ a(y)x -

[Aa(y)+ ai(y)] ¢+ Bi(y)+ In z—;((-j%)z] + (Ilytanh{%[al(y)x—

Cl

(Aai(y) + a%(y))t+ Bi(y) + ]nc()giﬂ + aiy— 1 cico> 0;

ur = (Il(y)coth{%[al(y)x— (Aai(y)+ al(y))i+ Bi(y)+ h{- Z—(‘)gm}
a(y)+ A cieco< 0,

Hyr=- l|:(11yx— (Aayy + 2aray, ) e+ B+ %— &} csch{%[ a(y)x— [Aa(y)+

2 o
ai(y)] t+ Bi(y)+ In| - %]}Jr ayy coth %[al(y)x— [Adi(y)+ ai(y)]t+
Bi(y) + ln[— %ﬂ} + ap -1 cieo< O

ZHANG (39 ("™ w Hy ,  ZHANG w  Ho,
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2 (20) ~ (22) P

bo(x, y,t) = _i;ki((hi+ B )(t— t0)', A= 0, (26)

kifav+ By) (i= 0,1,2 ..m) v+ By < (260 (20)~ (22)
(t—10)'(i= 0,12 om) , L= to,(t= t0)", «s (1= to)"

ki(a+ &) (i= 0,12 .m)

2(m+ 1- 1) 2Amt1-i)-j
2. i—-m . m ((Ix+ BV}
k(a+ By)= (- o) " (m- ”"U N Y

(i= 0,1,2 - m), (27)
a(j= 12 ...) s (19) (26) (27), (18)
Am il Ameip 1) _
_0[(‘ @) "m= 1| 7 Z ; ((2((Mm+ BLy))+ - ])]( t)'
(B)
m _ m 2(m- 2(m—z) J .
5] i o[ G 2 BE
H(xay7t): M(xyt) -
Tuix g, 1= 1 ()

m ml| 2y v Yme i+ 1 i
M(z.y.1)= zzo“[( a) " (m— i) ’[ } ,Z‘ Y ((ZC(mer—Bivi 1 _j)j.r] (t— 10)*
m= 1,2 .. , (18) .

3 (20)~ (22)

P, y,t) = co(y)+ i:sin[ﬂﬂi(y)x]mp[m%(y)H vily)] (A= 0), (30)
ba(x, o t) = cof )+ i]sin[% me] exp[— St ily)+ }t]

(A #0), (31
by t) = aofy)e Do [aly)slespMi(y)ie W(y)] (A= 0L ()
be(x,y, 1) = coly)+ i‘,ms[% mx] exp[- Swt fy)+ k]

(A #0), (33)
co(y) ai(y) Yi(y) (i= 12 -om) y ;A . (30) (31)
Blicklund (19), (18)

2 25y cosf ek (y) e expl Mal(y) e+ i(y) ]
us(x,y,t) = —— m (A=0),
col y) + D sinf [ ai(y)x] expl Xal(y) e+ i y)]
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Hs= 2{2 SN ayeos Jdai(y)x = JAu(y ) ag asinl/ My )+ ai(y) (2 iy ¢+
Yiy)eos [ Mai(y ) x ] expl Mi(y )1+ Yi(y)]}[m(y) + l_;i:sin J Ny )x %
exp( Mi(y )i+ Yi(y))) T = 2us(x, y. 1) ><{coy+ iilffmcosfmm“
[2Xayt + Yy Jsind Mi(y ) x]expl Mai(y)t+ Yi(y)]}x
{ar)+ iﬁsinfmi(y)xexp(m%(ym o)) -

s = {22[% Ja= A% cos % me]— %sin[E 4A— Azx]] x

\

exp[— %x+ X+ Yi(y) }X{Co(y)+ ’;sm[% J4A- Azx] x

coy+ ZYI',}'S]'II(% N4 A~ Ale exp(— /Lx‘i' N+ Yi(y)l
i= 1

2

2u4(x, y, t) m -1
co(y) + Zsm[% J4 A Asz exp[— AEx+ N+ Y,-(y)]
(A Z0)e
(200~ (22)  (32) (33), Blcklund (19),
(us Hs) (us,He), (us, H3) (w4 Ha)
: (20)~(22) 6 bi(i= 1,2 - 6) (20)
~ (22)
by 1) = afy)+ 2a(y) b(vy. 1) A= 0, (3)
G(y)(j= 012 ..6 vy . Blicklund (19),
(18)
(18a) (18b) , (1+ 1) _ Boussinesq [12]
w+ He+ wux = 0, (35a)
Hi+ (ull)s+ tex = O° (35h)
(18a) (18) (35a) (35b) .
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Study on Exact Analystical Solutions for Two
Systems of Nonlinear Evolution Equations

YAN Zhen ya, ZHANG Hong qing
(Department of Applied Mathem atics, Dalian University of

Technology , Dalian 116024, PR China)

Abstract: The homogeneous balance method was improved and applied to two systems of nonlinear
evolution equations. As a result, several families of exact analytic sohitions are derived by some new
ansatzs. These solutions contain Wang s and Zhang’ s results and other new types of analytical solu-
tions, such as rationa fraction solutions and periodic solutions. The way can also be applied to solve

more nonlinear partial differential equations.

Key words: nonlinear evolution equations; improved homogeneous baance method;, exact analytica

solution; solitary wave solution; rational solution
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