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Y(t,x) EIx UCN, b: (t,x) 17 (t.x", - x"),
N . (Ix U, ¥
g = go+ g= dt -~ dt+ gjkdxj - d",
V(t,x) €N,
Ti.xyN = TR OTM:;
Ti.xyN = T/R' OTxM;
TN = U TuoN;
T"N = (“lJJENT?t,x)N'
{a/az, a/axf}};l N IxU : vV E.2(N)
V= 0/0t+ v'(t,x)0/0x;
{d.addy 1°N (1% U) , w € 7(N) Ix
w= adi+ Bdy;
(t,x) N ., (tx,1L,v) TN  .(t,x,1,p) T'N .
IETN N, (t,x, 1, v) |~ (t x),
H:7T NON, (t,x.Lp) 1" (t.x)
(I IxU), b)) TN :
b, x, Lv) € T x U 17 (tx', ca’, Lo, oy0") €ER™ 'x B
(IL-Y1xu),e") TN :
O c(nxLp) €T N Ix U7 (tx!, o x", Lpt, wpa) ERTIx BT,
1 I
N=R'sxW NTRY (Lx) o
Vi € R, II'(t)= N, ( M!)  n_ Riemann M-
2 NR Lagrange
I = [tot] CR,
v:I N, t17 (t,x(t)) EN
N , , C(LN),k &k .
y 1IN :
Yol TOIN, e 1T Y(t) = (tox(t), LxXt));
T" N -

?

Yol T Nt 1T v(t) = (tox(t), 1, p(t));
STN T T N, (t,x, L,v) 1" (t,x,1,p)

Y= Z(Y)*
(Ix U &)
V(t)= (t.x(1)) = (t.x'(1), s 2"(1)),
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V= ®»= (LxXt))= (1L,a3(1), -,a3(1)) = 0/0t+ x¥1)0/0& € Ty N, (13)
V= di+ geddd = di+ prda® € TN, (14)
V= AV), pi= gw> (15)
V()= (tx'(t), o x"(1), L, ad(t), (1) = (1,4 (1), 1,23(1)), (16)
V= y= (1,25 0,5 ) = o/0t+ +20/0x + ¥0/0> € Ty )(TN), (17)
Y(t): (t’x](t)’ "'7xn(t)’ lapl(t)a "‘7p'l(t)) = (ta xk(t)ﬂ 17pk(t))7 (18)
X= Y= (L450,p2) = 0/0t+ 20/0x" + pr0/0pr € Tw)(T N): (19)
Y i=1°y= t, Y di= dY ¢ = de,
Y x= x°v= x(t), Yde=dv x= dx°v,
Yov= v°v= %1),
Yot=1t°v=1, Y dt= dY t= dt,
* _ o _ * _ * _ o (20)
Y x=x°Y=x(t), Ydex=dy x=dx° vV,
YVip=p°Y=p(1), Vdp=d¥p=dp°y,
Sir=1° %=1, L1=1° %= 1,
Sx=x° %= x, Lpi= pk°c'%7= giuc;
Y(t)= 0 ¥(1) = (1,2 (1), L gw(1)) = (t.x" (1), L pi(t))* (21)
MIL
w1 L i
r="—""75"=758VV= ggmfv’”; (2)
r=evovs 0 L (3)
U= Ut x), E E:
1 1 L 1 _ 1
E=T+ U= [T+ U+ 2}—2_E 2_T+U X (24)
PREUA S [<w2v>_ U]z
(W, V)= L, L=T- 1,
E° ' (t,x,1,p)= ({(V, W=-L)° £ 1,x 1p)=
g pipi- L° N1, x,1,p)=H(t,x,1,p) € 7T N),
Lit,x,1,v)= gwh'—H® Z(t,x,1,v)= (pp" = H)° Z(t,x,1, v), (25)
Ldt = (prdx®— Hdt) ° 7= 0° % (26)
L €7%IN), (€ C"(TN,R)), Ldt € 7'(TN)*
Yoi= (2°v) 1= Y L= ¥ 1=,
LoYdt= Y (Ldt)= Y (0° %= 0°2°v=0°y (27)

Y€ ctI,N), v ECTYI,TN), y= ¥° Y € C(I,T"N)*
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J(Y) = J.LIL(t x(t), 1, %ft))dt = [L° vdt = £‘6° Y (28)
J(Y) = .[Ldt— I 0° 7= _fe (M)
,J (LN 1. Lt €7(TN) 0E€EFY(T N)
YCIN YCT N . J
g(]) = {Y € Ck(I,N) | ¥(to) = (to x0), ¥(t1) = (t1,x1),
x0= x(t0),x1= x(t1), .
J * N Riemann , R, R"
Y, = Y+ sh J h
v €CHIN) IxU . , Y IxU
, Y(to) Y(t))s v Ix U Z(J)
. Ix U , u Zcv
{a)e) . , , V()= 0% V(1) = (1+ 5 x°0.° V(1))
€Cv(J]),t+ s €I, Cl, J(Y)
h(s) = J(Y)* (30)
A E I S s S = O B
(ﬁh(s) .= (%J(YS)LO: (31)
= i](y)‘ = J‘l‘iﬂ Yo(t)| i (2)
ds’ ' o i ds ) 5=0
d oL 8x’°°(Y(t)) oL 0x2° a(¥(1)) _
dsL Vi(t) = at ax’ Os 8xb Os
L diorvie)) v dicarvi))) % -
ot axj dt ’ Ox®
Luv ()L ® Ys(t), (33)
Lo | = LapL (o), (34)
u= 0/0t+ W0/0x + —a/ax$e Z(1TN ), (35)
TFu= u= 0/0t+ ua/ax € 2Z(N), (36)
u q < (31) (%)
ij(v)‘ —Jt‘L L° Y(t)dt = 0 37
IRARA P A u(v(1)) (t)de = 0, (37)
Lugyy)L° Y(t) = O (38)
2.1 vE€9(J]) J ( ) ¥ u€ 2'(N),
uZ Ly u € %‘(TN) Lie 0, ¢ .
- %Lt+ divie)) S i (von) Jdt-
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”%Lt [aj Eafl WY(”)} G 5

w=0/0t+ W0/ € 2'(N) . wuZwY u {0}
, Y(to) Y(t1) u(¥(to)) = u(¥(t1))= 0 0
aLa;Y= 0 aLafo_ Ccli_laLaTY: o ()
O0L/0t = 0 . L t, t t * (39) ,
tr€nL,CI, N No( M?) ™ ¥ Y( TN )
Lagrange , L Lagrange L t
t  Newton .
I C ) vEa(])
2.2 ] Ye () L .

2.3 Y€ o)) ] , L_

2.4 YECILN)
.YEg(]) cILN) ] ;
2. YEEZ(]) ,VuE.j%”'(N),u Zc B c= const,
Lu¢viy)L ° Y= 0;
3.y L_
{q} YyEChI,N) Y= 0(Y) € C(I,N), 1+ s €I, C I
t €1,0(¥(1)) Y(t) EN s u= 0/0t+ u°

O(v(t))0/0x € Ty(N* s= 0 ,u= 0/0t+ u’(Y(t))a/ax’ € Ty)N, v
u Zc¥c= const v(t) = (1,x¥t)) Y(t)= (t,x(t))
Lagrange
VL € C'(1V, R) Y€ C(ILN), vy €1, 1N),
doL®y QL°y QL°yde' QL° Y i,
di o> = 001 axiaxk de axiaxﬁ de
L. (39
OL PL &', FL 0L (0)
0:%0: T 0xd0xt dt T o0 At T 0w
Y 2 c L/d0E v= (nx,Le( TN ) )
dx/de = o* TN
k
dx k
=1, = v
(41)

df oL 2L L k\a?L
= lod T 00 okt | \obod
Y(t)= (t,x(t), v(t)) Lagrange

_ kA k| OL a?L_a?Lk\aL
V= 0/0t+ v'0/0" + | 5 5= 335 axbaxﬁ”} ax%xﬁa/axge./{(m) (42)

, Wv)= v (40 -
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25 LEC(IN,R): T IxU ~ R (regular) | 22 (i, x,
1, v) € ITY(1 x U), P L/0J " .

26 L. LECYTN,R),] vy ¢, (to, xo 1,
vo) € IT(Ix U) CTN 1o IoClI, v:lo_ N, x( t0)

= x0, ¥(to,x0) = vo°

dd/de= J(,x) C ,

Yy C .
L= J(t,x) r,
do* ' o,
dt = o1 T on”
(41) . (41) .

, L=T- U= gw/2- U o= v'(1,x), U= Ut x) (41

aLk s a?)k rso_ ik a_l] !
at+va%s+ T =-Z PWE (42)
Lagrange , Newton
DV_ #,
5 = U (43)
t €1, N, < ( 3 ) OL° ¥/0xb= p;,
O°L° ¥/okoxd OL/ 0 hi vt =

hi(t, ¥, pj), dx*/7de = o
o= 1, s hi(t, xl,pl),

. “
Pr= aa_Lk(t, oL kit A, pi))e (44)
X
(41) T" N t,X,p . 0-'YI1xU cT'N
Hamilton s Y  Hamilton
X= 0/01+ hd/ox'+ %a/apk (45)
X
Y= Xo (44) ¢! y 2 ,m(vy=1y ¢ -
, J Yy 1IN L_ (42) ., T N
Y= Y(v) H_ (45) .
(28),
J(¥%) = fe L° v, (46)
. s= 0
v 1o = _r'iw Z° Yy ls=0= 0 (47)
ds ’ i, ds ’

0° Z°vo= gu(x° G Y))ud° o v)da" ® a(Y) -
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H(t° o(Y),«"° a(v), Lgu(x° a(¥))x® a(v))dt ® oY),

doo o _ Ogu(x® A(v)) 0 O(y) 4
Ox' ds

gi(x ° O(Y))[—MO SE e o v b0 o v) St 0 o )] -

OH OH Z°O(Y2 aHdpz°0(Yz o i o
{8; o] % * o % }dt A(¥) = H 5-dt°® o(Y)=

o ¥)dx"° oY)+

an',,Lkulx%bcl"+ gjk[—z/dxk+ x%uk]—
9 - e o ] of-
At oH|0gn iy | At oH| dd
Ys{[[d - ap;] o TUX>+ { apk]g]k dt} de +
OH @ 0H

gjk#duk— [at + Fu de

| 2o dd| [d, 4
Ys{[ - ap}] {5g]7ulx5+ gik d_t}-i- [(E(g]mk)_ E(gjkxﬁ) uk]_

(2 4}

T de om|Ops (4 OH| w OH

YS{[{C“ - ap/] 35 [dtpk+ axk} 5, " dt(pku)] }
pk_ g']kﬁéax];i— ujoos(y)’
Ogit 1 0 > 0
Sihids o - Fhibe 0 8- Foanh - P

V(1) = Z° Y(t)= (t+ s, 2" 0(¥(t)), 1, ge(x° O(¥(t)))x>° o(¥(t))),

ko o
dy_ o, 200 G0, 0 205, e g
) d
w= T o dovaadts B0, € rrt ),

ds s= 0
Wt = dxk/ds, Ik u= u

0= prde" - Hds,
ub=— H+ pkuk,

40 = dpy A dit— ngxk A di - ngpk A dr,
D 4 d
ulio = © < ICEN +g dpi— uwlpie Lode' = o g%dt— i gfd,
oH oH
d(ul®)) = - d o e’ + apkdpk]+ d( pud®),

L0 = u@lo+ d(u@) =
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k Opi
[— [%+ a—[ﬂuk+ {‘% aH] -3% aa[ﬂ de+ d(pud)e

Ox Oph
dd—se° L0 Y= Y, (LB° Z) = Y. (Lb) = Lugvi))0° Yi(t), (48)
d g .
= CK](YS) N = J.t L,,(m))e Y(t)* (49)
Lu(ys(z))e"‘!(t): 0 (50)

2.7 Y€ CIN)
J(Y) = LLdt: LG

YE P(]), Lyunwb0°v=0v= %2°Yy v TN .
Y u O , ; Y(to) Y(t1) cu( ¥(to)) =
k d
u(y(n))= 0 u u= u+ %a/apk &](YS) 0T 0
oH°y . df om°y dpx  QHC v,
a -0 4T Opr > dt — ot (1)
OH/0t = 0 ¢ . OH/0t= 0 H t t s (51)
t €1 N M} " M; , YCT M (51)

ly), (y)= WL (y))= v T y= Y, Lu= u
2.8 Y€ CIN)

100= [0

., Y€ (), v= Z°yE€C(I,T"N) H_ (51 , Hamilton
oH OH_

X= 0/0t+ o S0/0x" - . SLo/opr € 2(T° N) (2)

29 LECYIN,R), vE C*(I,N)

J(Y) = IL vdt = Je Y(1) = LLdt: Le (53)
. YET(]), u= /0t+ d/0x € 2°(N), u Zc¥
Os} , t+ s €1, %= 06(Yv) € D(]),
d _
dSJ(YX)‘s:o_
1) v 1IN Y
Lu(y)Lo Y= 0,

w= 0/01+ /O + ‘il—fa/ax$6 (TN ), d(¥) = w .
S s=0
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L t, t €1, N, ™, Lagrange
doL° Yy QL°Y
dt o ox
Y  Lagrange (41) .
2y T'N Y= ¥°%
Lucvy0° vy =0,

u= 0/0t+ u"0/0x"+ %’%a/apk € 2(T"N),

H ! t €1 N, T M Hamilton
de' _ QHO° Y dpi_ QHC v
de =~ Opr > dt — oxt
Y  Hamilion (52) *uu u ,
hu= u TFu= u,
I TN T'N .
, J Y

Lagrange Hamilton

vE () J .
;(@dL Adi) = 0, (%4)
v&i0 = o (55)
(5) 0 v ¥ Hamilton Y .

, Riemann M Newton_Riemann N= R'x

M" . Riemann

>

U(t,x) , N V=20/0t+ (t,x)0/0x

A0 25 gfwjkar 1,
2 T 2 T2

ik
L=7T-vU=2"_ y, % € C"(TN, R)* (56)

Ogit ;L Ogh;_ 0U
Ox’ 2 Ox Ox”

l[aﬁﬁ &_&!_ aﬁﬁ I’ U, (57)

2000 T o T axt]" T oA
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(o))
<
o~
w
(o))
<
=
(o))

ov_ ov_ fjs Ik O0U
Y + v axS+ W= - g NE (58)
A 1 a il a sl a s
o Lon|Ogi, Ogu_ Og,
PE2f ow T oY T o

t €1 Newton
DV _
e dv* (%)
(IxU, %) . LU /0= 0, Riemann
M" ,(58)
did - ouU ,
Ot Iﬁx%ﬁz— Ik axl' (59)
0, (59
DV_
4 =0 (60)
(58) (59 0,(59)
M" .
, J(t, x) > Riemann
M" NR N= R'xM" , Lagrange Newton
H= (V' V)= L= L<V", W+ U= E
H= E° 7 '(1xlp)= S& b+ Ult.x). (&)
oH 104" oU ©oH ‘
b L )
Hamilton
X= oi+ dpvor- | L% WY o0, (@)
2 Ox Ox
Hanmilton
= g/'})j, =1,
194" U (64)
OLL:= %‘gJTvZPﬁ g'pr=
0’ 1 0g” ouU
f‘zg@vv [ 3 & - 8L -
5 Ly la O8ra ou
} 25“""””‘59/:

ai@ll. l%rtz
gj{ wv—? jvv+87_
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_Zg/[aiL aﬁL ai] _g,s@U

ox' T o
_ F]‘CH)’U _ g/s aU (65)
s _ _ kf a_g_ Ogil
tie= = zgj{ o ay}
*= (1, x), (65
aavt vr2r+ T o'v" =—gjéaU, (66)
(58) M" N=R'xM Hamilton Newton .
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Dynamics in Newtonian Riemannian Space Time( [V)

ZHANG Rong_ye
(Institute of Mathematics, Academia Sinica, Beijing 100080, P R China)

Abstract: Lagrangian mechanics in Newtonian Riemannian space time and relationship between La-

grangian mechanics and Newtonian mechanics, and between Lagrangian mechanics and Hamiltonian

mechanics in N R space time are discussed.

Key words: Riemannian manifold; tangent bundle; cotangent bundle; fiber bundle; fiber; vedor

field, form field;, exterior differential;, absolute differential; Lie derivative; functional;
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