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w' (1) = h()[Fw(t)+ Fw' ()], w(0)= w (0)= 0

NEERw(t) =0 (1t €J);

My €CYJLE), MEu= (uu);

W= éu €C'(), &):d 1] Lé@xﬁi—i:é*};%l) CE,%D(1)= {x(t):x €D ;:D(J)
ZrLEJJD(t);

HEExEBEEN e l=1x1l+ 1 a2, Hhx = (x1,x2)0 1o1o, = oKk C(J,
E), C(J, Ex E) v s Ra
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(S)) HFHELBEW,WHEa<B d <B, aq0) <a <B0), d(0) <b <B(0), 1§15

o Sf(t 0 d)+ h(e)[FAla(t)- Be))+ A(d ()= B(1))],
B 270 B B)+ h(O)[A(B(1)- a(t))+ BB ()= d(1)],
() 1F%x= (xn,22),y € (yi,y2) €C(J,E) x C'(].E), a <x1 KB d <x2 <
B,a<y, <Bd <y, B,y <o, M
= h()[A(x1(t) = yi(t))+ FAlxa(t) = yo t))] Sf(t.x1,x2) = f(t,y1,72) S
h(t) s [ FAlxi(t)— yi(t)) + HA(x2At) = y2(t))]
(S3)  f /2 Caratheodory 514, BIf (¢, x1, x2) XHEEN (w1, x2) € E x E 380 X4 JLFr
BRIt € J,f(t, x1, x2) KT x1,00 € EJESL
(S9) ¥ Di,D2C EHR, H4
Y(f(1. D1, D2)) Sh(t)(¥(Di)+ ¥(D2)) (1 €J)
Horr v R Kuratowski JEE MM B, ¢ T2 58 X RFEAM: FAKHE S, 9] ¢
7= {u= (W, ) €ECYLE)x C(JLE):a <Tu<B d <K<B -
T4 u= (u,w),v= (vi,v2) € z,
G:J x E* T E:

Glt, u,v) = %[f(;, wt, u2) + f(1, 01, 02)] +
WL A () = or(0)+ A1) = va(1))]*
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1 (S, (S) BOL, MEF ¢ B
i)d <G(t,a,B),6(1,Ba) <B;
i) G(t,u )= flt,u,u); (1)
SHMEE Xi = (x1,x2), Yi= (y,y2) € Z, (i= 1,2), X1 <KX2, Vi S V2 A
— h([A(Yi(1) = yi(0))+ FAly3(1) - yA1))] <
G(t,X2 Ya)— G(1,X1, V1) S
h(E)[AxH(1) = xi(1)) + A(x3(1) = x3(1))]; (2)
Sl
G(t,X1, Yi)— G(t, Y, X1) = h(t)[ FA(xi(t)- yi(t))+ Alx2(t)- y2(t))]:  (3)
i) X, ¥ w0 ii), WA IESEH N, (615
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| G(t,X2, Y2)— G(t,X1, 1) |u<th(z)max{ IX1(e)— Xo(e) I, 1Y1(2) = Yo(t) @-
L) H(S) () 13
Glt.aB)= Sf(ad)+ f(r.BE)+
h()[ A o(t) - B(e))+ A d(t)- B(1))]] 2
T a d e fiead)— h(OLAB()- af1)) +
A(B ()= d(t))]+ h(t)[Ala(t)- B(1))+ FA(d (1)~ B(1))]] =
Flt,a, d )+ h(t)[FA(a(t)- B(t))+ A(d(t)- B(t))] 2d(t)e

FIFATE: G(¢,B, a) <B(¢)-
i) RZE(2) 2, H(S) &

G(t,Xo Y2)— G(t,X1, Y1) = %[f(t,xix%)+f(t,yi }’%)*‘ h(t)[.%(x%(t)—

yi0)+ B30 - ¥ )11~ S xh b+ fyhyd) +

WA () = yl0))+ o) - ¥i(1)))) =

S (k) = £l b hiw Sl (0003 - foyhab]
SHOOLACR(E) = i)+ A0 = 0))] = Fh(OLA(V (1) -

Yi(t))+ A(yi(1) = yi1))] 2

= Th(LA ()= wl(0) + A1) wd0)] = Fh(OLA 1) -

yl(0) + BB = yh) ]+ FhOOLA(A (1) = xl(0) + A3 - (1)) -

ThOOLFA(A() = yl0))+ A0 - y¥1))] =
= ([ A(YI(t) = yi(1))+ A(y3(t) = ya(t))]*
A g(t, X2 Ya) = G(1, X1, Y1) Sh(t)[ FA(xi(t)- xi(t)) + Alxa(t)— x2(t))]*
i) | i) 2 (2) 575
0<G(t,X2, Vo) = G(1,X1,Y2) Sh(t)[FA(xi(t) - xi(1))+ B(x3(1) - x3t))]
0SG(1. X1, Yi)= G(6.X1,Y2) Sh()[A(¥i(1) = yi(t))+ FA(y3(t) - yot))]
BT K NIERHE, MIfIAFE0< Ny € R, fifl
| G(t, X2 Ya)— G(t, X1, Yo) | SNVA(1) | A(xi(t) = xi(t))+ Alxa(t)- x3(t)) | <
MV i mad X0 = Xa(e) 1, 1Vi(e) = Yage) 11}, )
| G(1, X1, Y1)—- G(t,X1, Y2) | <
MV e mad 1X0(0) = Xa(e) 1, I Yie)= Ya( )Rl e
Hep M= max{m‘ LA, AN = 2NM, 13
| G(t, X2 Ya)— G(t, X1, Y1) | <I G(t,X2, Ya)— G(t, X1, Ya) I+
| G(t, X1, Y2) = G(t, X1, Y1) | <
S‘Wh(t)max{ WXi(t)— Xo(e) I, WYi(2) = Yat) ||}-
FH(1) 25 VP( T ) &M T
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W(t)= G(t,u(t),u(t)), u(0)= (a b) (1)
Fow € WIHELTFHR MK v, w A VP( 1) H18 S

v(t)= G(to(t),w(t)), v(0)= (a, b) (4)
w'(t)= G(tw(t),v(t)), w(0)= (a,b) (5)

2 v, w & IVP(I) BB EMMAIREZME R x(t) = (x1(t),x2(t)) = (v(t),
V(1) y(t)= (yi(t),ya(t)) = (w(t), w (t)) f& LT ET IRk

Alx,y) = x, A(y,x) =y, (6)
HltA (e, y) (1) = (Ax(a,y)(0). Ao(x, y) (1)) (1 € ) 2

At y) (1) = e“[a+ J.Oes(xl(s)+ xof s))ds (7)

As(x,y)(t) = e'”“)[b+ I;e”(-‘)(h(.gpxz(s)+ G(s,x(s),y(s)))ds (8)

Fo, w A IVPCI) (ARSI W, w € W, Wi, o TTFL, FHh4) (5) 50
At(x,y), A2 x,y) AEL s NHEIUE(6) -
eAi(x,y)(t) = a+ J‘O[esv(s)+ eV (s)]ds =
a+ ev(t)- v(0) = exi(t) (t €J)e
" As(x, y)(1) = b+ Le”(-‘)[h(s)p’(s)+ G (s, v(s), w(s))]ds =

b+ fO[eH(S)h(s)v’(s)+ 100" (5) ]ds =
b+ e ()= 0 (0) = " xagt) (1 € J)e
FrCAA (%, y)(t) = x(t)s FIEEAR Ay, x)(t) = y(t)*

St ok, B x, v Wi (6) T A

evi(t) = eAi(x,y)(t) = a+ J.;es[xl(s)+ x2(s)]ds* (9)
BLKT 1« e
xi(t) = x2(t) (t €1J), (10)
M as(t) = " Ay(x,y) (1) =
b+ "‘;eH(")[h(s)xz((s)+ G(s,x(s),vy(s))]ds* (11)

BHLKT 1 B 13
x2(t) = G(t,x(t), y(t)), (12)
Lai(t)=v(t), yi(t)= w(e) (¢ €J)* H10) Fao(e) = v (1) H(12) B0 (1)=
Glt,x(t),y(t))s MM yo(t) = w (1), 0 (t)= G(t.x(t),y(t))* ZKE v, w HE
(4)(5) &, Hi(9) R v(0) = x1(0) = a, H(11) RfF o' (0) = x2(0) = b FAFw(0) =
a,w (0) = b HH(1) RBo(t) EW, FEAw(t) € We v, w & IVP( 1) KIES fife
3 R(S1) ~ (S3) L, A4 H(7) (8) :E NHET A A FHIHER:
(a) A(a,B) 2a,A(B, a) <B;
(b) A(*,z) MM A(z, =) HiIHW(Vz € Z);
() A:Zx 2~ Z
SARH(S) KB Z i) Ai(x, y)(i= 1,2) AE X FiE(a)*s XA €,
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H(S)MEIFE1Z21) 3
eAdi(a,B)(t) = a+ Ioes[a(s)+ d(s)]ds=
ea(t)- a(0)+ a Zea(t)e

Ay a,B)(1) = b+ I;eH(S)[h(s) d(s)+ G(s,a, B)jds >

b+ J;e”‘”[h(s) o (s)+ d(s)]ds=
b+ "d (1)- d(0) 2"V d (1)
WACQ, B)(1) Za(e) (¢ €J)c [AEL A(B a)(t) <B(t) (1t €J)e
(b) V= (x1,x2),y= (yuy2) € Z,x Sy, (Ve €J), figl# 12 ii)13
eAi(x,z)(t) = a+ J‘;es[xl(s)+ x2(s)]ds <
+ Joes[yl(s)+ ya(s)]ds = e€Ai(y,z)(t)*
T Ay(x,2)(t) = b+ ﬁ)eH(s)[h(s)xz(s)+ G(s,x(s),z(s))]ds <

b+ LeH(")[h(s)yz(s)+ G(s,y(s),z(s))]ds =
Ay, z) (1)
FITCAA (=, z) R, FIER Az, ) BER -
(o) Hi(a) & (b) H %15 5
4 D= (Di,D2) CExEf%, B4
i) MDD ] ESREESR, A
Y(D) = max¥(D(t)) = ¥(D(J))*
ii) Dﬁiﬂzﬂffﬁy“@wds <2I;y(0,(s))ds (j= 1,2
ity  Y(D)= YD)+ ¥(Dy)*
i), i) B9 FUEii)e # By Ba B, C Ex E D CUB;, diamB: <¥(D) +

ee> 0) 4 B= (BB D CUB( = 1.2)+ FHBIE, diamB!+ diamBi= diamBi(i

= 1,2 yn), B diamBl+ diamB? < v(D)+ e EHEH v(Dy)+ YDy < V(D)+ & %
T 0 Y(D)+ Y(D2) SY(D) e

RAK, 8 B C E(i= 12 wynj= 1,2), 60 cUB B diamBl < YD)+ &(€> 0),

Wi D € U(Bi, BY), diam( B}, B}) = diamBi+ diamB} < Y(D1)+ Y(D2)+ 2& HIf§ v(D)

YD)+ ¥Y(Dy)+2e Ae 048 YD) <YDi)+ Y(Dz)
5 % D= (D1,D2),C= (Ci, C2) CZEFEHESHEL %M S1) ~ (Sa) oL, X

T _ 4
3
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Hrr, M = max{l Al | Al gn;'ﬁmax{y(p), y(C)}> 0, 1|
e YA(D.C))< maf v(D). Y(C)a (14)
B, BT K NIEMHE FTFEEERN, 24 x € 28, o) =1 x1(0) 1+
| xo(t) | SN(¢ € J)o BIFE1 2 i) WFEEm € L'(J, R, ) #1153
| G(t,x(t), y(t)) | Sm(t) (1t € J;x,y € Z)e
HIR, Va = (x1, x2) € D,y = (y1,y2) €CCt,t.€J,H

' Ar(x,y)(t1) — A(x, y)(t2) | = e_[1|:a+ J‘Oles(xl(s)+ xz(s))ds]—
o tz[a+ J:)zes(xl(s)+ xo(s))ds | <

[ al |e_t1—e_t2|+ |e_t1—e_t2| +

Ioles(xl(s) + x2(s))ds

— ¢
e 2

<

J:ze‘(xl(s) + xa(s))ds

by |
el
1

lal |ehi— ]|+ ZN(eT— 1)|e_[1— & 2|+ 2N |ea— el ]e
| Ao(w,y)(t1) = Ao(x, y)(t2) | =

[ e [1 O hes)na )+ Glsax(s) v(s)) s -

lal lei— e2]+ |e = eftzl.rozes‘ INds+ € 22N

e-”“z)[b%foze”(-‘)(h(s)xz(s)+ G(s,x(s),y(s)))ds | <
t]
|“|€mw_€myh|€mm_€mw|LJM%MQMUh

Jr o e sie 6es s, yisas| <

1

+ g

G(s,x(s),y(s)))ds

IR A LY P Yy J:eH“)[Nh(s)+ m(s)]ds +

ﬁze”(-‘)[h(.s)N+ m(s)] ds

1

HA(D, C) 15 ] 15 s
PRV, AHE R 1 € 1, th (Su) 72

Y(G(1.D.C)) = TX(f(1. D1 Do)+ f(1. Cr. C2)+
h(t)[FA(Di(t) = Ci(t))+ A Da(t)- Ca(1))]) S

Ly pino)+ v e ey e SR Dy +
Y(Ch))+ l'?lh(z)(Y(D2)+ ¥(C2)) <

%h(;)(u M) ¥(D) + %h(;)(n 2M) ¥(C)*
HL IR G518 4 2 10) 15

Y(AD, C)(1)) = Y[{[+ ferxltsrs xatsas n €07 - 1,2] <
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2e“J:)esy(Dl(s) + Dafs))ds <
21-e¢")¥(D)*

ZY(Az(D, C)(t)) = y[{e’””[m Le”“"(h(s)xz(s)+
G(S,x(s),y(s)))ds] :x €D,y € C}] <
2e‘”(‘)j;e”(-‘) Y(h(s)Da(s)+ G(s,D, C)ds <

H(t) H(t) H(t)

Y(D2)(e D+ e
uf“)— D (Y¥(D)+ Y(C))
2(1- ") y(Dy)+ (1+ o2M) (1- ") (v(D)+ ¥(C))e
%rzmxprwm,ﬁ%m@4Zﬁy&mwﬁﬁ
Y(A(D, C)(t)) = Y(AD, C)(t))+ ¥(A2(D, C)(1)) <

21- ¢ ")y(p)+ 2(1- ¢ ") ¥(D2) +

c"ry)+ vie)) <

21— e )T+ (3+ 2M)(1- €)1«
1 1

L L]
S (1+ 2M)

2(1+ 2M)(1-

ET+ ET: T
WERIESIE 421 )13 Y(A(D,C)) < T G| BHIRIE .
3 FELGR
ST 513 3, A X FAIAR
a = A(a” B), B"'=A(B,d) (n=012 - (15)
Hep, o’= (al, )= o B'= (B, BY = B AHUEMIEDIFE 3 2 (a)(b) 135
a=z A< €. ... B (16)
AL AR E

1 BB (S1) ~ (S4) K&(13) AL, A4 VP( 1) 715 ME— fife

e 2o b B2 A e ue1s) R WK BIIE P 16) 243 D, ©
B AT H BT 51H S MAE A /R D, ¢ SFEES. (16) R D, ¢ C Z, i 51H S
#1125 mad ¥(D). ¥(C) > 0.TB4 D, C iifi( 14) = -

% Ji, D CA(D,C) U{ao ,CCA(CD) U{BO Fibh v(D) < Y(A(D, C)),

Y(C) SYA(C, D)) FHmal ¥(D), ¥(C) > 0, Mi(14) X3

Y(D) < max{Y(D), Y(C) , ¥(C)< mag ¥(D), Y(C)} ,
jzﬁmax{y(p), Y(C) < max{Y(D),Y(C) FIE) FTLL ¥(D) = ¥(C)= 0, Eﬂ{a}
(B wmnbie, preprere oK dg o c{ no{ﬁkkoc{ﬁ}no&m yEZ fan”
x, B T oy (kT oo)e JEEEF16) R, AT AAMERAE

ljnoloan: }%A(dz—l’ Bn—l) = x, ,lhn}oﬁn: ,%A(Bn—l’ an—l) =,
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R BE(Ss) BEA KT,y € 23S AL ERATB A(x, v ) = 2, A(y, x) = y* HE[H2
BIVP( 1) B EM v, w Wiy = (x1,x2) = (0,0 ),y = (yLy2) = (w,w)
L P=w- v, B4 P0) = B(0) = 0, }(4), (5) F(3):
F(1)= Glt,w,v)- G(t,v,w) =
h(O)[ A w(t)= v(t))+ Aw (1)= v (1))] =
h(t)[ FP(t)+ A (1)]*
W 74 AREEE O(t) =0,8lo(t) =w(t) Lu(t) (¢t €J) (1) R G(t, u,u) =
Fltuu ), B w2 IVP(T ) AR
A2, HEMa <v Su <B H
— h(t)[F(u(t) = v(t))+ Bl ()= (1))] <f(tou,u )= f(t,v,v) <
h(e)[A(u(t) = v(t))= A(u (1)= 2 (1))]*
HSTRI A w22 VP( 1) FOME—fifde JIE Hee
2 R(S1) ~ (S3) JOL, ik K A2 IEMHE, BI4 VP( T ) F0E—fie
(ot o (B 2o th(15) REH, AABIH3 B 16) KWL, d T K SHIE I,
g o { B Bl e A& FREE 1T ’
1 ARSCEE A SR BT A :
{x("' = fltyx, 2, ua™V),
FV00) = @ (i= 1,2 -4, n)°
Fsr b, RENG RS ~ (Su) MEAR e, 51 3 2 s+ A

(1)

Ai(x, yXt) = e”[aﬁ J‘;e"(xi(SH vp1(s))ds  (i= 1,2, -, n- 1),

Au(x, y)(t) = e’H(“[(L,,+ .[;e”“)(h(s)x"(sﬂ G(s,x(s), y(s)))ds] .
o x = (21,00 o 2)sy= (Y1 v2 myn) € EX Ex ox E A E" 0255 3 (45 F [RRE T (X A% 58

Gofi R AN I RO BIAE ), AT HL At 45 SR o »
2 R E I 5564 1 Banach %3 ), A R BE( Sy) 7T LA Z3 4
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Existence and Uniqueness of Solutions for Initial
Value Problems of Second Order Ordinary
Differential Equations in Banach Space

. 1 . 2
Hong Shihuang, Hu Shigeng
" Hainan University , Haikou 570228, P R China;
2Departm ent of Mathem atics, Huazhong University of Science

and Technology, Wuhan 430074, P R China

Abstract: In this paper, the initial value problems of second order ordinary differential equations in
Banach spaces are discussed. By using the monotone iterative technique, some existence and unique-
ness theorems for solutions are obtained.

Key words: ordered Banach spaces; measures of noncompactness, mixed monotone operators



