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‘7u=—Pau—%uub,n5u+u(w.4;+u,,.) (2.1)
Hi

1, i=jf
‘3”={ (2.2)

0, i#]
=g | (2.3)
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BETRYGHER 18



306 » 2 # ¥

SR F Oy BRRERI BB, o WEE, 0, K

D(C )_oC )

Ehi = ru ) : (2.5)
L, &

%&?= a;‘t‘ + Utiens (2.62)

Dr="gr e (2.6b)
EHEESEHGE

%;:_= — (2.7)
WA LAS B

-%Lt= — Pk, k— k0, 1=— (OUL) ,» (2.8)

®IG, PR p2ZEEREHRE. IEENE

b_( oY

E—(—po—) (2.9)
HEARME, H

p=+( gu -1) (2.10)

Hiy IRENHREL, « HRENERESRE.
&ME (2.1, (2.4), (2.7, (2.9)[=HK(2. s)fn(z 10) B RR B we, 00, o R Do
BREHWT,
() &E2HaR T, &

ouns=J; (Er. 1) (2.11)
(2) EEGEBRT. L, FHit, FULES.
w=0 EL B (2.12a)
HTFLEEENKERNE, MR
uns=0 (Er B ' (2.12b)
(3) EIKOWAFEW W) b, FHEH
w= FETB (2.13)
&R RE R, W RED
IF'=C,+Te+T. (2.14)
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AICAREH B R H5H A .

R —MRE R Kus, 005, p, oTEAFEM (2.11), (2.1228kb), (2.13) THI#E.

AT, BEARLEEIMNGRSEE. SREXKEEE D, RITBENT Ly P
BELTELWH Eu FROEEEAFELR, THREZTRHNEZE.

=, AREESE R 5 A R 2 4y TR

ERAMEBORIH, o REFELE, MEELTERFE

Uky =0 (3.1
TR (2.1) RGkAH
Osy=— pO1s+ 1 (tis, s+ 1,1) (3.2)
i Navier-Stokes ZZ H BT B K
P—a%-+ﬂukus,k-'PF¢—0u,:=0 ' (3.3)
s 3hdy ]
oung=J; (. 1) (3.4a)
=0 (£« b (3.4b)
=1l E B (3.4c)

(B.1)~G.DEw, oy, pERTENZFMMLSHE. XERTEILFIOA, Mohetes
104, (3.4a,b,c) R RBXUFHETRNWARNEE. XEN o R—1TELNHEEK.
BLEE R AT N W] 48 K Ve 3l ) R 2 40 T2
FREETUBER: Fu,ou,p BE (3.1), (3.2), (3.4b, c) EHT, K (8.3),
3.4a) 9. URMRAVSE, &G, H IREH
61]’":_“_”,{ P%‘+puk“£’k—PFt—0'4h1} Gudr+ j[h (oums—Fs) HidS=0 (3.5)

BG, Hi 2ERZRK. BN
Gi=06u (FEErH) (3.6)
F£ (3.5) WUER

617;,,‘-:‘[”‘{ fol %t:' Stis + Prigtis, 10— P iOtts— 045, ,5:4;} dr +Hro(oun,—f;) HdS=0

3.7
BEPE -~ Homu gk EE Gk,
-~ m 01y, s =m G5, sdv— ﬂro.,n,au,ds (3.8)
B Loy, Ta k, wBEELHY, Bl du=0, (3.8) WLHLR
—I‘[Laq, ;6u¢dr=~;—jﬁ 10;;6 (tisy 5+ 1y, ;)dr—”roo‘umémdS (3.9)

B, RAVRIE ou=0s, BFLE 0::5u¢,:=*;—0u(5w,:+5u:,i)-?E BIORAGC.DR, &

5H‘u=‘”] {p 8;4; 6m+pmu;,k6m—pF¢6u:+—;—au (5u;,;+5m,;)}dr
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+“  mioss (He—ou)dS—{{  FiHds (3.10)
MBRATRAES H,,
Hi=3du (&', B (3.11)

EFBOF A RE H

W —Be, TR (3.10) RTLEE

517‘,,=J‘II1{ 0 a{;‘; Sus ¥ pukug,kc?m}d‘r

—{[] {oFbu—Fou (Gusstous,0} dr— [ Fiowds=0 .1

M (3.2) R, &BRINE

5(u;,;+u1,x)=%6p6u + %{60’5; (3.13)

G.12)pE AR ULE T

SIEE

u(éu.,,+6u;,.)dr=—[jj’ 21# auéaudr—jjj;;z‘auépdr (3.14)

B2, AGB.2)R, RIIWi=j, 5

T£

Ou=—3p+ Ui, ¢=—3p (3.15)

_'”Lé—au(ém, s+ 0us,ydr= _J‘jjle;fa (ouow) dr +].J‘L—4§u—ap2dr (3.16)

RAGIDR, B

517.,,=”:1 o (22t v )Susclr —m { oF Sui— 4% 3(onon) +%‘6pz}dr

—:Lo fioudS=0 ‘ (3.17)
EEIR=)57
| anw=”:1 p(f’a‘;—‘+uw.,‘,,)au,dr—aIJ'L{me,_%‘a,,a“ + 4‘1 pz}df
- Hr FandS=0 (3.18)
T, BRMREE
81T 1y=0 (3.19a)
=11~ ([ {oF =t ouou+ -2} dv= {[, Fauds (3.19b)
Hr
6HO=HL p{ P (3.20)
XK IEER X5 RA

(L H,=RMER, REREKESHE (3.21a)
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@ [[[ 2 Conon—sp)de=satrmsinm, wrmieTris o (3.21b)
® [[[ oFwde=sarnsimps, GBIk ST BT (3.210)
(@) [[, FundS=sgrutinngs, shoyxtiei e e sy (.21d)

BTil, I RWIHRAEKIREFE.
TR, ROERTESMERERSRENRXTEEFERE (Principle of Maximum

Power Losses)

EHE () TITERFEMSF 6,=0, (2) Elﬁiﬁﬁ (rs) £, w=o0, (3) 7ERKE
(T E, w=a, (4) BANKERE ou=—p0u+u(u,s+us, )BEHE w, oy, p P, ﬁ
ERHNEERITEXRE, AFTEBEEREROENERR. 1., B (3.18b).

EHH liu‘, Tisy p%ﬁ‘ﬁ: )\[J

H[us+Su, ois+3804s, p+opl=Iliw(us, os, D)+ 1w+ 811w+ 814y

(3.22)
i, %[, ARER

517;,,:5170—”_[1{ p F iSuy—

1 3. —
o omdont pap}dr— J'L FoudS=0 (3.23)

HBEERESA
52Hso=_”j péu:é[ +u1¢u¢,k] dv+ _”jq(%y 0000k — %519617 )dT (3.24a)
63H¢u=”-"‘p6ugéuk6u¢,gdr 7 (3.24b)
M (3.2), EMHE
dosg===8pS1s+ 1t (Sthsy 5+ Suyye) - (3.25)
T2
‘”j'{ 21‘1 T80k — —2:3!‘—p(5p}d1:= Ijjf{——zliﬂkzapakz +Uu<3”4,1'—*23y—175p }dT
(3.26)

M (3.2), BIAETTHE
Ou="—3p+2UuUs,s=—3p (3.27)
Rl (3.2D) AL A

“’j { o O1100 51— -——P(SP} dr= -Uj 10’;15u¢,1d‘r= ;U o130uinsdS

Pgaly+T,

—”La”,,éma’r (3.28)

T2, G.2)WUER RAT I, I's L u BEAWEKHE)
o w=(({ {028+ ousse, s=pF im0, ouds+ [ (Gum—FaudS=0  (3.20)
HESMBRFEGA < AU
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P— %t + pusticy1— PF 1—=015,5=0 (FET R (3.30a)

oun—fe=0 (EL. 1) (3.30b)
BIBRE (8.3), (3.42). XBIEAT Hi MRELZENOHAHAENRE. XMRETER
BABRRA, RETF S0 KIER.
MEMFK (3.242). 8 (3.25) ¥4, 3
00150045= {0855~ 1 (Othsy 5+ Ottg,4) } {3 pSss— 1 (Stag, 5+ Susp ) }

=30p0p— 200 pOi;(Ous, s+ Sty y1) + 1> (s y 5+ Otzye) (Stiiy 5+ Ottgy4) (3.31)
B
15 (Stis, s+ Sty44) =28Us =0 (3.32)
BT A
0045001530 pOp=1* (Stbs, 5+ Stis 54) (Sthsy s+ Oty 44) (3.33)
HFAG.20R, LRAL#H—-SHH
00;50015—30pSp=1(Sus, s+ s ,¢) (00 15+ Op8is) =210 450u4 4 4 (3.34)

RIE, (3.302) 4R
pa[ 31 +ukul,k]—50'ijsj 0 (3.35)

Biel, (3.24a) i 8214 RILIB K
(32]]10:-‘:”.'{ 5“{50’”914"Zlﬁ'(aamaa“—fiépap) }d‘l.' (3.363)
HBHUKRER

a=17,u_m {au.ao,,,,+

XBEFHFBEET (Condon—30pdp), LFMM(3.34) ARKXKE—T, A (3.33) AKX
RHEBI, TR (3.36b) TUEN

az‘n,,=” j { au.aa,,,,+5a,,au,,,} dr— ”L%ﬂ(éu;,;+5u;,«) (Bter s+uss)dr  (3.37)
HE, FIRBEKREE, RINE
J”1{6u460uu+5ouéu‘,,} dr=”-j.'(5u«5cm),,dr= ﬂ SudoimdS=0 (3.38)

o & 3

(80 k18011 — 33 pd p) ——(éaudcm—sépép) }dr (3.36b)

EXREABRMMND T &M (3.4a,b,¢), &

Ooimy=0 ET, B (3.392)
Ous=0 HET s, Ty 1) (3.39b)
BruL, EA1EE M (3.37) IR
o= —T#”‘If(éucu-!-aunt) (Ouse, y+0u4,4)dr<<0 (3.40)
RBIEAT, NTAEFW du, doy, SpME,
I1 4o (us+Sus, 04343015, p+0p)—IT 1 (uiy Gigy p) <0 (3.41)

REPR, ERBR T BRXK, zwté“lSﬁEHﬁlTTTE%*&&HW%#]IQ@%%?(%%K?%
FElRE.
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PO, AT e R P 3 T R i B 2 i oK T R R e B

(3.192, b) R—AEXLTBWEZHWELSRE, THPLHBMHERTIIENES K4

(1) #y0=0 GET ) (4.12)
(2) w=0 (FE T D (4.1b)
(3) w=uy (TR (4.1¢)
(4) ou=—pus+u(uis 548550 (Er A (4.1d)

MRRMNFARAREXR, HEou, TEE see=0 WARTERFHAET, 8 (B.190)RL
ARE w—RERBOEZK. F (3.33) RAWEHERW LT, RNBRFHIEHA

OO i—3p% = p? (1, 5+ ts50) (s s+ 1g50) =202 (e 34 8350) this g " (4.2)
F&, &RIIN (3.19a,b) , &
i =Ho—HL{pF;m——;u(u;,;+u,,¢) wsspdr— || Fuuds (4.3)
Hrp
si=([[ o{5F ey 1}l (4.4)

SEBMTTERLEREENRAEERRIEN.

E#HE () u,=0 (@), (2) w=0 (I's). ) w=a:([w) W\, HERH
il Ty, BAE, AITTELHENFRENABENERR. Joo B (4.3) X, oy T
(4.1d)3+ 8.

iEH K (4.3) RESF, B
S sy = éﬂo—jjjq{pF;éua—u(u;,,+u,,.)5u;,, b dr— H“}'.au,ds (4.5)
BT u,=0, &
jﬂ POucridr= m PBisBue, sdT=0 (4.6)
Brel, (4.5) RWFRIBE

8T 1oy =80T — j H'pF‘au.dH” j A= DBt s, s+, 5u«,;dr—IIh FidudS

“4.7
RkHhE®, &RiME
.U-jf{_pau-l-‘u(u"l"'uh‘)} auh:df=]._ul.,{ Pu—#(un;+u1u)u}6u¢a’r
+;”ro{—Pm+ﬂ(uu1+u,,.)n,}au,ds (4.8)

Hgx Do+ Ta 934, WRIB 4.1b,e) BEETE. BE, A WU.D B

8w =IIJ {p %?*+pukunk—PFs+pu—"#(uu;+u:.4) , ;}Bmdr



312 B # K

+jjr [—pnetp(uiys+uy,)ny—FiloudS=0 (4.9)
RESHBEREHGN

pﬁ;t—"'"p””“”'_PF‘"‘Pv'—ﬂ("m+u:-c)u=0 (FErH) (4.10a)

_.Pni'l‘.u'(uhl"'uhi)"j—fl:o (E r, ]ﬁ_]) (4.10b)

XBITHATREAREARFEEOLELE, B ETHERIGY L, TUEER RS &80T w,
<0. (4.10a), (4.10b) TTRLM (3.30a,b)$ﬂ(4.1d)ql~2iéj£ o MiRE.

A, ARAEZERERRENT XESFEE G Ep,ud
RELRIMATETEBORARDREREEOT XESFRE. ERERDBHEEREDR
REZAEFHREE. ERMNGIHEZMFEOHRKRETF, 4 A, o FHZEHEFTUSK
g =g+ Ijjwiuk,‘kd7+ .”r A‘“‘dS'F”r ai(ui—a)dS (5.1)
TolEs

517?(;:(1) =”‘J {P %u;—'i';oukuc,b—PF4—u(u4,;+u4,t) yd= Ay }5usdr

+ ” ~{u(u.,;+u;,:)m+ﬂm}5md5+”Ldlumdr

I‘o+l"+l'_

+J‘JPx (widAi+ ASu)dS + ,Ur. {(wi—a)oms+miOus} dS

—ﬂruf,au.ds=o (5.2)
TR BTHEEAREE, W
(1) Bk 5R
p—aai:—"l‘pulcul,l:"PFC—,U(ul,j‘l'uj,t),j+P,I—(P+A),l=0 (5.3a)
e, r=0 ‘ (5.3b)
(2) BRILFA&H
LuCus, s+us,4) = Suplns+ (A+p)ni—Fi=0  (I"2) (5.4a)
Lu(ui, s+ us,s) —Ousplni+ (A+ p)ni+mi=0 (I« (5.4b)
Cueus,gtus,0) —0isplng+ (A+ pIng+ A=0 (I"s) (5.4c)
u=0 s (5.44)
ui— =0 i () (5.4¢)
IR BT
(P+D =0  (FErH) (5.5)
pHA=0  (FET 4T+l 1) (5.6)
HfE A
A=—p (= v+ 1 o) (5.7)

EBORIBRT AE. FR (5.3a,b) KA ' IR JRVRY § A B
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a8
P% + pustis 12— pF1—p(uey s+ 85,0) 5+ ,1=0 (FEr ) (5.8a)

e, =0 FErH) (5.8b)
BNTREA ui, p #RK Navier-Stokes iBZ) 2 (4.10a) MATFESESKH (4.1a), BG.IRK
A (5.4a), (5.4b), (5.4c), &

Cu(ueys4uy,0) —Siplny=fi ) (5.9a)
—Lu(ue,s+us,0) —3uspIng=ms (rs) (5.9b)
—[u(ue, s 4u5,0) —SupIng=M (Ts) (5.9¢)

Hh(5.9a)E I, Fri R&H:(4.100), Ti(5.9b,c) BHF BN T m, 4. (5.4d,e)
SRR T, I FHRIREBRMEH RENE. XERTESBSERAERSAENEE TR L
B A, 7, AR (6.7),(5.9b), (5.9¢)RA(5.1) R, BARFWEHMMEREN X TS
FE (NWEEWEZE).
Hnm =Hw(1)— _ULP“I:, de—J—jp.[H(“hﬁ‘“hl)—Pau]ﬂjmds
—Ur [ 1s(tbey 5+ 141,4) — DOty Iny (we— 1) dS ' (5.10)
EEIES)S

T8, =I,— m{ PF -+ pi i %yui,,(u.,,+u;,;)} dr— ”Pu}’m;a’S

__Hr Cp(ue, s 4uy,5) — pOiyIngudS — jjp La(us,s+tg,0) — psgdng (ue—a)dS
(5.11)
Hp

517.,=m' p{%wku., g}éu;dt (5.12)
Frol, TETEMERMTR kN X TS RE (RER v, 0 8) 5,
E—u,ph, REGIDG Thq, QZHEHWES 0, o, SATTEHEMETR SR
WIS EMM, 2 BE K0S — 0 BRI KA.

75+ AR ROR I SRR R B R R ) X
TolRE (ZREEui,05,p)
ZRTENTOBEHE M (=05l NTSLELE, B

() EAm#EXR (3.2) R, EXERMNEME-ROBR (2.1 RX. EXTEHFH
T, M=K, A

Uil=_'Péu—%lluk,k6u+#(uh!+uht) (FET P (6.1)
(2) AW ES4%4 3.1) KR, B
e, =0 (EET D) (6.2)

(3) EEEERE L& (3.4b)
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=0 (Tl ) (6.3)
(4) Fe#KOE EIRFHKE L) B&G
U=y ET. B) (6.4)

T AASRT B 4 H e A 4 2 3D R0 R % R T SR TH R IR rh B BB YR AR A, R TRATG I
FMHLIRIRT s, Ay Ayme, ZER [T (3.18b) FTABCE A HEZ &Ki:

e =1+ ”j, Au{ou+p¢5u+—23—uu;,;-6.;—11(u,,,+u,,.) }dr
+_‘-”- Aub,kdf"f‘“‘j- AudS + ”- a(uw—a)dS (6.5)

Hep 1T, BL(3. 19b). Mgy ay Ay ﬁfﬁﬁ‘v ?JUB‘JEE‘:‘.?—E? WERAE Ay, i, Ay i u0,00,0 B
fEAM TR, #7EH, &

SITY, =H. {p———-+pu,,u;,;,—pF,)6m+ 2111

oudou— —532‘—?5}7 }d‘l’

T

+ {0'61+P5u+ ~§-#ut,r5u—u(u‘,;+u1,;) }alud‘r

+ . Ms {50'u+5p(3u+~§—u5uk,3541—2#514:,;}1:11

+{({( (Aaub,n+u»,k5/1)dr—'”r FidudS

+] | (udhi+ aduyds + ”r [ (u—4) 8¢ + mduc 1dS (6.6)
%iﬁff]%']ﬁﬁ*ﬁ%ifﬁ. W THIES.
.”j’{ ﬂ.auk,k+—3—yﬁ.u5utc,k—2ﬂﬂuaw,1 }d‘r= J.'[ (ln; + % BAkty— 2uAsny )5u¢dS

ry+r 40,
ippp {,1 2
- . yi ?ﬂﬂ.u,i—ﬂlﬂ.u,j }5u¢dr (6.7)

T4 (6.6) FTRARER
oIT}, =.”.~ '{P%‘—-l—puku{,k—p}‘"r—ﬂ.,a—%ulu,(+2ulu,; }&udr

+JJ] (=

+ jf{m,+6up+% pe, 185 — (v, s+ 1u5,1) }Mudr

T3+ Asg )50'(1+ ( Au— -;—up )5p+u4,462}d1

+ Po{lm + %Mum —2uldims—F 4}6u¢d5'
+ [ {Am+lulum—2u/1u ﬂ;+A¢}5u¢dS
Jir, 3

+ J] 1'-.{ Ans+ %ﬂll:tm—ZﬂA”nJ + m}éu.dS

+ "r u;éA;dS+”r (us—) SmidS (6.8)
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DR &0
KETHEBEREE
BRuBHR, (FEr R
(a) paaut‘ +puku|,t—pFi—/‘l,c— %ﬂ/’ln,djwlu,:=0 (6.10a)
(b) ;ﬂ Oest+ Aus=0 (6.10b)
© Ium—pp=0 (6.10c)
(d) wus, =0 (6.10d)
(e) 0u+3up+%uuk,nau—ﬂ(u:,:+u1,«)=0 (6.10e)
BRI &4
) Any -l-%'y)»nm-—zulun;—f«=0 (s (6.10f)
(®) n +—%uhm:—2ulum+h=0 ) (6.10g)
(b) A +%#ﬂum—2ﬂﬂuﬂj+m=0 (Tv) (6.10h)
(i) u=0 (Ts) (6.10i)
(i) w—ai=0 (I"w) (6.10j)
B ERERDN(6.10d,e,i, DA BIABERBLESME (6.1), (6.2), (6.3), (6.4).
M(6.10b), FAIRE
ﬂu=——21-;-0'u (6.11)
BBM (6.10d, e) 0 (6.11)EBT (6.10c) LR .
#8(6.10c), (6.11) &R A (6.10a), 8
p%";i—-}-pu,u,,.—-pﬁg—/l,:-—p,g—-cru,,'=0 (6.12)
1 (2.4) HLL, BIFIRE
A=—p (6.13)
j8(6.11), (6.14) KA (6.10f,g,b), &
gung—Fi=0 () (6.14a)
oums+Ai=0 (rs) (6.14b)
oyt mi=0 ) (6.14¢)
(6.142) BT SHBF KA (2.11), Ti(6.14b,c) LAl A, m AR FENORKETF
M= —0uny Te); m=—ouny (T (6.15)

XERRETEBPHENLF&HE, UREBHFEGHRRT, LEMNRA (6.5) R, AR

AR EGOBER GRS REN=SEROT XESRE, RREN
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[I:u =[],— jjj _21,11— o’u{o‘u+p3¢;+%yun,p5u—u(m,J+u1,¢) }dr

—J.U,{'OF‘"‘_ 41u

Onou+ %ﬂpz} dr— I”-1pu4 ,dt

={f, Fuas—={[, oummds— ([ aum—a)ds (6.16)
o
811 o=jﬁ p{%t‘ +u,,u.,,,}5u,dr (6.17)
Ru, oy, piE
3IT%,=0 (6.18)

BNGE /1%y HEE(EE, BIHF T ELEREMET iR 5h @ EWME.
BT XESFRBEVEERT —WAREE, R—ARENT XESFE.

£, FIERZERORE MR A o Bh R 3 Ay R

BT IHS W EB R AT ESE R E R AT s B AR IE B ES REAE
TR A (2. 10) MERAL N E R,

HAMOEER, EER A, p,0,0u,u R (DBEFHHE(E.9, QEZEHFEQR.T,
(3) MAWMHEER(2.1), (4) BiENYAEFRE (2.10), ELRE =T+l e+w k, 4
RIWRE(2.11),(2.12a) ,(2.13) . K p,p,0u,u BYfR.

IBRABRBEAELORSEC.D, (2.1), (2.122), Q.1DEBERHET, Rop,0, 0u,
w HRBHHEQ.OMZIA REH(2.11)F.

ERMTARRE. &
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Variational Principles and Generalized Variational Principles
in Hydrodynamics of Viscous Fluids

Chien Wei~zang

(Shanghas University of Technology, Shanghai)

Abstract

In this paper, the variational principles of hydrodynamic problems for the incompres-
sible and compressible viscous fluids are established, These priaciples are principles of
maximum power lossed, Their generalized variational principles are also discussed on

the bases of Lagrange multiplier methods,



