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HG.OEHIEHEEG6.3), 17

¥ .—'EdV A1y u u)- (u —E}:adV
I1=JL< ) +J{2[ VHPUH (V) - ()]}
—Iu-deA+J (u—u) - EdA (1.1
A A

SRR EREE, u, o, WHAOH E REFEHR 11 (B4, FALDR, B
5ﬁ=Jﬂ{(T—o):E'+(hV):o + UV UV - o]pdV

v
—Jd-deA—Jd-gdA (1.2)
A Au

FRREEE, Y&
J{(dv):c+( Be): [(uY ) - 0]}dV:J (V)i (F - 0)dV
4 v

~ 4 .F.o.NdA—jd-[(F-o)-de
A 14

BZRANO.DR, &
o1~ J{ (T—0):E=[(F-0)- V]-u}dV
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o

u=u ‘ TE A, (7.8)
F.T-N=Ty 7, (7.9)
(F-T)-¥v=0 Find (7.10)
E=L[u¥+Tu+(Ru) - (uD)) ' i3 (7.11)
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s ()= J [ Ec(t)~trt]dV—J 0-7-N dA (8.3)
v A,

(8.2) AWFTXR, EEZFNG e EI7 (o) WYEE, FHEIER, 77 BREEE TR S

5T HENET AT, BAREDEEOLBE v ESZENE, BT 3 R R
EEFRNEGTEH GBuIK=t*7), &

d>c d>c
F _,_d,z =2 -L-.,_dr (84)

%@ﬂ L R, BRI R G

T-F¥=F.g* ®EV (8.5)
REL 8.4 AW FHEREREY
FxV=0 YV (8.6)
B TTREM
Y
u (X) = j(F—I)-dx+Z(xo) (8.7)
Xp

KRBT, HTIEH, RIXKAH Lagrange ETRERAFEMSFERABRE I L HH =2
(B .13 Tk B HEHO:
=0xV¥ (8.8)

PREZORNE R, XK. If 9EFE

rF:=I(F-1y(¢xv)dV—Jﬁ-iNdA
1
14

) (8.9)
FHRESER

(F—D):(®xV)=(FxV): ®+tr{[(F*=1)- DIx 7} (8.10)
Bk g s

jtr [(F*-¢)xV]dV=SBF: (®xN)dA ' (8.11)

y )

(8.9) REH

= (Fxv:dar+ S&F-n:(é *N) dA— j%-'z-NdA (8.12)
v A 4,
IERASTSFRAMS (8.6), Hit, THS 8.1 XAMEHEF (X)), Y XARGHE
U &R, BRAHNEENET., BuX) R A LR NE—ITERS, BRHEREE
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(F=D):(OxN)= (ug): (OxN)=u- (Ox¥) - N-[(u-®)xT]-N (8.13)
m%ﬁw%%ﬁ,EWWE%%%EE%%EL%E%%??,?%@J@ﬂ%%?ﬁRﬁ
AH

SBu-(d) xv)-NdA—Jﬂ-i-NdA= I(u~i:)-i-NdA (8.14)

A A, A,

FRE
. ulg,=u (8.15)
XHEMHT|4,=0, TR, Levinson [FE B EI|IEH (HER (8.10,18) K ik B
(8. 11)EAKE R &L NI
[FIAERTLL i Lagrange EF45 AT RERE 37 I SR A& A & HF BIZ iR (8. 3), S v fafid£2,
AR LA IRIZ i,

%

IIf(t,"):~J ( E:C(r)—trrﬁ-u%r-V)JdV

-—fiz~Ndz$-Ju-u-N-fN)dA (8.16)
. A,

* . .
6IIf(rm)zjf(F—I—uvpz+(rv)4@dV
)

4—j<u~5)-i-NdA-fd-(r-N—-fN)dA (8.17)
A, 4,
%
STI =04
T:¥=0 TV
uy =F-1 TV ]
. (8.18)
t'N'o-: TN EA, [
u=u A

(8.1 KRN ETNEEM &M (8.5) RAIBI&M (8.6) M, tfu BREINIHMES
L85, AJRIRSIZE(S.16) HBERNENEENI X Levinson [RIE,

NFHELRS, THERKRr
T trz = YO L (VW) ()T . (8.19)
MOREEM D HHN LR,

I+ II°%0, XTI+ II°Z0 " (8.20)
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JL. Fraeijs de Veubeke 5 1

B o(F)ART %R, Levinson[fif ki, R (4.17) RNpGE AL

YISz, R)I=2: [R-U(S$)]- 3 [U(S)] (9.1

BN hEM S| SR TR 5 a0 Fraeijs de Veubeke JFH - B3R MR A0(8. 1 XN E
By JERE(5.10), ROITME

8 {f[jj‘}s>—trz]dV-—jﬁ-z-Ncu4}:o. (9.2)
v A,

%t FLL Piola 15k & v ¥ a3k & R (EN M R AZ W,

II:(z,s)zl:{ijcw(t,R)]—trz}dV—-Jaw-NdA (9.3)

(9. D)RWBNR, HIRNG v MEFH G REZ AL B, Ao 8 1R X 0,
TTC Bugs (o FTHERL 099 = Ak Bh B RIE S SE -0 5 P, B O — 10, WEJR JUITIS 4t
Ruipmuis 23Rz, BTTRFIM M. B, XI5V 4 B 68 ) Levinson [ 5 78
e Y CmECR G W RIFRIE, BEANORE S, SREATRY R 80 [R5
us Az AR Hi %, AREE (3 IDRK S(U) sy TRHE M R-U, AIEHREE (3.2,3) B 7R

u(X>=f; (R-U—1)-dX+ U(X,) 9.4)
0

TR &R
= (R-U)yx¥=10 TV (9.5)

FIF(4.10) F(3. 17X, FRBEMMKFEUNX i, HSIN JEEERHOM8.8)R, N
L 5 w0 A5 BB BR
idz-sc— S —tr:E = U:(‘E‘*-R +'I:*-h) —tr";: = ‘E (R U=D+z7:(R-U)
—(R-U=I):(® xv>4~§<z-u-k*—-R-u-z*)=<R-R*) (9.6)
FIRES RS 100 RkEEms.1), Sl ms,

Iﬁf ==I{[(R-U)><V]=¢-+4%(I-U~R*——R-U-z*):(R-R*)}dV

14

+¢(R¢b¢):(éxNyL+;IG-£NdA e
A ’ A

WA TR TR 4 RO 5) BT SE F 5 4 1

z-U.R*=R-U.7* Fil 2 9.8
REFR-UREF, #5425 TIT Levinson EUE 85 BoREH 2T & FHEORE
$u(x). WiGFraeijs de VeubekelRI2 {3 & ML B,



HA, AR 0 2 TS

E S ~

TS, R, u) = [ (Z0s(z,R) I~ treus (x- W)V
v -

—[uzNea - | u-(oN= Ty)d4 |
! I (9.9)

A
u 4

TRELS 2

X “ 2 .
S Hzczj[(R-U~I—~uV):r +~%—(z-U-R*-R-U-z*) :(R-R*)+(z- V) -uldV
14

4—J(u—ﬁ)-i-NdA-Jﬁ-(z-N—-?N)dA (9.10)
A A
* ‘ !
(SIIZZ Ogi%x]
T¥=0 7y
7-U-R*¥=R.U.t* wV l
uy=R-U-1 w (9.11)
u-N=Ty A,
V= U £ A
BT E AR R
U=U(S)=U [%(r*-R—i—R*-r)] (9.12)
Rk B ER M
R-R¥=1 (9.13)

MRTREKABERR, TUHSZELT 85 R 0 % 5 B2 I° X Fraeijs de
Veubeke[E 1,
S oLt FTAE B A R

[+ <0, TI+IT°=o0

2

X R& A

XML~ NENFEES RO R ESFRBENXAR, BERMEREE&FKERN
WAABEN B R ARRHEE B, & 88 5 #, Levinson Jf§ # (L-J5l#) M Fraeijs de
Veubeke FER(FV-JHE) M4k, WHRESFEMR—FERE, UL-fFV-FER &5
PR —TF 30 SRR X FEE AN B KR,
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Unified Theory of Variational Principles in
Non-linear Theory of Elasticity
Guo Zhong-heng
(Department of Mathematics, Peking University)
Abstract

The purpose of this paper is to introduce and to discuss several main

variational principles in nonlinear theory of elasticity, namely the classic

potential energy principle, complementary energy principle, and other two
complementary energy pri nciples(Levinson principle and Fraeijs de Veubeke
principle), which are widely discussed in recent literatures. At the same
time, the generalized variational principles are given also for all these
principles, In this paper, Systematic derivation and rigorous proof are
given to these variational principles on the unified bases of principle of
virtual work, and the intrinsic relations between these principles are also
indicated. It is shown that, these principles have unified bases, and their
differences are solely due to the adoption of different variables and
Legendre transformation. Thus, various variational principles constitute an
organized totality in an unified frame., For those variational principles not
discussed in this paper, the same frame can also be used. a diagram is given

to illustrate the interrelationships between these principles,



