WP, S 15 1 BT (198045 A) MR ERE SR
Applied Mathematics and Mechanics ' BHZOET D

X PR E AR R RTS

% B Kk GLEEREA®

(19794 12 HIED

i E

B FRES ZRE HA R T AT R AR BERA AR AR TR R I, BT
PSR, BRECBS RERESER IMECURASMN TRERENHHOTE RERK
FrEl, RHRUE, A KB rnE, WAARBERS HBREERY, ERXiEd IS
RERTAERAGRERE, STH0NBRNRETE , XHRIEERER AR +HETHN,

ACRET —MFRIBRER BRAEFRELITEN, SABREEEER LT v g R
BHETE. MRAXMFORRES, NEETERBORIEERE C=MRTAERTHME
REFEHEA ARAFEN. ZFMARIT. BRERTITHE SO FRER R,

— &M =MEFAE R

MNTFRMM A NRZAEGS, FTETTOME R F WA LB ol 2) 07 RIS
u(r,z). XK r NRABEDR, 2z MR, MEMBRRN

ou

e, or
_u_

€y . I 4
€a Ow_

a9z
’yrt au —agﬁ

a9z ar

Itk BF R R (1968)™, I 35 £ K f A £E (1965)', 4k i A (1968)', #F /K-
5 (1969)", FHEER K (1967,1971)18719 FEFE T B DIJR (1972)', FEH KR HBE (1974)1%,
HEKFHFR (1976)°, HFH 1915 ZRELESENR TRE=ZARNRERITH

R A B4 TR AL
w=/H EH1) E’l‘ﬁi@f’f‘]&@ﬁ%llfv (uy,wy), (uy,wy), (us,ws), Blllif%’fiﬁﬁﬁﬂk

R FTLE K

u,

w,

L, o L, 0o L, O]J u,
L, ] w

r (1.2)

Us

Wy

2%



26 /@%_ﬁé K

Z
./——"_"_L“\\ : 3(rs,zs)
—— '—ﬁ
1 Z(I‘Z,Zz)
12,
r
B1 Z=ZARNEART
Hrp L, h=ZAEERTHE KB BTUA (ui,w) BK
L tbirte '
L= oA (ai+bir+eiz) ' (1.3)
Hrh
A;=Vjzp—Tpzj (1.4a)
bi=z, —2z (1 4b)
Ci—=rp—rj (1.40)
S N -2
A=%j 1 rs 2y (14d)
‘ 1 rs 23

BHME (u) WXRRN

{e}=[B{u} (1.5)
e
{e}T=|_e,,eﬁ,ez,Ver {U}T:Lul7wlvu2vw2iuavwsj (IGa,b)
(IR
aL, o 9L, o 9Ly (b 0 0 b, 0 )
ar or or ! ? !
L, L
L o L. o Ls 2L.A o 2h g 2 <A
[B)]= r r r 1 r r r
e 2k o oL o I S
3z dz 0 a3z ! 2 s
9 Ll a L 1 ‘?,,LZ 9 LZ QL 3 ‘?!;3 b b b
3z 3r 3z OJr 9z er €1 ! C 2 O 8

Rt ik # BUOERE Y [£]



XA R IR T 2

i At2u & A ] 1—-» v v 0
A At2n A 0 v 1—» » 0
(E}= _E,
A A A+20 O v v 1—v 0
0 0 0 u : 0 0 0 L(1-—2v).
Hp
L E
E“’(1+vx1~2w
0| 9 2 AR T
[K]=SS[B]T[E][B]2nrdzdr
a
MREMNF (Bl WTFEEN [Blw
b; 0
2L:A
CIE N
ci
Cn" b.-

MARAE R M L0, (K] IR WA IS AL FHER

27

(1.7

(1.8)

(1.9

(1.10)

(1.11)

(1.12)

‘[K]Hx) [K]Qz) [K](ls>
[K]: [KJ(zx) [K](zz) [K](zs)
[K](gl) [K](sz) [K](SS)
Hp
[KJan={{[BIL,IEILBI2nrdrdz
4
1—=v » v 0 b; 0
__Eo” b, _Z_L'AO c vy 1—v v 0 Z_IA 0
2A° SS 0 6 c, b; v vy 1—v» 0 6
4 H ' c
o o o 5 e b
[Hn le]
_ X H21 Hyp diin
HbhETER
Hu(i,l')='Ez°Z {(aibi+aibi)+[2bibf+ ;'(1—21’)c.c;]?+(b.cf+b;c;)§

+2(1——V)[a.-a/I,+(a.-c,-+c,~c.-)lz+c.-c,-ls]}

le(iai)=—E2'Zr { vaic,+[ 2vbic; +%(1 — ) cib; [F+veic,? }

y (1.13)

HZI(iaj)': 'Z;OA” {vaiCi+[2VCibj+—;—(1'—21))0)'671']7—""1)0.(-';5}
Hyu(i,f)= E;X {%(1—2v)b.-b,-+(l——v)c.-c,-}? )



28 £ & 1z

1171411.1 /Jf"/h‘ﬂ"u‘

2at = i drd>

4

ont,=\{-2drue (1 14)

4

2
oA, = Sfr—drdz
pZ)

7y2 NEAIG L E T

f=—irSSrdrdz—’»";(rl""'f‘,‘"a) 1
A ' .
(1 15)

E:-IA*SS zdi‘dz=*:1?(21+22+23) [

TERBHAED, BT (1.14) XRPOFS LRSS, ATRICR & R a9uL oL 6 . 11
ARG T2 R (1.140) KB BUEA AW r, 2, TR
1 z

=2
I~ Izgl—?—, Igl z

27’ 2 =92 7

BALHCG AL T S MBAS A 0 &M A AR B F4A0E 2 BT . 4 B R
Ko FEBIRYIXHA TR LR, BT RKREK,

FHRKERBNEME (1967, @3 (1.14) K47 THB B 4, 18 £ (1971) 48
GIEEC R XU E T, RN “BRBAR, Lhs LEICENETFERES" o fik
FIEFHARBEE QX BT 3R RIRZ HAR I,

HIEXEARS BT ESHTH BTN LN 2 B4y, REH r BHRE, S—R0=
UM EE, (1) SABOSAASEARE 2 ik, (2) EAAHBFH z BT, a2
AL E, XE&0M 2 I8 e=A4,, 45,45 BIlH

- (1.16)

AJZ = ,/,\

Ay 7

W2 (r,2)=fa—RBRE



X B S P O TR T 3 A - o 29

U U B A S S
“t31 -
ry—1r, Cy
Zo7 — 2T, a .
Ap= TSR (1.17)
ry—ry C3
Ity — 2ol . a
A23= 372 2’3 1
r,—17; c,
MEHX=Z£BROFE R
Zs T 2y by
My, =
ry—r, Cy ’
2~z b
my,=- 21" % 3 (1.18)
r,—7r, Cu
2y 23 b,
My = =
ro—7rs c

MHx =& TR LG K
A=2BWHTER)  z=A,+myr
(2—3EFHBRR) z=A,s+myr (119
(3—1HHER) z=dstmyr

TR, 1, 1. 5k68 8 4. Hln

. rs
ZAIL‘“:SS‘*’I_‘"’" a’zdr=J‘ (Asx"'”lslr"Alz_mlzr)": dr
4

ry

)
+ J ('A23+m23r—Alz-—mlzr)f~—i~ dr=A4; 1n -~~:—‘ﬂ3~~+14lz In ~—f::‘—-
Iy )

2

+ A5 ln ":z +my (ra—r )+ myu(ry—r,)tmy(r,—ry) (1.20)
3
FErsrer, WEHT, BHIUEH
) Mg (ra—r,)Fmy(r,—ry)+myg(ry—r;) =0 (1.21)
TR, FEBFSSBEE (.20 K, #1.20) XEheh
oAl = A, 1n—}% + Ay In Tt Ay In T (1.22)

1 3

ARG (1978)0 45, BMAKESTE, HERAREUR (1.20 SOFTERITHELS R,
RIMEZAIEE B ATT 2 i, PTRLR KRB R F.
FRG B, BAOTTTE 1., [, HERRA
2A1 = Ay, 1ﬂ"%“+‘412 In :l + Ay In :2*'*+m31(r3—r1)+m12(r1—-r2)—l—m.3(r,——r3)

3

(1.23a)

207, = 3| A3 In-Tt b A, a4 A 1n:3]
. L 2



30 ® 5 .S

+‘431(:3—51)+ A33(22”23)+A12(31— 32)

5 Dby (rE=r )+ mdy (ri—ri)+ miy (ri=r)] (1.23b)

2AL= 4] A In- Tk At In TH 4 A In-T2

r 3 3

+ [A§1 (zg—2)+ A%z (z,—2,)+ A%a (zz"zs)]

3 LAmdy (ri=r) + ity (ri=r})+ Ay mly (r3=r3)]

+?1)~[m§! (ri=r)+ml 3 =rD+m (ri—rd)] (1.23¢)
WMREH D FITT 2 8, ®BEHI1-34, I
ri=r, 1 (1.24)

it (&8O #ay, HITE

A23 | Sy 3

=

A;z e = 1

r
(]

B3 1—3 BFTT28K (r, 2) ZABTR

T2
2AI|= J. '*‘14[A23+m23r—An_mlzr]dr

rs

ry ‘
2A12=I —’21,__[(A23+m23r)2—(A12+m12r)zjdr

? (1.25)
rs
ry 1
2Al,= I *3,'_“[(!4234' Mygr )~ (A +myr)ildr
rg ‘ J
-BalE. B/
lim 2AI,=(Ay~A,;) ln 2 Fmylry—re) +my(ra—ry) (1.26a)
ry—>rg s
lim 2A]2=% (A§3 e A%z ) In "'££‘+(A23mzs_Alzmlz)(rz‘“ra)
ry—>rg 3
+L (mty — ml )ri—rD) (1.26b)

4



AR O B TR G A 4R 8

lim ZA—’s:‘;‘(A?z’s - A?z ) In ":’z + (Ags Mgz = A3, My )(ra—r3)

ry—>rs 3
4 (ggmiy = Ay mt )i =rD+ | (mdy = my, )rE=rD)

(1.26¢)
M (1. 25) RAPFTLLE S, R IR E Asy Flmgy, L1 26) FEBASHIBL Aoy A gy X BRI i
MR — R AA R (1.28) R), 38 Asy, my, BETE, W
Ay =0, my =0 (1.27)
RIGH ry B rey BIFTEE (1.26a,b,¢) R, EHEN LABTEN,(1.2D) ANEFRS T
%}l\zfi‘ﬂgo El: ﬁﬁ‘:/?'é$, (1.26 a)itq:‘ BB G BT mys (ry—rg)+my, (fs—rz)gz(mza
—m)(ro—rs)y WAL (1.23 2) BEESHHIE my, =0 RAEER, FERKE — &
FkRH, WET (1.232) MRESH, XEZABGLEARM 2 TTH, 2% 4 ER
W, ESSIEE -~ N1—3 ) FIFTF 2 W, Broorg R, MEE—KEE D
BHEBSH, BATRBE (1.262) R, XREFERKERIERLLO—MEE.
Wk FRATBAIEH, R (1.2) RIENH RS ARG BT OBR RN, RE
25 DRV R A R AT, IR SO R BR AR, MIZERI 4 IR eRy, RETBE i — &
SHE-BARTRNE—D (1—3i) & F L R4 , TERS [,1,1, —
AEER R B, Hlm

ry
2A11:I0 i‘[Aza'f‘mzar—sz‘mlz"]dr*“ (1.28)

F(1.2) R RE . LEX—HAF
A e, 833k 2R 2 A

z Bl 7ESEORBRRS ARt ik, B3

z3=A
) " 3 . u _ L1u1+L2u2+L3U3
2 €o= r r
(1.29

z=A,, 1 B 13 EE 2 L, u, u ZFESET

' r Fo ARe L, 3 HMAREFT K, FLL,
X FE LN HREFRITIMS, W(1.2) X
XFEOBRBER MK EATHEY, XEF
R KB A B EFHLE L ER R,

FATHE VN % B Hi % L T HIHE RIT, RAAESOHN PRI T 3,

B4 3—17E z #i b (r,2) ZRAERE

=, SLU R B = A3 IR T

HMBWUITFH O = AE RTOBREE

u=rL.e +rl,e,+rlLse,
} (2.1)
w=Lw +L,w,+ Lw,

HEe, e, esHfifil, 2, 3 LWe d, XMERTHRELR, Hr=08, FAEH



32 £ % g

E, u—FHTE, RMTBR L -8,
(2. )R TS R B TE R

e,
wl
u rL, 0 L, 0 L 04§ e
{ }=[ ] ; (2.2)
€3
Wy
TR, &BMNA
{e}=[5*{u*} (2.3)
Hi
{e}T‘:Leu €gs €2y Viezj (2.4a;
{uw*}T=\e,, wy, e, w,, e, Wy} (2 4b)
L, 8L, AL,
(L4720 Lrfe 0 Lebrf2 o
. L, 0 L, 0 L, 0
[B*]= 0 oL, 0 3L, 0 al,
8z 9z d;
oL, oL, alL, oL, oL, 9L,
r r—= = re.
L 0z or 0z or dz ar
2L A+ rb, 0 2L,A+7b, 0 2L A+rb, 0
2L 0 2 L,A 0 2L A 0
=L 1A 2 3 (2 4c)
2A 0 ¢ 0 c, 0 3
rey b, re, b, rcg by
T2 R 46 [
(k*1={{1B 1B 8* 12 r drd (2.5)
4
ME, HOFRIB* W FHEENB* 1w
2LA+76. 0
. 2 L.A 0
[B ](;) 2A 0 c. (2.6)
re; b,’
WL K* BB WL AT iR
[K*)ap =\\1B41 L, (BN B*Jpanrdrdz 27
]
T M & R P T LB K
[]<*:|<u) [K*](IZ' [K*]Hs)
[K*Jz [[K*szv [K*jtzr [K*szs: (2 8
7 [K*]Qw [K*](sz’ [K*](sa’



) ) A B ol M A A PR T 45 B 33
[K*JantB A AT K
H* H?z, .
[K*](i])=[ ]
Hy, HY, Jan

1—v» v v 0  [2AL;j+rb, 0'

Ezn 2AL+rb, 2AL, 0 rc vol=roy 0 20 L
= SS[ v Y 1-v 0 i 0 cj rdrdz
2A ! i
4 0 0 e b 1—2»
* 0 0 0 | re; b;
2|
(2.9)
HY py HYyaup, HE aupy HY an4BIA
H* oph={2a.a;r+3(aib, +a,b,)] + 2 (aicj+ajc) ]
FLG=9) bibi+ (1= 2910/ ) s+ 8(bic, + bio) [+ 20,0, To F 0T
(2.10&)
1 Eqn
HYyup = 2”0:01?’ +[3rbicy 7(1—2”)01'51‘] I+ ZVCxCJ-’s}‘—‘zA (2.10b)
. - 1 3 Eyn
HY up ={ ZVGjCir+[3rbiCx +—(1—2v) Cjb._l.[4+ ZVC.‘Cj.Iﬁ}—~ (2.10c)
2 2A
H*;z(.-,,={(1—v)c,-c,-?+i<1—zv)b.~b,~7}”§£n (2.10d)

Bl Isy lew Iy I3 BA

SS :drd z I,A=ngrdrdz (2.11a,b)
4

|

IA= Sradrdz,- I,A=Sgrzzdrdz, IsAzggrzzdra’z' (2.11c,d,e)

p- a a
B EE | |
LA={Au(r=rD+ Ai(rd =rD+ us(ri=ri)}
+’i‘{mal(r§_rt)+m1z(r1_ré)‘l'mzs(ré_rg)} o (2.12a)
LA= A5 (ry=r D+ 4L, = r D+ AL (r1=r D}
+‘:1¥"{muAu(rg""'?i)"'mleu(’? “”g)""mzsAzs("g_"g)}
+himi =D ml Gt =D m (i) (2.12b)

T

A=A (rs=r D+ A=)+ du(ri=ri)}



o & % K

i Ama (s r D Fma(r = r D+ (i =r )} (2.12¢)

LA= 443, (r3=r D+ 41 (P = D)+ dEs (r3 = r D)
+"i{A31m31(73_'rf)‘}"mlelz("‘f"'é)"'mzaAza(”;_rg)}

+ild{,n;lgrg—r§)+m§2(ri—rg)+mgs(r§—r§)} (2.12d)

LA =443, (3= r D)+ AL (rE =D + A3 (i =D}
A (P =D+ A amia(rt~r) + A gmyg(ri=r)}
+ 4 dum ri = r )+ AumBa(rt=r )+ dygmiy(rt=r 1))

Fopdmd (rE=r D+ mly(r = r D+ mis(ri =) (2.12¢)

MBRZAE — BT T8, MEZEQ.2DRRA(2. 122,.bc.de)RHFE AL, (R
ri=rs) s WRISHBE—LET ML, WERTEA.2DREA(2.122.b,c.d )R Sh, &
FEi%En=rs= 01’%)\, ED%FE%AL‘. ‘

XN REE 2.1 X, FEZAFRERTAERF AME, C.DRONEEMETEELE
HE, XBEFRTHFERKEARQ.2)RERBREET 580 —10 FH &,

8 £ x #®

1. Wilson, E. L, Structural Analysis of Axisymmetric Solids, AT AA Journal 4,
(1965), 2269.

2. Clough, R, and Rashid, Y., Finite Element‘Analysis of Axisymmetric Solids,
Proc, ASCE, J. Eng. Mechk,, 81, NeEMI, (1965), 71—85.

3. Vitku, S., Explicit Expressions for Triangular Torus Element Stiffness Matrix,
AIAA Journal, 6, 8 (1968), 1174—175.

4. Fjeld, S. A., Three-Dimensional Theory of Elasticity, Finite Element Method in
Stress Analysis, Edited by I, Holand and K, Bell, TAPIR, (1969), 333—368.

5. Zienjiewicz, O, C, and Cheung, Y. K., The Finite Element Method in Struc-
tural and Continuum Mechanics, McGraw-Hill Book Co., New York, (1967),

87—170.
FErEK, O. C. MkiEEE. «<HEHMESEERFNERITE (STERER) *BH TLHEKR
# (1974).

6. Zienjiewicz, O. C., The Finite Element Method in Engineering Sciences, Mec-

Graw-Hill, London (1971).
7. Desai, C. S. and Abel, . F., Introduction to hte Finite Element Method,Van

Nostrand Reinhold Co., New York (1972). _ .
#3E C. S, MR, T F. & <HEZTEESLD, TAHE FESER B4 BEH

y



BRI R R B TRIT S 47 ¥

R N

KRt (1978).

8. EHRKFIFEeHEANFHERITE, KFBRIHER 1974).

9. EBERFHFER <BERTEHE, BFEHRE (1976).

10. Huebner, K. H.,The Finite Element Method for Engineers, John Wiley and
Sons, (1975).

11, P8, XTFERTEMNREEN—SITE, 1978 £ A BESERTEERHEFIRZR
L3k, REQITD). '

12. ERfPd. <HRYEERLNUE GNERERTER) >ARKZE R R K% 13 EBHX
(1975).

Finite Element Analysis of Axisymmetric

Elastic Body Problems

Chien Wei-zang

(Tsing Hua University, Peking)
Abstract

Linear form functions are commonly used in a long time for a toroidal volume ele-
ment swept by a triangle revolved about the symmetrical axis for general axisymmetrical
stress problems. It is difficult to obtain the rigidity matrix by exact integration, and
as approximations close to the symmetrical axis, the accuracy of this approximation
deteriorates very rapidly. The exact integrations have been suggested by some authors
for the calculation of rigidity matrix, However, it is shown in this paper that these
exact integrations can only be used for those axisymmetric elastic bodies with central
hole. For solid axisymmetric body, it can be proved that the calculation fails due to
the divergent property of rigidity matrix integration. In this paper, a new form funec-
tion is suggested. In this new form function,the radial displacement u vanishes as radial -
coordinates r approach to zero, The calculated rigidity matrix is convergent everywhere,
including these triangular toroidal element closed to the symmetrical axis. This kind

of elenent is useful for the calculation of axisymmetric elastic body problem,



