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摘要:  借助于变厚度圆薄板非线性动力学变分方程和协调方程, 给出了变厚度扁薄锥壳的非线

性动力学变分方程和协调方程# 假设薄膜张力由两项组成, 将协调方程化为两个独立的方程, 选

取变厚度扁锥壳中心最大振幅为摄动参数,采用摄动变分法, 将变分方程和微分方程线性化# 对

周边固定的圆底变厚度扁锥壳的非线性固有频率进行了求解; 一次近似得到了变厚度扁锥壳的线

性固有频率,三次近似得到了变厚度扁锥壳的非线性固有频率,且绘出了固有频率与静载荷、最大

振幅、变厚度参数的特征曲线图# 为动力工程提供了有价值的参考# 
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引   言

变厚度板和壳在工程中被广泛的应用着,对静力学问题研究较多, 已查出几十篇文章,可

参考文献[ 1]至[ 4]# 对非线性动力学问题研究较少[ 5, 6]
, 本文用文[ 7]提出的摄动变分法,取变

厚度扁锥壳中心最大振幅为摄动参数, 求出了变厚度扁锥壳的非线性固有频率# 非线性固有

频率不但和结构尺寸变化有关,而且和静载荷、最大振幅都有关# 这对工程设计具有重要意义

# 

1  变厚度扁薄锥壳混合问题

考虑周边夹紧边界变厚度扁锥壳,设中心拱高为 f ,厚度为 h , 底边圆半径为 a# 在文[ 6]

中,基本方程(7)、(10) 的基础上, 对非线性部分 w 加上一个初挠度w c即可# 得到变厚度扁锥

壳的能量变分方程
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协调方程为:
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这里初挠度为:

  w c = - f (1- r / a) , h = h0(1+ Er/ a) ,

  D = D0(1 + Er / a)
3
, D0 = Eh

3
0/ [ 12(1 - L

2
) ] , Q= Q0(1 + Er / a) ,

其中 Q0 为厚度 h0 板的面密度, | E| < 1# 

周边固定夹紧边界条件:

  当 r = a时: w = 5w /5 r = 0, 5( rN r ) / 5r - LN r = 0# 

  当 r = 0时: w , 5w / 5r / r , N r 有限# 

初始条件:

  t = 0, w = w (0, r ) , 5w (0, r ) / 5t = 0# 

2  问题的求解

为了便于计算, 引入下列无量纲量(取 t2 - t 1 = 2P/ X,设 S = Xt ) :

  x =
r
a

, y = 12(1- L2)
w
h0

, N =
12(1- L2) a

Eh
3
0

rN r, K = 12(1 - L2)
f
h0

,

  Q = 12(1- L2)
a
4

D0h0
q , 82 = Q0a

4 X2/ D0# 

代入变分方程和协调方程中得:
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取    y = �G0+ GcosS, N = N 1cosS+ N2cos
2S,
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这里 G0为中心最大振幅,将这些式子代入(1)、(2) 中,按 G0 的同次幂项可得一系列边值问题# 

一次近似边值问题
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边界条件:

  当 x = 1时: G1 = 0, dG1/ dx = 0, ds 11/ dx - Ls11 = 0# 

  当 x = 0时: G1 = 0, dG1/ dx , s11有限# 

二次近似边值问题
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边界条件:

  当 x = 1时: G2 = 0, dG2/ dx = 0, ds 12/ dx - Ls12 = 0, ds22/ dx - Ls22 = 0# 

  当 x = 0时: G2 = 0, dG2/ dx , s12, s22有限# 

三次近似边值问题
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边界条件:

  当 x = 1时: G3 = 0, dG3/ dx = 0, ds 13/ dx - Ls13 = 0, ds23/ dx - Ls23 = 0# 
  当 x = 0时: G3 = 0, dG3/ dx , s13, s23有限# 

下面就上述 3个边值问题进行求解

根据边界条件, 取 G1 = (1- x
2
)
2
, G2 = (1 - x

2
)
2
x
2
, G3 = 0# 

解一次近似边值问题可得
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解二次近似边值问题可得
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解三次近似边值问题可得

s 13 = 0;
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由此可得三次近似非线性固有频率

  82 = 820+ 821 G0+ 822G
2
0# ( 17)

下面我们绘出特征曲线图(参见图 1~ 图3)# 

  E= 0, K = 3, L = 0. 3    E= - 0. 5, K = 3, L = 0. 3    E= 0. 5, K = 3, L = 0. 3

  图 1 特征曲线图         图 2 特征曲线图        图 3 特征曲线图

3  讨  论

从文中式( 12)、( 15)、( 16)和特征关系式( 17)可看出, 变厚度扁锥壳的非线性振动时的固

有频率,不但和材料性质、结构形状有关,而且和厚度变化、静载荷、振幅的大小都有关系# 这
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给工程技术人员设计提供了参考依据# 本文采用的方法, 也可推广到结构不同的非线性振动

模式,得到不同的非线性固有频率# 
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Nonlinear Natural Frequency of Shallow

Conical Shiells With Variable Thickness

WANG Xin_zhi1,  HAN Ming_jun1,  ZHAO Yong_gang1,  YEH Kai_yuan2

( 1. School of Science , Lanzhou Univer sity of Techn ology ,

Lan zhou 730050, P . R . China ;

2. School of Phy sics , Lan zhou Un iv er sit y , Lan zhou 730000, P . R . China )

Abstract: The nonlinear dynamical variation equation and compatible equation of the shallow conical

shell with variable thickness are obtained by the theory of nonlinear dynamical variation equation and

compatible equation of the circular thin plate with variable thickness. Assuming the thin film tension is

composed of two items. The compatible equation is transformed into two independent equations. Se-

lecting the maximum amplitude in the center of the shallow conical shells with variable thickness as

the perturbation parameter, the variation equation and the differential equation are transformed into

linear expression by theory of perturbation variation method. The nonlinear natural frequency of sha-l

low conical shells with circular bottom and variable thickness under the fixed boundary conditions is

solved; in the first approximate equation, the linear natural frequency of shallow conical shells with

variable thickness is obtained, in the third approximate equation, the nonlinear natural frequency of it

is obtained. The figures of the characteristic curves of the natural frequency varying with stationary

loads, large amplitude, and variable thickness coefficient are plotted. A valuable reference is given for

dynamic engineering.

Key words: variable thickness; natural frequency; nonlinear; perturbation variation method
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