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, Hamilton  Lagrange [+ Lie Poisson

s Euler_Poincar .
[7.8]

EENZ

Sore ,
. P for T 1 .
R SE(3) .« SE(3)
(R, a), R € 50(3) , ,
RPY(roll_pitch_yaw) , Euler . an
B a; s
M B
- Lo 1l 1
V= [u,v,w]' . Q= [p.q.r]"
. ()R s0(3): o, BER, uB= ax B so(3) 3
x 3 , Lie SO(3) Lie . :
R= RQ, &= RW (Ia,b)
&= (Q V) Lie se(3) ,se(3) Lie [, ]

[+, *]:se(3) % se(3) ~ se(3),
( Qi, ‘/L) ESQ(?)),L. = 1’ 2’[( Ql; Vl),( Qz, Vz)] = ( QIX Qz’ Q]X V2— QzX VZ).
, X027 . ,

, mpi= my+ Ampi(i= 1,2, ... n),
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i

Tw = %me(V‘F ere)T(V+ QX re)+ %QTIe Q+

% Sini( Vi Q% r)' (Ve QX ry) =
i=1

1
T Ie_ me;e’ie_ : 1ml)i+ Aml)i)lihifhi

35

Ia+ Alpa(Amy;)

i=1

) {
2LVE | Z s amy) (re+ Avg)

I 3x3

n
z I,Amhﬁ‘bﬁ'bi
=1

e

(m+ Am;) (rg+ Afg

(m+ Am)l

:
it St smot (mer Ser Sam 1
i=1 =1 i=1

JIBE

Ce

Me

n
mP/iP+ thi+ Amhi)i:hi
i=1

, [13 A” °
mp; Fy *
s mb‘;
re . m= m+ Am, m =
Zl: 1Amhi, m s (Cg) re r¢ = rg+ Arg,
(meret Do murni)/(m+ Am), Arc = ( Du Amyrsi)/(m+ Am)® ,
mpl, @yl Fpl .
V= RT%f Jry= RT(abl— a)s
, Vi ,
Vor= V+ Qrp+ &
(H (2 .
2 Newton_Euler
. Kirchhoff'” , [10]
, Kirchhoff
. [3] , Newton_Euler
Kirchhoff R )
, L[Q]“ Ja O[Q]
T 2lvl e, MLVl
Ma Ja CH [IO’HJ-

-

2

me + E:: (mbi, Am =

rg =

(4)

, Mya( Amyi) = —

n
,Iva= To— mef o o— E:(nbﬁ'bif'bi
=1
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T

Q] |- muFuFu  mufn mpFu| [ Q
Tvi = %mblVEl Vi= | V - muFpl ml ml V|- (5)
r3 — mupfu ml ml ”,
SE(3) x R’ T(SE(3) x R’ T:
T(R, a, R &1, r51) = T+ Tha+ T = %HTM("M) n, (6)

n= /9o v,y
J(Amyi) — muFpifr D(rg)+ mpFn  muin
M(ru) = D'(rc) — myiu M(m)+ mul mul |,
— mufp mul myl

J(Amyi) = Ina+ Alpg( Ampi) + Ja,
D(rc) = (m+ Am)(rc+ Ag)+ ©L
M(m)= ml+ M,= (m+ Am)I+ M,

) M(ry) Tl rc m , rc m

= RII+ axXp,p= RP, (7¢b)

B

k
= T+ Zpl Xfl‘+ pGX Gm+ QJ] X Gb1+ pB X By,
(8a.b)
= f+ Gn+ Gp+ B,

k

7= 35 1= S

i=1
(7 , (D (8 Pc— a= Rrg,Pg— a= Rrg, P- a=
Rryv, @ - a= Rri,
B= IIx Q+ PX V+ rcx R Gu+ ri x R' Gy +

%
rox R'B,+ Zl}ix Fi+ T, (9a)
P= Px Q+ F+ R'(G,+ G,+ B,), (9b)
F; = RTfi, T= R'T pn Py > Pn=
mbl@dl, Pbi= mbl Vi, pri = RPu® 3 , p>= Goi+ fu,
Py= Py, x Q+ R'Gu+ Fy, (9c)
Fy= R'fyr (9) (1L P, Py) .
IIp Py QV rm :

IT= 0T/0 Q= (J(Amyi) — muFufp) @+ (D(rc) + mutu) V+ mufuirn =

J( Amy;) Q+ D(rg) V+ mufp Vi, (10a)

P= 0T/0V= (D'(rc)— mufy) Q+ (M(m)+ mul) V+ myrn =
D'(rc) Q+ M(m)V+ mp Vi, (10b)
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Pyi= 0T/0m = — mufp Q+ mpV+ mpen= mu Vol (10c)
3 v=M(ry 1, v=[ I, P, Py (10) 9,
(J(Amy ) — mutpifn) @+ (D(rc)+ myipn) P+

mu(Fu Q= V= ()" )+ myfur =

[(J( Amvi) = mufniin) Q+ (D(rc)+ muiin) V4 mufnen] X Q+

[(D'(rc)— mufy) Q+ (M(m)+ mul) V+ mprz] x V+

k
r¢X R'Gu+ ryux R'Gu+ rex R'By+ Z}'i xF+ T, (11a)
i=1

(D'(rc) - mufp) @+ (M(m)+ mul) Y+ my O+ mpry =
[(D'(rc)- mufp) Q+ (M(m)+ mul) V+ myrn] X Q+

F+ R'(G.+ Gu+ B,), ( 11b)
— muFp S+ my B+ mp 3+ myiry =
mbi( V+ Qru+ re1) x Q+ R' Gu+ Fue (11c)
(11) (Q, V, rbl,ra;l) *
( ),
s ( Archimedes s
)* ) ) (2 (4
(5 , Am= 0 , ,
Gn+ GH+ By= 0, , m= m,
1 1
M(m)= ml+ M., r¢= [mere+ iZ}m,ier/m, Arg = {[ZAmur}JJ /m,
, Fg Arg Ce
° s re B
Ce . ,rc= 0,rc = Arc, D(rc) = mAFc+ One
3 Lie Poisson
s Lie Poisson s
) . Lie Poisson
Hamilton , [4-6l¢ [11] ), Leonard
Ble Hamilion
Lie Poisson .
Lie , .
g= ((R a),ri) € Gx M, Gx M= SE(3) x
R’ . Lie G SE(3), M R , V= R" v
= R : . G GxMxV QG x
(GxMxV )IT 6GxMxV': (R a) €G= SE(3),q= ((R a),ru) €Gx M, k €
V' = R", ®(R,a),(q.k))= (RR, Ra+ a,ry, Rk), G= SE(3) M= R

* (R,a) € G= SE(3) bEV=R’ . ®
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SE(3) R’ P:SE(3)1” Aut(R*): (R, a) = R*
[59 G x v= SE(3) x R® ., S= GxpV= SE(3) xR®
((R2, a2), b2)((R1, a1), bi) = ((R2,a2)(Ry, a1), O(R2, a2)b1 + b2) =
((R:R\, Roai + a2), Robi+ by)* SE(3) xR’ Lie s= se(3) xpR®
(Q, V) € se(3), Lie FJ)( Q V)= 9 Lie

[(( <%, V2), b2, (( Q1, Vi), b1)] =
((Qx Q, Qx V- Q' x V), Qx b — Q%X by)e
Hamilton ( [4] Theorem3. 4, [5] Theorem2. 1)
1( ) S= GxoV Lie G 14 .2 G Lie
. o= (Wa)€Eg xV =", o S T" S o
0 0o , T" G
G a€V GV ) M= Ml g € gu , U, =
Ul g, €ga G, Lie . ge & .
: GxM T (GxM)
EEV (V Vv ) Hamilion Hp, Lie G Me
Hy H:T" (¢GxM)xV IR , Lie G T (GxM)xV
. , Hy, k Gk ,
Hamilton h Lie Poisson . Hamilton h (g
xgV)" xT" M= s xT°"M H G 4 , g
Lie G Lie ,s= g xgV S= GxpV Lie . R
SE(3) x R® x
R V:
V(R, a, m, k)= - (Gurc+ Gbirn- B)rB)'(RTk),
Gun= Guk Gn= Gnk By=- Bk* Gn Gu By G. G. B, .k

.
B

Hamilton H( ) T (GxM)x V' = T (SE(3) x R’)
x R¥ :H(R,a, RTL RP, 1, Py, k)= v'M(ru)” 'v/2— (Gurc+ Guru— Byrs)(R"k)*
(R,a) € SE(3), H(RR, Ra + a, RRTL RRP, ry,, Py, Rk) = H (R, a, RTL, RP, ry, Py,
k)' Hamilton H SE(3) * Hk(R, a, RTL RP, ry,, Pm) = H(R,
a, RTL RP, r,, Py, k) Hamilton Hi:T  (GxM)= T (SE(3)xR)I” R Rk
=k ., Hamilton Hy k Gi = {(R, a) € SE(3) IR k = k}
3] Hamilton H; T (GxM)=T" (SE(3) %
R’ G , s XT M= (se(3) xoR’)" x (R*xR” )
Hanmilton

h(H,P,rhl,P])l, F) = H(I707 11 P7rbl: PblaRTk) =
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%VTM("})I)_IV— (Gurc+ Gurp— Byrg)* T, (12)
Lie_Poisson
¥ Sh 6h 6h
b= ad&h/gjuLl— S_FOF’ B=- 6_1JF’ = 6P1 hl 671)1, (13a,b, C,d)
F'= R'k, U= (TLP) € se(3)" ; g NE g, ads ade: M1~ [E 1), adt
adz : E€ g a €V 0 EY, OV vV qu* Ao Ca,
Q: — <E_‘l,7j>, <o’ o> g"‘ g, V* V .
2 0 ,
&= (Q, V) € se(3), adg:[v Q] ade, , VER’,
O RPx R se(3)” v Ow = (vXxw,0)* (12) Hamilton
h (13), Gu+ Gu+ By= 0= Rk I>= I'x Q F= 0
T=0 (7)°
Lie se(3)" xgR™ Hanmilton .
Lie_Poisson
»= A(x). h(x), (14)
x= [T P T PLT
T pPp T 0 0
P 0 0 0 O
0o 0 0 o I
0 0 0 -1
Poisson , Lie_Poisson . s xT M= (se(3) ><¢R3)* x R’ x
R* Ik, Lie Poisson :
& § 0k Ok
(b (TP T Py = - ((TL, P)[[z?%gzﬁ)]’[ta_n’a_l)]] -
O OOk | Sk Sk\ & O Ok Y Ok _
< §IT8P) ST | §IT 8P| 8T > 6ry 6Py, 6Py Ory
i Sk _L Sk Sk §ﬁ
‘(”LP)’ an 6H’6H 5P~ 511°5p) 2~
. . Sk O\, O Ok & Sk _
( ’8H §r - ESH 6F> Sri 8Py 8Py Sry
§£ — [ ]
(e[
A(x) 1 Casimir s s ) 3
Casimir
1 2 1 2,
Ci= PT, C2= 5 Pl Cs= 2 Il
4 Euler Poincar
, , Ew

ler Poincar . ( [5] Theorem 6.1 )e
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K

2 Lie G M, 14 V',
Lagrange L:T(GxM)xV I”R L(d,q &¢ao),d € G qg€EMa €V e
G v Vv {da, dv)= {a,v), a € v v €V, Lagrange L

L(dd,q.dd& @day) = L(d, q, & ¢ ao), d € G

Lie,q,& @ao)= 1(& q, @ a), e G &= d '€ g a= dag €V
ao Lagrange L T(GxM) , ap Gy, ,
gxTMxV (g G Lie ) !
LSE= @i g g Ou > B 0 Iaa—f]- -0
ade ade: N1~ [E W, ENE g,ad  ad ; E€g.a €V,
v €V, O:Vx VT g" :
wa, & =- (&, v,
(=, g* z, V' Vv .
Lagrange  L:T(GxM)xV = T(SE(3) xR’) x
R 17 R, L(R,a, RQ, RV, ru,rn, k)= T- V= (1/2) I'lTM(rbl, re, m) 1 +
(Gurc+ Gury- Byrs)*(R'k)® Hamiton — H Hp Lagrange
L SE(S) ) Lk(R, a, RQ, RV, ry, l‘?,]) = L( R, a, RQ, RV, ry, 3, k)
Lagrange Li:T(SE(3) xR)I” R G .
2, T(GxM)= T(SE(3) x R®) Ly , Gi ,
(se(3) XQR3) x R*x R” Lagrange l
i%: ad’, aa—é+ aa—lror, Bo_ & %a%l_ aaTlm: 0, (15a,b. c)
l
W V,ryrm, )= L(1,0, Q,V, r,, &, RTk) =
TUM(ry, ro. m) M+ (Gure+ Gury— Byry) I (16)
Lagrange (15), Gu+ Gu+ By= 0, = R'k, B= I'x Q,
F=0 T=0 (11)
se(3) x RY Euler Poincar .
5
, Newton Fuler
. s Lie_Poisson , Lie
Hamilton . Hamilton Euler_Poincar .
, Ortega ( interconnection and damping assign-
ment control) 7, Bloch Lagrange (controlled Lagrangian methods) &
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Dynamic Modeling for Airship Equipped
With Ballonets and Ballast

CAI Zili, QU Wei dong, XI Yu geng
(Institute of Automation , Shanghai Jiaotong University,

Shanghai 200030, P.R . China)

Abstract: Total dynamics of an airship is modeled. The body of an airship was taken as a submerged
rigid body with neutral buoyancy, i.e., buoyancy with value equal to that of gravity, and the coupled
dynamics between the body with ballonets and ballast was considered. The total dynamics of the air-
ship was firstly derived by Newton Euler laws and Kirchhoff’ s equations. Furthermore, by using
Hamiltonian and Lagrangian semi_dired product reduction theories, the dynamics was formulated as a
Lie_Poisson system, and also an Euler_Poincar system. These two formulations can be exploited for

the control design using energy based methods for Hamiltonian or Lagrangian system.

Key words: airship; dynamical modeling; Kirchhoff s equation; semi_direct product reduction



