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AOR ,
A = (aj)nxn nXn ) aj ni X nj .
aj ; ; Ajj aj (i.7)
[4] .
1.1 A = widiag( @i i- 1, aii, ai, i+ 1) ,
(I) ai,i-1= 0, ai,u1=0, i= 1,3, -, 2[(n- 1)/2] + 1;
(I) ai,i-1= 0, ai,s1= 0, i = 2,4, .., 2[n/2]*
, A = stair(a;, -1, @i, @i, i+1)°
1.1 nXn A = stair( ai, i1, @i, @i, i+1)
2, -y n * A s
A'= D'(2D- A)D',
D = diag(a, an, - am)*
Ax= b (4
,Lu Hao [4] .
Lh=A:A nxn A = stair( @i i- 1, Gi, @i, i+ 1)},
LF=<CA:A nxn A = stair(A; i1, Aii, Aiiv 1),
Aji n X n; ,Ai € Lfli r< k},
L, = Ly
1.1 A= (aj)mn €Ls A €L, A A
det(A ) = _Hdet(Aii )
A ., A€ L,
A'= D'2D- A)D "= staix( B. i1, Bi, Bi iv1),
Bij :
{— A A A j=i-Li+ 1,
B; = -1 . .
A, j= i
n n , :Ax= b,
. A
A=D- AL- Ay,
D JAL Ay *
AOR (M, o_ )
x V= Loox™ 4 (I- rL)" "D b,

ai, 1= 1,
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L. o= (I- rL)'[(1- ©)I+ (©- r)L+ U],
L= D'A, U= D 'Ay*

o [
, r= 0, AOR r
SOR
LT, W= SLr’r+ (1— S)I.
v A L..(r 720 L. o ,
A= v+ (1= s)°
2 (GAOR)
, A= M- N AOR , ME L,
A D nxn . A= D-P-Q
0 0°
Ax= b AOR :
x"V = Loox™ 4 (1= rL) "D b,
L. o= (I- rL)'[(1- ©)I+ (©- r)L+ U],
L=D'P, U= D'Q"
, A , roow
3
3.1 A , 0<r <1
(10) :
A 2 2
Ln, P 0 00 D'PE€EL,.I-D'PEL:
'D'P) € Ly, det((I- D 'P) )= 10

L. o A | Al 21°

det(L, o— N) = 0,
det((I- rL)" '((1- ©)I+ (0= r)L+ oU- NI- rL))) = 0,
det((1- ©)I+ (- r)L+ oU- NI- rL)) = 0°

det(- (A+ ©=1)Q)= 0,

Q=I_ A—

| Ml 21,0< o<1, det( Q) = 0

s= W/r

(10)

(11)

0< o<1,

PI. pe

L1, (I-
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[4] ) ) .
32 A L_ D~ A= D- P- Q PEL, P
0 0, 0<r So<I1(0Z0) rooo,
Jacobi .
,D'P (1= ©)I+ (0= r)L+ oU 20 D 'P€L,,
.1 (I- D 'P)"' €L., (I-D'P)" , L.o 20° [4]
Lo, o [4] GSOR , Loo L of GAOR
) (8) . 9, :
33 A ,Loi= D" '(P+ Q), U Lo
. A
(A 1+ ©)7= oY r(A= 1)+ ], (12)
AN Lo : .
34 A R Wli= 1, . n,
Bon= min; | B |, By = max | K1, GAOR Jacobi ,
w r lo Ir,
Hin Z0:

o= (= 2(1- W)V 0) I =(B( W), af B ),
I@E(O’ZJ I; E(O-(I’J‘Ela)c)a B(U%ndx))

lo=(22(1- Bu)") I = (o Vi), B(Hi));
Hyin = O:
IwE(O’2) Ir E((I(uglax), B(l’lgmx))a

afz) = é[%wzz— T zw-z] Bz) = T( - ot 2
[4] .ot
Hermite , (11) *
, P=EQ=E - L. o

L o= (D-rE)"'[(1- ©)D+ (o— r)E+ GE" ] (13)

1973, Varga , A D , 0<r <2 D- rE .
[5] , .

35 A= D-E-E" Hermite , D Hemite .

Jacobi B=D'"(E+E")=1-D'A Wiz 1, yn 1,
My = mlinll;, Hy = mlaxll;, b SO S My

w€(0,2) o+ (2—= ©)/U,< r< O+ (2 ©)/Hy, (14)

detf D- rE) #0, AOR (6)

(14) W r :
1) M, < r <2 0< o< (r¥,—2)/( Y= 1); (15a)
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2)2< r< (UMW) 0< o< (rly— 2)/(Hy- 1)° ( 15b)
A= D- E- E A D Hermite . E
E= 2(D- A+ §). (16)
S Hemite ,  (16) (13)

L. o= [(2-r)D+ rA- rS]_l[(Z— r)D- (20— r)A- rSJ*
C" vZOL.o=& r€/02],

- [(2— r)(v.Dv)— (20— r)(v,Av)] — r(v. Sy)
B [(2—= r)(v,Dv)+ r(v,Av)]— r(v, Sy)
A D Hermite , S _Hermmite ,

| gp2o [2=r)(v.Dy) = (20- r)(v. Av)]*+ r*1 (v. Sv) |2,
- [(2= r)(v.Dv)+ r(v, Av)]*+ r*1 (v, Sv) |

E o= {v €C:(vDv)= LLwv=& |1&l= (L, m)},

AL ) .
3.6 r€/0,2/,0< o< (rby—2)/ (Y- 1),
pZ(L’,(") <max{g(}\q, wr, B),g()\z, w, r, B)i,

N=1- B, = 1- Wy B=in I(v,Sv)I:vEEr,u},S: 2E+ A- D,
[2— Uy Qo(b— 1)] = ;2P

gl o B)= [2= 2o 2R
4
GAOR )
AOR , .
1 A = twridiag( ai, -1, ai, ai,i1)* A (5) , A (L, U)
2_ . A= D- P- @,
P =- sairlfai,+1,0, aii+1], Q= - stair2f ai,i-1,0, ai,ir 1],
A (P, Q) 2 . Ax= b, AOR GAOR
"V 2 (D= AL (1= oD+ (o= r)AL+ Au/x™" + b, (17)
x5V = (D= P) (1= 0)D+ (0= r)P+ Q]x"+ be (18)
3.4 © 1, , (18)
2 2m X 2m
A = widiag( a; i- 1, aii, ai i+1) + B, (19)
B 2mx2m , brom= ayom, b, 1= am 1, B . [2]
/3] A (LU P , [1] AOR
(19) . : 2m % 2m P,
a, j=i- Li+ Li= 24 -.2m- 2,
Pi=9\— @, j= 12m- 1,i= 2m,
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A= D- P- 0Q, A (P, Q) 2 ,
3.4 .
3 Poisson
=1, (x,y) € Q= (0,1) x (0,1),
ulpga= 0, (20)
. : Ax = b, A
A = tridiag( A, i1, Aii, Ai s 1) (21)
Aiiii= A= -1, A= tridiag(— 1,4, - 1)* N= (h'=1)%
Ax= b AOR . :
e 1o/ e lla< 1077, (2)
ri= b- Ax'? i , %= (11 .., 1" , A
Jacobi P( B) = cos( hT)* 3.4, h r(h)
W(h)* 1 AOR .
, 0 AOR , N .
, , AOR .
1 AOR
r(8), ©(8) r(16), ©(16) r(32), »(32) r(64), ©(64) r(128), ©(128) r(256), ©(236)
" 0 N 0 N 0 N 0 N 0 N 0 N
8 17 15 31 29 59 56 124 12 246 242 486 479
16 75 80 34 30 58 55 125 12 250 248 496 48
32 286 316 149 169 65 o4 125 12 251 246 501 485
64 1026 1139 548 653 289 349 130 126 256 248 509 49
128 3489 4016 1895 2298 1 009 1318 486 669 257 257 508 490
256 117% 12 978 6249 8019 3206 4467 1573 2483 832 1259 512 51
[ ]
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Stair Matrices and Their Generalizations With
Applications to Iterative Methods

SHAO Xin hui, SHEN Hai long, LI Chang jun
( Department of Mathematics, Northeastern University,

Shenyang 110004, P .R. China)

Abstract: Stair matrices and their generalizations are introduced. The definitions and some properties
of the matrices were first given by Lu Hao. This class of matrices provided bases of matrix splittings
for iterative methods. The remarkable feature of iterative methods based on the new class of matrices
is that the methods were easily implemented for parallel computation. In particular, a generalization of
the accelerated overrelaxation method ( GAOR) was introduced. Some theories of the AOR method
were extended to the generalized method to indude a wide class of matrices. The convergence of the
new method was derived for Hermitian positive definite matrices. Finally, some examples are given in
order to show the superiority of the new method.

Key words: stair matrices; iterative method; parallel computation;, generalization of the AOR method



