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1 Hamilton
[7]
;= Cj¥%— epkr, Di= ej¥i+ &kEy, (1)
G; ,D; ;Y Ky ; Gy , &
;€
Yi= (wj+ u,i)/2, Ei=—- &, (2)
u; , ¢ ®
HR 158,
STI= S.UL(PTQ,Z— H)dV- SHS T'(Q- Q)dS - 6IJSTTQdS, (3)
H Hamilton
T T " 1 7 1 T 1
H=-P((GiQ)+ 9(G:0))+ QF+ 7P ouP~ 5(G:0) 9n(GQ)~ 5 A
G & S B
k; 9

P=/[0 0. & D, Q=/[u v w %,
T=[T. Ty T T, F=[fi fr [ fd

A= PrQ'Q; A= P0Q"0:)(0Q/01), P
(3) Pi= [0 o o, D DJ" P 0
Pi= 9P+ d»(G0)* (4)
(2

w= (NG}, o= [Nz},
w= [NCx ) K wi(z)), b= [Ny #2)),

0. = [N(vy ) K 020, o= [Ny o)) o
a = [N(x,y)]{oﬁ(z)}, D:= [N(x, y)]{Dg(Z)},
N(EN = (1+ E(1+ O (i= 12.3.4)r (6)

r=1T 0= 0. (5 (6) (3),



Hamikon 47

, 0 Wilson_6 o1 t+ OAL
mM Oe]lJld@dTld%{P:(z)}:
0 M 0 z)
I lK“ Kj{P(O)}+ {Fe | J 1 d&dn (7)
ks kx| o(0) Lo
P(z) = [0u(z) O%(z) 05(z) Di(zy)f,
Q(z) = [u'(z) ¥(z) wi(z) ¥(z)],

)

Al A A Au A+ 0 Ap 0 A
Ais A A A Als Ais+ 0 0 A
Kle] = 9 Kle2 = »
Al Axn 0 0 0 0 0 0
Ay An An A A7 A 0 A
Kii : Au=- kua- kisb, Av=- kwa- kb, A= - kua- kzb,

Au=- kxa- kb, Ais=- kib- kpa, Ais=- kib- kia,
Ay =- knb- kna, Ais=- knb- kxa, Apw= a, An= b,
A2 = - kua- kisb, An= - kiva—- kb, A23=- kua- k»sb,
Au =- kwa- kxb, a= NT(GN)> b= NI(BN)’

K : Au= ksa.+ kn(as+ b))+ kaoby, A= knay+ ksza.+ kxiby + kab,,
A = kua,+ kxsay+ kubo+ kopby, A= knb.+ kyby+ kna.+ koap,
A5 = kby+ kx(bo+ ap)+ kaoa. A= kxb.+ koby+ kuaa,+ kaay,
A= kuao+ kaay+ ksbo+ koby, Aig= kxay+ kaao+ kaoby+ kaob,,
Aw = kpao+ kul(ar+ bo) + kasby, au= (aN')(aN), bo= (BN")(aN),
bi= (BN )(BN), = (aN')(BN), 0 = e—?%;

iy b kod k3d kg
ko b ksd ked kqd
ksd ked ksd kot |’
ks k7o kod kb
M°= diag( ¥), K=~ [KW]', F'=- [N'fx Nf, Nf. Nf,J;

f: - fx+ OT6A%UI+ 9—6A%L?+ 2@}, f; = f‘y+ 626A[2Ut+ 9_6A9t1}?+ 2@&

K =

* 69 Qe .. * o
fz = fz+ ezAtzwz-i' eAtm+ 29,0[, f(/ = fq
b= N'N 4x4  ,a=0/0x B=0/0y J
(9] -

° 2 4 ’ kl = 07 i = 27 37 49 67 77
11, 12, 13, 15, 16, 17, 18, 19, 23, 24, 25, 28, 29, 30, 33, 34, 35, 37, 38 39, 41, 42, 44+

Jki= 0.i= 3,4, 6 7 11, 12, 13, 16, 17, 18, 24, 25, 29, 30, 34, 35, 3%,
39, 41, 42
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2
n , , ej= 0
m )
dH,,
W) o KH,(0)+ Ralz), (8)
t+ 0At, m m °
(8)
Ho(z) = Tu(z)Hu(0) + Ru(z), (9)
To(z) = %% Ru(z) = ﬁ)e"m“‘ YR, (T)dT
Hi(z;) = Hj1(0)  (j= 1,23 .sn- 1), (10)
n
Hy(z) = [H T]] Hi(0) + [H T]] Ri(z1) +
[ E]Rz(zz)+ ot Ru(z,)® (11)
j=3
(11) .
T T
P(z){_ [ " ‘j PO} B, (12)
o(z) Ty Txl | Q(0) R,
. 0, P(z)= P(0)= 0,
R,= R, =0, (12) T120(0) = 0,
| Tpl= 0 (13)
P(Z)t+0At= TIIP(O)H 0ae + TIZQ(O)z+0Az+ (Rp)t+0At> (14)
O(z)won = TaP(0)uon+ TnQ(0)mon+ (Ry)u on®
t+ OAt .
(9) .
3
1 5 Ule ), a/H = 4 H .
(Gr/ Epoxy) ,  [0/90/0] , 0.276 H* (PZI_4) ,
0.1H, (P= 1kg/m’) ,
i 2 3 5e
, [ 10] . . E
= 210 GPa/m’, V= 0.25, e;= 0, €1/ &= 3.5, &/ &= &/ &= 3.0, P= 80 kg/m’; h=
0.05 m, a= b= 0.25m, £ qo= 100 KN/ m’

, 4 , 4x 4 6 ,
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1
PZr- 4 Gr/Epoxy
c di/ (m/ V) € c e
E = Ep=81.30/GPa d; = - 12.0E- 12 €y €= 1475 E, = 132.38/GPa e/ &= 3.5
Ey= 64.5/GPa dy, = - 12, 0E— 12 €,/ €= 1475 Ey= Ey= 1076/GPa  &/8= 3.0
G,= 3060/GPa dyy = 285. 0E— 12 €4/ €= 1300 Gip= Gp= 5.65/GPa  &/&= 3.0
Gpn= Giz= 25 60 /GPa dy= 0.0E- 12 / Gy = 3.61/GPa /
V,= 033 dis= 0.0E- 12 / V= 0.49 /
V3= V3= 0.43 / / Vp= Vy= 024 /
2 (fra/HP10°) (kg/ m)
( ) L7 ( ) 17
8x 8 14x 14 20x 20 / 8x 8 14x 14 20x 20 /
150. 69 147. 8 146. 46 145. 38 150. ® 147. 68 146. 46 145. 34
E/ % 0.745 0. 744
1.2 1.2
Q‘ Edi)
3 --- ﬁﬁﬁ[ﬂ 1.0 P N e —-“._
n 1.1 : - !
= 0.8}
[ H Y
S 1.0}-'—-'— = - _- o koY '& 0.6 “ i
i - i 4
X 0.4}/ \
§0.9 RS &) ;
g 0.2y HRm i
i ;o i
0.8 0 . ‘ . .
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
BHRE R BXREE k
3 w 4 ¢
1.75E-2 }
3 16E- 6 R
[} ‘.‘
= 1.25E-2 12E-6 b
a )
" g 8E-6
1] o —
E-2
L 0.75 °ag/arm,$ﬁiﬂ’€lﬁ 2 \
i —Hawl 4E-6 i
\J - 3
X 0.25E-2 o Op/ Ty s A IR OE-6 — R
o.00E-2f  —HHBET O - xmio] < :
’ 0.2 0.4 0.6 0.8 1.0 QE-4 lE-4 2E-4 3E-4 4E-4 5E-4 6E-4
ZAEE R B8] ¢/3
5 Oxz O}’z 6
[11] : [ 1]
2 7(a) , Lim  Varandan 3 7(b)
: 20 (7o)
13 ( 7(d)); 9 (
1(e))* .
7(a) ‘
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[12]*
t Efdik
., . |
;/ L | ﬂifﬁﬁt
o ‘ T [ | S S
P L 1
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o cer &
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3
PZr- 4 Gr/Epoxy
C;/GPa e/ (¢/m? &/ (F/m) &/ (F/m)
Cii= Cpn= 126.0 e31=-6.5 gy = L53E- 8 Ci= Cn= 130.0 en= 3 1E- 10
Cy= 118.0 e =— 6.5 €,= L53E- 8 C,= 120.0 €, = 2.65E- 10
Cph= P.5 en= 23.3 €y= 1.3E- 8 Cp= 800 €y= 2.65E- 10
Cyy= Cpz= 8410 ey= e= 17 / Cp= Cy= 80.0 /
Cu= 23.3 / / Cu= 242
Css= Cq= 2.0 / / Cu= Cg= 24 /
4 (Hz)
2% 1 24x 1 14x 1
1 2 1 2 1 2 2
10. 21 .12 9.92 .48 10.23 0. 13 9.92 38.49
1E-4 10
BEM: -2.53E- 4
OE—4
~1E-4}
B
3 -2E- 4
-3E-4
~4E-4f
-SE-4 . , -50 . . .
0.05 0,10 0.5 020 0.25 0 0.05 0.10 0.15 020 0.25
B8 ¢/ ps
3
3 ( 7(a))- P= 1600 kg/m’,
(PZT_5H) P= 7500 kg/m’, 3 [0/90/0] ,
0.03 H, t=01mH=00mL=36md=03ml=09m w
= 0.8 m*
40

0=

L4 At= 1x10 s

F.=- 100N
8 9
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Hamiltonian Parametric Element and Semi_Analytical
Solution for Smart Laminated Plates

QING Guang hui', QU Jiajun’, LIU Yan hong'
(1. Aeronautical Mechanics and Avionics Engineering College, Civil Aviation
University of China, Tianjin 300300, P. R. China;
2. Department of Mechanics and Engineering Measurement, School of Mechanical

Engineering, Tianjin University, Tianjin 300072,P.R.China)

Abstract: Based on the Hellinger Reissner (H R) mixed variational prindple for piezoelectric materi-
al, a unified 4 node Hamiltonian isoparametric element of anisotropy piezoelectric material was estab-
lished. A new semi analytical solution for the natural vibration of smart laminated plates and the tran-
sient response of the laminated cantilever with piezoelectric patch was presented. The major steps of
mathematical model are as follows: the piezoelectric layer and host layer of laminated plate were con-
sidered as unattached three_dimensional bodies and discretized by the Hamiltonian isoparametric ele-
ments. The control equation of whole structure was derived by considering the compaibility of gener
alized displacements and generalized stresses on the interface between layers. There is no restriction
for the side_face geometrical boundaries, the thidkness and the number of layers of plate by the use of

the present isoparametric element. The present method has a wide application a.

Key words: piezoelectric material; smart laminated plate; vibration analysis, Hamiltonian isoparamet-

ric element; semi_analytical solution



