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, Riccati
Riccati
Hamilton
Hamilton
Hamilton [9]7
1
Xt)= A(t)x(t)+ B(t)u(t), x(to) = xo, (1)
stuc)r = Lo wtoRougae Tx g sixn. (2
A(t) B(t) Q(t) R(t) nXn,nXm,nXn mXm t
O(t) 20,R(t)> 0, S 20, Vi € [1o ts] n
;x(t) u(t) nom
(1) . u(t),
(2) . , . Lagrange
M) (Hy ., Ja
I = Izr{%[xTQ(t)x+ W' R(t)uj+ N[x— A(t)x- B(t) u]}dt+
20 Six(1). = 0 (3)
u
u(t)= R'(1)B'(1) Nt), (4)
Ja = f{ N H(x, A)}dH %xT(tf)Sfx(lf)a min max/y, (5)
H(x. M= > NB(R'(1)B" (1) M NA()x- 32" Q(1)x. (5a)
(5) Hamilton ,
¥t)= A(t)x(t)+ B(t)R '(t)B' (1) Nt),  x(to) = xo, .
Xt)= Q(t)x(t)- A'(1) M), M) == Srx(tr).
) Riccati
Mt)=- S(t)x(t), (7)
(5 ,  Riccati

~ S(t)= S(t)A(1)+ A'(1)S(t)+ Q(1)~-
S(t)B(t)R '(t)B"(t) S(1), S(tr) = Sy, (8)
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1) = (A(t)- B()R '(1)B'(1)S(1))x(1),  x(to) = Xo. (9)
, Riccati
(8) (9) : ,
, Riccati , .
(9)
2
, [7]
R Riccati >
(5 [ ta, to] V(xs, M)
V(xa, N)= Nxo— Ja(ta, 1) = Noxo— f{ M- H(x, A)} dt, (10)
Vixa N) Xas N : , (10)
Vike M= o NG(tin) M+ N F(tas ) xam 3200( 1us 11) %0 (11)
, , N= th— ta
, O(ta;th) G(ta;ts) F(ita;td). [7] Xa N
xp= Flig;00)xa+ G(ta;th) N,
. (12)
M== Q(ta;ts)xa+ F (ta;th) M.
(12) (6)
5 Riccati
(7 [ tas to]
M=— Sx., M=- Spxy, (13)
(12)
Sa= Q(tasts) + F'(ta; 1) S[T+ G(ta; t4)Ss] 'F (15 13), (14)
xp= [T+ G(ta;15)Sp] "F(ta;ty) X (15)
[to, te]  [to 1], o [th-1, tk], -y [tN-1, tN] N , [ ta,
ty] k [ b= 1, b/, 0. Gi Fy, (14) (15)
Sie1= Qv+ FiSi[I+ GiSi] 'Fr, Sy = Si, k= N,N-1, .., 1, (16)
xr= [I+ GiSi] 'Fixi1, xo= x(0), k=12 -, N. (17)
(16) Riccati (8) \ (17)
(9 : , (8 (9 [ -1,
th] O(ti-i;t) G(tir:te) F(tinstr) : 7

2N
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, 2" . 17
O G F,
(8 .(9
3
3.1
(10) (5 , (5)
(6) [t ta] [O(ta; i), G(tas tb), F(tasth)]
(6) D t4; ) , .
v= {27 (6)
w= H(1)v(1), (18)
, H(t) Hamilton
A D(t)
H(1) = [Bm _AT“J, (18a)
D(t)= B(t)R '(1)B'(1), B(1)= Q(1),A(1)= A(1).
v(t)= D(t;0)*v(t), (19)
. Pt;t0) .
®(i;t0) = H(t)* D(t;t0), Dto;to) = 1, -
D tes th)® D tpsta) = Dte ta) - (20)
(19) i [t!b tb] ’ CD(tb; td)?
vit) = Dlte;ta)*v(ta), (21)
xp= Opatp;ta)Xat D2(th; ta) M -~
N= (e ta) Xat DPoo(tp;ta) M- (2h

(21’ (12),

G(taits) = Pyo(ty;ta) Boo(1s5ta),
O(taits) = Bih(t;ta) Poi(th;ta), (2)
F(ta;th) = dD—z,Tz(tb; ta) .

Hamilton

Hamilton

3.2
(18) Hamilton
[t ts] Hamilion
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A() Dy
H(i)= Ho+ Hit), Ho= Bo — A'5‘|’ (23)
, Ho ,Ao Bo Do A(t) B(t) D(t) , [ ta, tb] H(:)
Hamilton ;Hi(t) « 7.
%(t) = HOV[)(t) ’ CDO(t; t(t)ﬂ
®o(t;ta) = HoDo(t;ta), W(tasta) = 1, ()
Qo(ta;t) Go(te;t) Fo(tet), D(t;ta)
v(t)= Do(t;ta)vi(t), (2)
(24)
v(ty) = vi(ta), (25a)
(25) (18) (24)
w(t) = Hi(t)*vi(i), (26)
Hit) = CDE)I(z; to) Hi(t) W(t;ta) = - JQIT)(t; ta)* JH1(t)* Do t; ta) - (26a)
H(:) Hp Hamilton , [JHl(z)]Tz JH(t), H, Hamilton
(26) Hamilton
(26) , D t; ta)
®i(t;ta) = Hi(t) B(t;ta), Po(tasta) = 1, (27)
Hi(t) . it ta) - H(t)
(27) , Taylor Runge-Kutta ,
; @i(t;ta) Taylor
[ 10]
Hi(t)
. lAl(z) Dl(z)] .
(1) = Bi1) - Al(1)) ()
(26) Hamilton
Hj(xl, N, t) = %XEDl(t) M+ Xl{Al(t)X1— %x,{Bl(t)Xb (29)
xt N v ,  vi= {xT, )\rf}T.
V(X1 Mp)= Npxip— J.:b[ Nixi— H (x1, N, 1) ]dt =
%XE[GI(I(L,‘H)) Mb+ X/{‘[)Fl(t(t; tb)xla— %x’l;rth(t(L; tb)xla- (30)

[11] R Q1 Gl F1 Hamioton A1 Bl D1
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001/0ts= FiBiF1, Qi(ta:ta) = 0,
0G1/0t,= D1+ A1Gi+ GiA1—- GiB\Gi, Gi(tst.) = 0,
OF /0ty = (Ai\- GiB\)F1, Fi(tasta)= 1I.
(31, T aylor Runge-Kutta
, , Taylor

[tlly tb] T= th — la, T ,Al(t) Bl(t) D](t)

U

At tat T) = a0+ ar* T+ ar T,
Bi(ta;ta+ T) = bo+ bi* T+ by T,
Di(ta;ta+ T) = do+ di* T+ dpe T
T , 01 G F,
Oi(tastatr T)= T+ T+ 3T+ quT+ 0(T),
Gi(ta;tat T)= g1T+ 2T+ g3T+ gaT+ 0(T),
Fi(tstat T = fiT+ f2P+ £ T4 1T+ 0(T),
Fi(tetat T = I+ Fi(tgtat T,

,q 8 fi,i=1~ 4, nXn  Taylor . (33) (32)
(31), T ,
gi1= do; g2= [(aogi+ di/2) + (aogi+ di/2)']/2,
g3= [(aog2+ aigi+ d/2—- gibogi/2) +

(aogr+ argi+ do/2—- gibogi/2)"]/3,
g4= [(aog3+ aig2+ axgi— gibog2— gibigi/2) +

U

(aogs+ aigr+ axgi— g1boga— g1b1g1/2)"]/4.
fi=aq fo= [aff1+ (ai— gibo)]/2,
f3= [af2+ (a1- g1bo)f 1+ (ax- gi1bi— g2b0) /3,
fa= [afs+ (ai— gibo)f2+ (a2— gi1bi— gabo)f1-
(g1b2+ g2bi+ g3bo)]/4.
gi= bo; o= [(bof 1+ b/2)+ (bf 1+ b1/2)%]/2,
gs= [(bf2+ bifi+ b2+ fibf1/2) +
(bof2+ bifi+ b2/2+ fibof1/2)']/3,
gi= [(bofs+ bifa+ bof 1+ fibof2+ fibif1/2) +
(bofs+ bif2+ baofi+ fibofa+ fibif1/2)"] /4.

g g fi.i= 1~ 4 , . (34a)  (34c)
21 G 8= 8 4= g qi g fi,i=1~ 4
(33 [te tb] 01 G\ Fy, (22)
D1 th; ta) -
D(ib; ta)  Diftb;ta) v(t) ’

V(tb) = qDO(tb; t(t)‘ Vl(tb) = CDU(tb; t(t)‘ CDI(U); ta). vl(ta) =

(31)

(R2)

(33)

(34a)

(34b)

(34c)

>
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Do( tos ta)* Pi(ts; ta)* v(ta), (35)
(25a)
D(ib; ta) = Do tb; ta)® D1 tb; ta), (36)
, Hamilton H(:)
D th; ta) (22)
Ot tv) G(tests) F(te th)
(33) 4
4
( )v ’ CDI(“’; t") B
[Q(ta;tn), G(ta; ts), F(ta;tv)], (22) Di( ey
ta), Do tb; ta) (36) D ib; ta)
(2) [Q( 0 t0), Gt t0), F (105 11)]
(22) Dn(ty; ta)  F(tasts)
Q= O D S(Qc, G, Fe) = (Q1, G, F1) ©O(Q2, G2, F2), (37)
, O &, Q@ (01, G\, Fi) (Q2, Gy, Fr) (Q., G, F,)
(33)
[ Q1 G, Fi] ; (24) [ Qo, Go, Fo]
(Q.G,F)= (01, Gi, Fi) ©(Qo, Go, Fy) (38)
[Q(ta;th) G(tasts) F(ta;ts)]
Riccati (8) 9
[ to, ti] t = to, b1, -5 IN :
1) [ te-1, ti] (O G, Fi).
[ Qok, Gor, For/, (33) [ O,
Gik, Fik], (38) ( Ok, Gk, Fi).
2) (O, Gy, Fy) : (16) Rie-
cati (8) , (17) (9)
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, Runge-Kutta
1 [12], ,
2= 6t u, x(0) = 1.0, t €0, .
Q(t) =9, R(t)=1 S¢= 0.
Riccati (8), (9)
PP 3 i SUH Y Ll SN
1+ ¢ ™01 1+ e '8
Riceati S(t) (W0 “« v,
Riccati S=0.5. ts= 1.0, ( 0.8
< t< 1, 1 ) RungeKutta 1
2 Riccati
1 Riccati S(1) (At = 0.05)
t 1.0 0.95 0.90 0.8 0. 80 0
0.0 0.352583 0.468 3237 0.493 273 8 0.498 468 5 0.499 99 98
0.0 0.3525804 0.468 3242 0.4932740 0. 498 468 6 0.500 000 13
4th RK 0.0 0.348977 3 0.459 1599 0.483 8832 0.496 941 0 0.499 99 95
2 x(1) (At= 0.05)
t 0 0.8 0. 85 0.9 0.95 1.0
1.0 0.003 1559 0.001 509 8 0.000 704 6 0. 000 348 1 0.000 246 81
1.0 0.003 1557 0.001 509 7 0. 000 704 6 0.000348 0 0.000 246 80
4th RK 1.0 0.003 178 8 0.001 524 8 0. 000 709 0 0. 000 331 4 0.000 179 88
Ho= H(ti-1),t € [ -1, taf
1) 1 Riccati ,
(0.8< t< 1) Runge—Kutta 2 ,
6 , RungeKutta 0. 005,
RungeKutta ,
Riccati ( ¢t=108 0.0015 )
2) 2
Riccati , 4
,  RungeKutta 2 , , )
RungeKutta 0. 000 05, 4
3) ,
Runge-Kutta ,
1 , At = 0.1 , RungeKutta R
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[13]

Al - [m 1‘] Bl1) [ 1 }
(1) = 0 ¢+ U’ (1) = (2t+ 2)/(2t+ 3)1°
Q(t)=1, R(t)= 1.0;t €/0,4.0],

x(0)=4{ 1L 1", Sr= 0. o
Riccati (8) =
s Riccati % 0.4
, Riccati gg 0.3
£ 02
At= 0.0001) Runge- = —RATIR
( ) 8 R 0.1 - (BFEHEHEMUF(Ar=0.2)
Kutta , & « 4th R-K EfRI##(Ar=0.1)
0 A . .
, Runge-Kutta 0 0.2 04 06 08 10
2 3 Riccati B /s
1 Riccati
1.2 , . . .
=~ o —BEMH(Ar=0.000 1)
— 120r 7h 1.0 - RSN (A =0.2)]
.3 . -~ ¢+ + 4th R-KIERIA# (Ar=0.2)
100 + ~ 0.8
£ : ’ \
L =] 6
. £,
60 3
§ R £
2 O —sEm@a-0.001) ﬁ( 0.2
& ool - RESRSDELR(A=0.2) 0
® + 4th R-KIELI#E(AL =0.2)
T -0.2
0 1 2 3 4 0 1 2 3 4
iHE] ¢/s i8] /s
2 Riccati 3
, (At = 0.2) Runge-Kutta
. 1
6
s Riccati
Hanmilton « 7 Hamilton

, Kalman-Bucy
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Numerical Solutions of LQ Control for Time-Varying Systems

Via Symplectic Conservative Perturbation

TAN Shujun, ZHONG Wan-xie
(State Key Laboratory of Structural Analysis for Industrial Equipment ,
Dalian University of Technology, Dalian 116023, P.R . China)

Abstract: Optimal control system of state space is a conservative system, whose approximate
method should be symplectic conservation. Based on the precise integration method, an algorithm of
symplectic conservative perturbation was presented. It gives a uniform way to solve the LQ control
problems for linear time-varying systems accurately and efficiently, whose key points are solutions of
differential Riccati equation and the state feedback equation with variable coeffident. The method is
symplectic conservative and has a good numerical stability and high predsion. Numerical examples
demonstrae the effectiveness of the proposed method.

Key words: linear time-varying system; LQ control; Riccati equation with variable coefficient; inter-

val mixed energy; state transition matrix; sympledic conservative perturbation



